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PROBABILISTIC INTERPRETATIONS OF NONLINEAR
SECOND ORDER PARABOLIC EQUATIONS AND SYSTEMS
AND NUMERICAL ALGORITHMS BASED ON THEM

YANA BELOPOLSKAYA

ABSTRACT. We construct probabilistic representations of classical and /or
viscosity solutions of the Cauchy problem for quasilinear and fully nonlinear
parabolic equations and systems. In addition we develop numerical schemes
to construct approximate solutions of the considered problems based on their
probabilistic representations.

1. Introduction

In this paper we discuss a number of probabilistic interpretations for systems
of nonlinear second order parabolic equations. Namely, we construct probabilistic
representations of classical and viscosity solutions of the backward Cauchy problem
for nonlinear parabolic equations and systems and develop numerical algorithms
based on them.

The existence of connections between solutions of the Cauchy problem for linear
parabolic equations and stochastic processes was first revealed by A.N. Kolmogorov
[1]. The correspondent PDEs associated with Markov stochastic processes are
called now the forward and backward Kolmogorov equations.

Connections between solutions of the Cauchy problem for semilinear parabolic
equations and solutions of stochastic differential equations (SDEs) were revealed
in pioneer papers by H. McKean [2] and M. Freidlin [3],[4]. Actually, H.McKean
constructed a Markov process associated with the forward nonlinear Kolmogorov
equation while M.Freidlin constructed a Markov process associated with the back-
ward nonlinear Kolmogorov equation.

Let us give a bit more precise description of these results.

Consider the backward Cauchy problem

1
us + iTrA(s,x,u)VQuA* (s,z,u) + (a(s,z,u), Vu) + c(s, z,u)u = 0, (1.1)
u(T,z) = h(x), z € R%secl0,T).
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Here and below we use notations (a, b) = Z;l:l a;b; for an inner product of a,b €

R?, Vu for a gradient of u and TrAV?uAd* = Z?’j,k:l Aip %g,‘xj/lkj.

Denote by (€2, F, P) a probability space and let w(t) € R? be the standard
Wiener process defined on it. A Markov process associated with the backward
Cauchy problem (1.1) was constructed by Freidlin [3] as a solution of a stochastic

System

dg(t) = alt,&(t), ult, E(X)))dt + A(t, £(1), u(t, £(1)))dw(t), &(s) =z, (1.2)

u(s,z) = F (1.3)

T
cp { / (7, 0.0 (7), (T, 5s,z<f>>>df} h(£ea(T))

To be more precise it was proved that if coefficients a, A, ¢ and the Cauchy data
h(zx) in (1.1) are smooth enough and bounded then there exists a unique solution
of the system (1.2), (1.3) and the function u(s,x) given by (1.3) (provided it is
twice differentiable) is a unique classical solution of the problem (1.1).

A Markov process associated with the forward Cauchy problem

L P (Mirly, uln)
Z by, (1.4)

= Aaly, plp) 1
E +; 8yi - 2 ij

=1

#(0, dy) = po(dy),
was constructed in [2] as a solution of a stochastic equation

d€(0) = al€(0), 1(6)]d0 + A[£(0), n(0)]dw(0), £(s) = &o (1.5)
where

w0, dy) = P{§(0) € dy}, u(0,dy) = po(dy). (1.6)

Here M;;[y, u = Yoi_y Aily, 1) Arly, ), Aly, ] = [1a Aly—2)p(dz) and & € R
is a random variable independent of w(t) such that P{& € dy} = po(dy). It was
shown that under some conditions there exists a unique solution of the system
(1.5), (1.6) and besides the measure u(t,dy) given by (1.6) is a weak solution to
(1.4). If there exists a density u(t,y) of the measure u(t,dy) with respect to the
Lebesgue measure then u(t, y) also solves (1.4) in the weak sense with initial data
1(0,y) = po(y), where pio(dy) = po(y)dy-

It should be mentioned that Freidlin in [3] also started with the forward Cauchy
problem

1
Vg = iTTA(x, v) V2 A* (2, 0) + (a(z,v), Vo) + c(z,v)v, v(0,z) =ug(z), (1.7)
but immediately reduced (1.7) to the backward Cauchy problem

us + %TTA((E, w)V2uA* (x,u) + (a(x,u), Vu) + c(z,u)u = 0, (T, x) = up(x),

(1.8)
with respect to a function u(T — s,xz) = v(s,z) and then proceeded as it was
mentioned above.

Thus, in the framework of a stochastic interpretation one can consider the
equation (1.1) as a backward Kolmogorov equation for the Markov process £(t)
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satisfying (1.2), (1.3) while the equation (1.4) can be considered as the forward
Kolmogorov equation for the Markov process £(t) satisfying (1.5), (1.6).

We say that a stochastic model associated with the Cauchy problem for a non-
linear parabolic equation or system is constructed if we have an independent de-
scription of a Markov process associated with this Cauchy problem.

As a rule the required Markov process is constructed as a solution of a certain
stochastic differential equation with coefficients depending on the unknown solu-
tion of the original Cauchy problem. To obtain a closed independent of the PDE
description of the required process one needs to derive an additional relation that
serves as a probabilistic representation of a solution to the Cauchy problem.

If we consider a linear parabolic equation of the form (1.1) with coefficients
a(z,u) = a(x), A(z,u) = A(z) independent of u then (1.1) comes to be a clas-
sical backward Kolmogorov equation and the corresponding forward Kolmogorov
equation has the form

op

PV o)) = STV M), p(0.dy) = po(dy). (19)

One can easily notice that linear versions of (1.1) and (1.9) are dual with respect
to the duality

W = [ st

between the space of bounded Borel measures p(dy) and bounded Borel functions
f(y). Obviously, (1.4) coincides with (1.9) provided coefficients in (1.4) do not
depend on pu. Unfortunately this duality is ruined in a nonlinear case but it still
helps to understand the nature of a solution to (1.4) and to find the generator of the
required Markov process especially if one deals with systems with cross-diffusion
[5].

We say that an equation

us + %TTA“(S, x)V2u[A]* (s, x) + (a“(s,2), Vu) + c*(s,z)u = 0, (1.10)

is semilinear if its coefficients a*, A%, ¢* have the form A%(s,z) = A(s, z,u(s,x)),
quasilinear if A¥(s,z) = A(s, z,u(s, z), Vu(s, z)) and fully nonlinear if A%(s,z) =
A(s,z,u(s,z), Vu(s, x), V3u(s, x)).

Probabilistic interpretation of semilinear parabolic equation of the form (1.1)
was extended to the case of quasilinear and fully nonlinear equations by Yu.Dalecky
and Ya. Beloposkaya [6], [7]. To extend the approach to deal with quasilinear or
even with fully nonlinear PDEs within the framework of this approach one needs
to consider (1.1) as the first equation in a system of PDEs called a differential
prolongation of the original system [8].

An alternative probabilistic approach to backward quasilinear parabolic equa-
tions was suggested by Pardoux and Peng [9], [10]. This approach was extended
by a number of authors (see [11], [12] and references there). Note that the BSDE
approach allows to construct a so called viscosity solution [13] of the Cauchy prob-
lem for a quasilinear PDE in the case when a classical solution does not exists.
Later this approach was extended to deal with fully nonlinear parabolic equations
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and weakly coupled systems of nonlinear equations [14]- [16]. Note that a combi-
nation of the two approaches allows as well to define and study viscosity solutions
of strongly coupled systems of nonlinear parabolic equations [17].

It should be mentioned that among a number of results the probabilistic point of
view allows to reveal some new features of systems of nonlinear parabolic equations.
First, we show that the probabilistic representation allows to understand that
some classes of the systems can be considered as scalar equations with respect
to functions with a changed phase space [18],[19]. On the other hand one may
see that there are exist classes of nonlinear equations and systems such that a
solution v(t, x) of the forward Cauchy problem for them can be easily reduced to
the solution u(T'—t, ) = v(t, x) of the backward one and vice versa. Actually, this
transformation is rather formal and should be used carefully since it may lead to
losing important properties of the required solutions. Nevertheless we may apply
it to develop effective numerical algorithms to obtain an approximate solution
of the problem under consideration. At the same time there are some classes of
systems which do not admit such reduction at all. As a rule these systems admit
an interpretation as systems of nonlinear forward Kolmogorov equations (see [20]
— [22]) and the McKean’s approach can be extended to them. In general there
is a great number of papers devoted to the extension of the McKean’s approach
(see recent book [23] and references there). Due to volume limitations we do not
discuss here this very interesting topic.

Our special attention will be paid instead to discussion of numerical schemes
based on the probabilistic representations of solutions to the backward Cauchy
problem. We discuss numerical schemes based both on probabilistic representa-
tions of the backward Cauchy problem solutions based on forward SDEs and their
multiplicative functionals and those based on BSDEs. Note that the numerical
schemes of the type discussed in the article recently appears to be rather hot topic
since they pretend to give a possibility to overcome the curse of dimensionality
in constructing numerical solutions of parabolic equations combining probabilistic
representations and the possibilities of neural network theory [24] —[26].

Finally, it should be mentioned that some probabilistic models associated with
nonlinear parabolic equations and systems can be considered as underlying micro-
scopical models describing the ”physical nature” of the phenomena under study
while others can serve only as convenient artificial tools to construct efficient nu-
merical schemes. We put the words physical nature in quotation marks since it
may concern not only physical but also chemical or biological problems as well as
problems of financial mathematics.

The main aim of this article is to present principal ideas which allow to con-
struct stochastic models for nonlinear parabolic equations and systems and develop
effective numerical algorithms to construct approximations of both classical and
viscosity solutions of the Cauchy problem. Because of volume restrictions in some
cases we give only a sketch of a proof mentioning papers where the full proof can
be found.

The remainder of this article is structured as follows:

In section 2 we construct stochastic processes associated with the Cauchy prob-
lem for a semilinear parabolic equation and a system of such equations.
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In section 3 we extend this approach to quasilinear and fully nonlinear parabolic
equations and systems. Note that the models considered in sections 2 and 3 allow
to construct a classical solution of the original Cauchy problem.

In section 4 we discuss an alternative approach to quasilinear and fully nonlin-
ear parabolic equations and systems based on the BSDE theory. This approach
allows to construct viscosity solutions both to quasilinear and fully nonlinear scalar
parabolic equations. Moreover a combination of approaches of sections 2 and 4 al-
lows to define and construct a viscosity solution of a system of nonlinear parabolic
equations treating it as a scalar equation with a changed phase space.

In section 5 we consider numerical methods to solve the Cauchy problem for
nonlinear parabolic equations and systems based on the probabilistic representa-
tions of their solutions. We start with probabilistic representations described in
sections 2 and 3 consider probabilistic representations of nonlinear PDE solutions
in terms of suitable diffusion processes and their multiplicative operator function-
als and use them to derive numerical algorithms. Next we deal with numerical
algorithms based on the results of section 4. Namely, we consider an FBSDE asso-
ciated with a fully nonlinear parabolic equation and reduce it to a certain optimal
control problem. To solve numerically this problem we apply the neural network
theory and derive the required numerical algorithms. As a result we obtain a
numerical solution of the original PDE problem.

2. Probabilistic model of the Cauchy problem for semilinear backward
parabolic equations and systems

Let us start with an exposition of a probabilistic model for the Cauchy problem
for a semilinear parabolic equation of the form

ug + %TrA“(s,x)Vzu[A“]*(s,x) + {(a"(s,2),Vu) =0, u(T,z)=ug(x). (2.1)

We fix a probability space (€2, F,P) and denote by w(t) € R? the Wiener
process and by F; C F a flow of o-subalgebras generated by w(t).

To construct a probabilistic model of (2.1) we consider a stochastic equation of
the form

dg(t) = alt,§(t), u(t, §(X)))dt + A(t, £(1), u(t, £(1)))dw(t), &(s) =z, (2.2)

and notice that (2.2) includes two unknown objects, namely, the process £(t) € R¢
and a function u(s,z) € R. To obtain a closed system we add to (2.2) a relation

u(s, x) = E[h(&s..(T))] = E[R(E(T))[E(s) = ] (2:3)

and study (2.2), (2.3) as a closed system with respect to £(t) and u(s, z).

Introduce some necessary notations.

Let C*(R?) be the Banach space of k-differentiable bounded functions defined
on R? with the norm |ullec = sup,cpe |u(z)| and L(R?) be a set of bounded
Lipschitz continuous functions with the norm |ju||z = sup,¢cga |u(z)].

We say that condition C 2.1 holds if there exist positive constants C, L, Lg, Ky,
K} such that the functions a(t, z,u) € R, A(t,z,u) € RE®RY, z € R*,u € R,t €
[0, T satisfy estimates
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la(t, 2, w)|* + [ A(t, 2, w)|* < O+ ||2]|* + Kullul?],
la(t, @, u1) = at,y, u2)|* + [|A(t, 2, ur) = A(t, y, u2)|* < Ll = yll* + Cullus — ua|?,
luo ()13, < Ko, [luo(@) —uo()|* < Lollz — yl*,  [[Vuo(x)|3, < Ky,

where C,,, K, > 0.
Let v(s,x) satisfies inequalities

lo()l3e = Ku(s) < 00, [v(s,2) — v(s,y)|* < Lu(s)]le —y]*
and L,(s) < oo for s € [0,T]. Consider an SDE
d§(t) = alt, £(t), v(t,§(1)))dt + At £(2), v(t, £(1)))dw(t),  &(s) =z, s <t. (2.4)

Applying the Ito formula and standard estimates we may prove the following
assertion.

Lemma 2.1. Let C 2.1 hold. Then there exists a unique solution {(t) = &5 4. (t)
of (2.4) satisfying estimates

t
Bl < [lel + 0 )+ [ Kofrar] 0T,
E|€azn(t) — Eyn®)]? < |lz — y||>Loels EHCoLo(ldT (2.5)

t
Bl 2,0 (t) = Es o ()] < Cv/ lo(r) = vi(7)|zdrels bt CoteDldr (2.6)
In addition the function u(s,z) = Eluo(&s,+(T))] satisfies the estimates
lu(s)ll3e < Ko
and

[u(s, ) — u(s,y)* < Loflz — yl*exp

/T L1+ KLv(T)]dTl , (2.7)

where K = C,L™1.

Lemma 2.2. Let C 2.1 hold. Then there exists an interval [Ty, T] and bounded
functions a(s), B(s), s € [T1,T] such that the function u(s,z) = Elug(&s,z,.(T))]
satisfies estimates

lu(s)ll3e < als), lu(s, ) —u(s,y)* < Bs)llz —yl?, (2.8)
if |v(s)]1% < a(s) and |v(s,z) = v(s,y)| < B(s)l|lz — y].

Proof. Under C 2.1 one may choose «(s) = K. To derive the second estimate in
(2.8) we note that an estimate

Lu(S) S LO@IST L1+ KL, (7)ldr (29)

can be deduced from (2.5).
Choosing § as a solution of the equation

B(s) = Loeap| / L1+ KB(r)|d7] (2.10)
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we note that § satisfies as well the Cauchy problem

dp(s
BE) _ _Lp+ kB(sNBGs). BT) = Lo,
A solution to this Cauchy problem is unique and has the form
LOeL(T—s)
= . 2.11
) = T RLop = ek (2.11)
Hence for s € [T1,T], with Ay = |T' — T3] such that
1 1
A —Iin|l 2.12
the function 3(s) given by (2.11) is a required function. O

To construct a solution of the system (2.2), (2.3) we consider processes &¥(t)
and functions u*(s, ) defined by

de* (1) = ape(r,€5(T))dr + Apr(r,€5())dw(r), €(s) =z, (2.13)
u¥(s,z) = ug(z), uTi(s,x) = Elug(&* (1)) (2.14)

s,T

Theorem 2.3. Let C 2.1 hold. Then the family u*(s,z) defined by (2.14) uni-
formly in x converges to a limit function u(s,x) for any s € [T1,T], with A =
|T—T,| satisfying (2.12). In addition the family of processes £¥(t) defined by (2.13)
converges in mean square to a limit process &(t).

Proof. From lemma 2.1 we can deduce that ®(s,z,u) = Elug(§s,4(t))] = u(s, z)
defines a contraction map in £. Denote by

"{k(sa .’E) = |uk+1(5a .’E) - uk(sv .’E)|2
and by
¢ (s) = supar® (s, ).
The estimates of lemma 2.2 yield

t
Kk(s’x) < LUO/ ||Uk(T) - uk_l(T)HgodTeLf(t—S)
S

and hence the estimate

<5k/ / |t (1) —uO||2 dri ..

holds for § = KoLy, exp[Ls(T — s)].
As far as functions u* are unlformly bounded and
ul(s) — u®||% < const < oo,

we get an estimate
k

N
lu(s) = u* (52 < ~const,

where N = 6(T — s). It addition the limit function u(s, z) is Lipschitz continuous
in x since for any s € [T7,T] we deduce the estimate

[uf (s, 2) = u®(s,9)” < B(s)llz — yll?,

257



YANA BELOPOLSKAYA

where ((s) given by (2.11) is bounded on [T7,T] and this estimate is uniform in
k. (]

Now we can state the following assertion.

Theorem 2.4. Let C 2.1 hold and ug is bounded and Lipschitz continuous. Then
there exists an interval [Ty, T such that for any s € [T1,T) there exists a unique
solution (&s,5(t),u(s,x)) of the system (2.2),(2.3). The function u(s,z) € R is
bounded and Lipschitz continuous while £(t) € R® is an F;-measurable Markov
process such that E||&s . (t)]|?> < oo for Ty < s <t <T.

Proof. We deduce from theorem 2.3 that there exists a bounded Lipschitz continu-
ous in x € R? limit function u(s, z). Then by lemma 2.1 we can prove that for each
s € [Th, T there exists a solution of the system (2.2), (2.3) To prove uniqueness of
the solution we assume on the contrary that there exists two solutions wu; (s, ) and
uz(s,x), satisfying (2.2), (2.3) such that u1(0,2) = u2(0,2) = ug(x). By lemma
2.1 we know that

T
s (s) — us(s)|2 < / lur (7) — s ()|,

and deduce applying the Gronwall lemma that ||u;(s) — u2(s)||% = 0. Uniqueness
of a solution to (2.2) under C 2.1 results from the classical results of the SDE
theory as well as the Markov property of & ,(t). Lipschitz continuity of u(s, )
results from estimates in the proof of theorem 2.4. O

Remark 2.5. The family u*(s,z) converges to u(s,r) uniformly in s € ¢;,7 and
x € R? since there exists a positive constant M such that

T
sup [Jur(s) —ua(s)|Z < M/ Jur (7) — ug(7)[|2d7.
se[Ty,T] Ty

Then by the Gronwall lemma sup,cr, 77 [[u1(s) — u2 (s)[|% = 0.

To expose the link between the solution of the system (2.2), (2.3) and the
Cauchy problem (2.1) let us assume that there exists a unique classical solution
u(s) € C%(R?) of (2.1). Then by the integral version of the Ito formula we have
that the process u(t, £(t)) satisfies the equation

T
u(T,&(T)) = u(s, x) +/ [ue (8, £(t)) + Lu(t, £(2))]dt+ (2.15)

T
+ [ A g vate ) du)

where Lu(t,z) = 3TrAY(t,2)V?ulA"]*(t,z) + (a®(t,z), Vu(t,z)). Evaluating
expectation of both parts of (2.15) and keeping in mind that u(s,z) solves (2.1)
we obtain

u(s, z) = Elug(&s,2(T))]-
To prove the inverse assertion we have to prove that under some suitable assump-
tions the functions u(s,z) satisfying (2.3) is twice differentiable. We prove the
corresponding results as a consequence of the next section assertions.
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To extend this approach to systems of parabolic equations we need some addi-
tional functional spaces.

Given ¢ € Cyp(R% R™) we denote by © the set of functions ®(2) = (h, ¢(z))
defined on Z = R? x R4, z = (x,h) € Z with the norm

[®lle = supyp=1 SUPegal (b, P(2))].
Let ©1 = Cyp(R% R%) with the norm |||, = sup,epallé(z)| and £ denote its
subset consisting of Lipschitz continuous functions. One can easily check that
[lle = lI¢lle,-

Let c%(s,z) € Rh,C%(s,z)y € L(R%), z,y € RY, u € R4, a¥(s,z), A%(s,x) be
as above and we denote by [C*(s,x)(h,y)]m = Z?Zl 27;1 Cl (s, myu(s, ) hyy;.

To simplify formulas below we use Einstein convention about summing up over
the repeating indices if the contrary is not mentioned.

Consider the Cauchy problem for a system of semilinear parabolic equations

Ouyy,
ds
+ B (5,1, u)Viug 4+ cpi(s, z,u)u; = 0, U (T, ) = ugm (), (2.16)
m,l=1,2,...,dy, i=1,...,d.
To construct a stochastic model associated with (2.16) consider a system of SDEs
dg = a*(7,§(7))dr + A*(7,4(7))dw(r), &(s) =, (2.17)
dn(t) = (7, &())n(r)dr + C*(7,£(7)) (n(7), dw(7)),  n(s) =h,  (2.18)
and a closing equation
(hyu(s, z)) = E[(ns,n(T), uo(§s,2(T))))- (2.19)
As above we use notations
E[(ns,n(T),u0(8s,2(T)))] = E[(n(T), uo(§(T)))[E(s) = z,m(s) = h].
and besides [C*(h, w)], = 221:1 Z?:l Cl g hqwi.

+ (a(s,z,u), V), + %TrA(sw, U)VQ'LLmA* (s,z,u)+

Remark 2.6. Note that coefficients ¢(s, z,u), C(s,z,u) in (2.18) are dual to coef-
ficients ¢*(s, z,u) and C*(s,z,u) in (2.16) where C*(s,z,u)A(s, z,u) = B(s,z,u)

that is
dl d1 dl dl
> [Z Clmhm‘| w=> hm | Cmu
1=1

m,l=1 Lm=1 m=1

d
ZB lV u;| Zh lZZC,’;lViulAM
=1 k=1

1=1

)

5

m,l=1

To construct a solution to (2.17) —(2.19) we consider a system

uo(s,x):uo(x), fo(s): (2.20)

b (7) = a" (1,€%(r >>dT+A“k< & (r))duw(r), €5(s) = (2.21)
dn’“(t)Z ¢ (1, €8 () (r)dr + C (1, €08(n)) (i (), dw(T)), 17 (s) = h, (2.22)
(R, "1 (s, 2)) = B[(nf),(T), uo(€F ,(T)))] (2.23)
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and prove that the family u*(s,x) defined by (2.23) is uniformly bounded and
equicontinuous in the norm of ©, or equivalently that the family ®*(s,z) =
(h,u*(s,2)) is uniformly bounded and equicontinuous in the norm of ©.
We say that C 2.3 holds if C 2.1 is valid for v € R% and there exist constants
L,Cy > 0 and Cj such that
(c(s,z,u)h, h) + [|C(s,2,u)h|[* < [Co + Culul?||A]I?,
lle(s, 2, u) = e(s, y, w]hl* + [[C(s, 2, u) — C(s,y, w)]h]|* <
< [Llle = yl? + Muflu — w171,
where M,, = M (u,u) is a positive constant depending on u and u;.

We say that C 2.4 holds if C 2.2 holds and C 2.3 is valid both for coeflicients
¢, C" and their derivatives up to the order 2.

It can be verified that conditions C 2.3, C 2.4 ensure that conditions C 2.1
and C 2.2 hold for coefficients ¢ and @ in (2.20) and hence we can apply the above
results to prove the following assertion.

Let us describe more details of this approach.

Let ¢ € Cp(R4, RY) and ®(z) = (h, ¢(s,z)). Recall that ||®||e = ||¢]e,-

As above we have to prove that the family of successive approximations u* (s, x)

given by (2.23) converges in ©; to a limit function u(s,z). To this end given
positive functions 7, (s) and L,(s) and a function v(s,z) € R% such that

supgenalv(s, )|l = Ko(s) < 7u(s), [o(s,2) = v(s,y)|I* < Lo(s)llz —yl*, (2.24)
we consider stochastic processes
dg(r) = a"(7,§(7))dr + A®(7,&(7))dw(7), &(s) =z, (2.25)
dn(r) = ¢"(7,§(7))n(T)d + C*(7,£(7)) (n(7), dw(7)), n(s) =h.  (2.26)
Lemma 2.7. Let C 2.2 hold, up € ©1 and v(s) € ©1 satisfies (2.24) and processes
&(t),n(t) are governed by (2.25), (2.26). Then there exists an interval Ay = [Ty, T
such that a function g(s,x) defined by
(h,g(s,2)) = E[(nsn(T), uo(&s,2(T)))]; (2.27)
belongs to ©1 for all s € As.
Proof. Our aim is to verify that there exists an interval Ay = [Ty, T], with Tp, < T
such that K4(s) < v(s) for all s € As.

We deduce from estimates in C 2.3 and standard stochastic integral estimates
that

T
lg(s)lle, < Ky exp [/ [2Cy + 3C1 Ky (T)]dT | ,

where K,, = supy|lup(z)||. By arguments similar to those used in the proof of
theorem 2.4 we verify that the function 7(s), defined by

2COKu0 GQCO (T—7)
M7) = 56 T30 Ko, — 301K, 200"
has the required properties and if K, (1) < (1), then Ky(7) < ~(r) for 7 € [T, T).

(2.28)
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It follows from (2.28) that +(7) is a bounded function for all 7 € [0,7] if

2Cy +3C1 Ky, < 0. Otherwise (7) is bounded over the set Ay = [T, T] such that
2C,

3C1Ky, |

Ty —T| < ——in [1+ (2.29)

2Cy
O

We may apply the above results to successive approximations
fu(s,z) = Vug(s,z),k=1,...,N, of Vu(s,z),

where u(s, x) is given by (2.14). This will allow to prove that uy(s, z) are uniformly
in k equicontinuous in x for each s € [T, T].
Denote by z = (z,y) € R x R4, g = (v, V),

dg(svz) = (av(s,x),Va”(s,x)y), Aq(svz) = (A”(s,x),VA”(s,x)y),
&(s,2)h = (" (x)h, V' (s,2)(h,y)), C9(s,2)h = (C(s,2)h, VC*(s,z)(h,y))
and let f(s,z) = Vu(s, ).
Next we consider the processes a(t) = V& ,(t), 5(t) = Vn(t) satisfying SDEs
da(r) = Vad(r,&(1))a(r)dr + VAI(1,£(7)) (7). dw(T)), «a(s) =1, (2.30)
dB(r) = VeI (r,&(7))(a(r), n(7))dr + (2.31)
+c?(1,&(7))(a(7)B(7))dr + VCI (1,£(7)) (e(T), ( ))dw(T)+
+C9(7,£(7))(B(7), dw(T)), n(s) =

where processes £(t) and 7(t) satisfy (2.25) and (2.26) respectlvely. Here I is the
unity matrix and we use notations of the type

Val(s,x) = Vya(s, z,v(s,x)) + Vya(s, z,v(s, x))Vo(s, ).
Next we have to verify that the function Vu(s, z) such that
(h, Vu(s,z)y) = E[(Bs,n(T)y, uo(&s,(T)))+ (2.32)

+ (15,0 (T'), Vo (&5, (T))a(T)y)],
is bounded provided that function Vu(s, z) is bounded.

As it is easy to see the system (2.17) — (2.19), (2.30) — (2.32) has a structure
which is similar to the structure of the system (2.17) — (2.19) itself. This allows
to apply the above speculations to this new more bulky system.

Coming back to to the Cauchy problem of the form (2.16) with respect to
the function ¢ = (u, Vu), we assume that there are exists constants C},C1, K}
such that for each h € R? with a finite norm coefficients @?, & and A7, CY satisfy
estimates C 2.3. Then we deduce that there exists an interval As = [T3,7T], and
a function ~2(s), bounded on this interval such that the inequality |V4v(s)|le, <
72(s)[ly]l yields an estimate [|Vyu(s)llo, < ya(s)llyll-

To be more precise by arguments similar to those used in the proof of lemma
2.2 we can prove that a function y5(s) of the form

204 K1, e2C0(T=)
2C% + 3CLKL — 3CTK]L e2Co(T=9)

Y2(s) =
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has the following property. If ||V, v(t,z)|| < 72(s)|ly|]| over an interval Ay =
[max(Ty,T3),T] such that

1
|A4] < = 1In [1 + (2.33)

2C1
then ||V, u(t, )| < v2(s)|ly|l on this interval.
Recall that to prove that wg(s,x) are uniformly in k Lipschitz continuous in
x it is enough to verify that they have bounded derivatives Vuy(s, ) uniformly
in k. In order to prove that the function f(s,z) = Vu(s,z) is bounded we can
consider the stochastic system (2.17) — (2.19), (2.30) — (2.32) and repeat the above
considerations.
Finally, having the above apriori estimates we can prove the following assertion.

20}
3CIKL |

Theorem 2.8. Assume that C 3 holds. Then there exists an interval Ay satisfying
(2.33) such that for s € Ay there exists a unique solution of the system (2.17) —
(2.19), (2.30) — (2.32).

We may apply the above considerations to the second order differential prolon-
gation of the system (2.17)—(2.19) which is obtained by adding to (2.17)— (2.19)
the system (2.30)—(2.32) which governs the processes a(t) = V&(t), B(t) = Vn(t),
as well as SDEs for a1 (t) = V2£(t), 81(t) = V?n(t) having a form of nonuniform
linear SDEs and a relation for V2u(s, z)

<h7 VZU(Sv JJ) (y7 y1)> = vyl <h7 vu(sa x)y) = VylEKBS,h(T)yv Uo(fs,w (T))>+

+(1s,1(T), Vo (§s.2(T))a(T)y)],
where Vyu = (y, Vu).

Theorem 2.9. Let C 2.4 hold. Then there exists an interval [Ty, T], with the
length satisfying (2.83) and for all s € [Ty, T] there exists a unique solution of
(2.17) — (2.19),(2.30) — (2.32). If coefficients of the system (2.16) and the initial
function ug are 2 times continuously differentiable in x then the function u(s,x)

is also twice continuously differentiable possibly over a smaller interval [Ts,T] C
[T4,T).

Proof. Due to the above results it remains only to prove the last assertion of the
theorem. Let us differentiate the system (2.17)-(2.19). As we have seen above as a
result we obtain a more complicated system for the processes £(t),n(t), ¢(t), k(t)),
where ((t) = V& (1), k(t) = Vns,(t) and functions u(s,z), Vu(s,z), though
a structure of this new system is similar to the structure of the original system.
Thus under the condition C 4 we can verify that conditions of theorem 2.4 hold
and its conclusion can be applied to the system under consideration. If we prove
that there exists a solution to this new system we may deduce that the solution
u(s,z) of (2.17)-(2.19) has a bounded gradient. Repeating this procedure once
more we can prove that the function u(s, ) is twice differentiable under suitable
conditions on coefficients and initial data of (2.16). O

To show links between (2.16) and (2.17)—(2.19) assume that u(s, ) is a unique
classical solution of (2.16) and apply the Ito formula to the function ®(s,z,h) =
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(h,u(s,z)) and the two component process ((t) = (£(¢),n(t)) satisfying (2.17)-
(2.19). As a result we can verify that v(s,z) = E(n,(T),uo(&.(T))) satisfies
(2.16). Finally we can show that u(s,z) = v(s,z). To prove the inverse assertion
we have to verify that the function u(s,z) defined by (2.19) have two bounded
derivatives in x and then apply the above considerations.

Theorem 2.10. Assume that C 2.4 holds. Then there exists an interval [Ts,T]
such that for s € [Ty, T| there exists a unique solution &s 5 (t), s n(t), u(s,x) of the
system (2.17) — (2.19). The function u(s,x) is twice differentiable and hence it
defines a unique classical solution to (2.16)

One can see more detailed proof of the above statements in [6], [19].

Remark 2.11. The probabilistic representation of a solution to (2.16) prompts
that one can reduce this problem to an equivalent Cauchy problem for a scalar
parabolic equation

D, LQUVIBIQY (N V-8) =0, B(T2) = (huole)),  (234)

with respect to a scalar function ®(s,z),s € [0,T],z = (z,h) € R x R4, Here

q"(s,2) = (a(s’ox’u) C(s’g, u)h) , QY(s,2) = (A(&()I’U) C(s,g,u)h)

(2.35)

Note that one can rewrite the stochastic system (2.17) — (2.19) in the form
dry(t) = g"(t,7(8))dt + Q" (t,7(1)) dW (1), ~(s) =7 = (z,h), (2.36)
D(s,2) = E[®o(7s,2(T))], (2.37)

where y(t) = (£(t),n(t))*, W(t) = (w(t),w(t))*. Besides the function u(s,z) de-
fined by (2.19) can be presented in the form

(hy u(s, ) = EMen(T), u0(8s.2(T))) = (hy BT (s, T)uo(§(T))])- (2.38)
where I'(T, s)h = s 1 (T').

Remark 2.12. Let us briefly mention one more class of systems of nonlinear para-
bolic equations called system with switching regimes or hybrid systems for which
a probabilistic approach shows that the original system of parabolic equations
might be considered as a scalar parabolic equations with a different phase space.
In linear case systems of this type were studied by many authors ( see [18] and
references there). The results mentioned here were obtained in [19].

Let M be an integer and V = {1,..., M} be a fixed discrete set. Along with
the Wiener process w(t) € R? we will need a Markov chain v(t) € V defined on
the same probability space (Q, F, P). Let

M
Q"I = Gumi(z, uw)vy
=1

and )
Lyv™ = (a"(x,u), Vo) + iTrAm(:c,u)Vzvm[Am]*(x,u).
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Consider the Cauchy problem

T | L™ 4 1Q i =0, W (5,) = w)hm =1, M, (239
S

and note that in this case we do not assume summation in m.

Let the matrix Q(z,u) = (¢, (x)) possess the following properties:

1) git,(x) = @im(z,u) € R are bounded in z polylinear in v for all I,m € V and
x € R ue RM,;

2) qum(z,u) >0 for all x € R, u € RM and | # m;

3) Gmm (T, w) = =214, Gmi(z,u) for all x € R ue RM meV.

To construct a stochastic model of a solution to (2.39) we consider an SDE

dé(t) = a"(&(t),v(t))dt + A“(§(t), v(t))dw(t), &(s) =mz,v(s) =m,  (2.40)

where a : REx V x RM - R4 A: R xV x RM — R4 ® R4 and
P(y(t + At) = 1|y(t) = 4,£(0),7(0),0 < t} = q};(£(t)) At +o(At), if 1 zﬁ J- |
2.41

To get a closing relation we think of u as a function defined on a set [0, 7] x R x V/,
that is um, (s, ) = u(s, 2, m) and set

u(s, z,m) = Eluo(§(T), v(T))|¢(s) = ,7(s) = m]. (2.42)
Note that the evolution of the discrete component «(t) can be represented via a
stochastic integral withe respect to a Poisson random measure [27]. In order to
construct this representation for z € R? and i,j € V with i # j we define a set
A;;(z) of the consecutive (with respect to the lexicographic ordering on V' x V)

closed from the left and open from the right intervals of the real line having the
length ¢;;(z). Let g : R? x V x R — R has the form

M

j=1
Then having the partition {A;;(z),4,j € V} we obtain g(z,u,y) = j—iif y €
Ajj(x), otherwise g(z,i,y) = 0 and (2.43) is equivalent to

dy(t) = /R a(E() 7 (t—), y)p(dt. dy),

where p(dt, dy) is the Poisson measure with intensity dt x dy which is independent
of the Wiener process w(t).

Connections between stochastic system of the form (2.40) — (2.42) and a classical
solution of the Cauchy problem (2.39) were investigated in [19].

3. Systems of quasilinear and fully nonlinear PDEs

Consider a system of quasilinear parabolic equations

Ouy, 1. .
g + §F” (x, u)Viwjum + By (z,u, Vu) Vg, u + ez, u, Vu)u, = 0,
S k2

U (T, 2) = wom(x), m=1,2,...,dy, 4,j=1,....d, (3.1)
where F(z,u) = A(z,u)A*(z,u).
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To extend the above approach to (3.1) we include it to a larger system adding
to (3.1) the system of parabolic equations for functions vJ, (t,z) = V u, (¢, z) and
denoting by gn(t,x) = u,(t,z) for n = 1,...,dy and g,(t,x) = Vg, gm(t,x) for
j=1,...,d,m=1,...,dyandn=d;+1,...,d; xd. One can find at least at the
formal level that v (t,x) satisfies the Cauchy problem

Ovi 1F“€v2 I+ BV, L[V, F 4V, F0i]V 0
88 T; rkvm + ml Ul + le"Ul + 5[ T + Ug vq} iUm
+[Va; Bloy + Vu, Blgvh + Vi Bl Vo, 03 10f + [V et + Va, Civg+

VM ug =0, up(T,2) = uom(z), m,l=1,...,d1,i,j,k=1,...,d.
(3.2)

Finally we can write the system (3.1), (3.2) as a system with respect to components

Gn = Um,n=1,...d1,9, = Viu,,n =dy+1,...,dxdq, of a vector valued function

q(t, x),

+Vvk eV

z;Vq

aag” + G (@, 9)Vigp + gri(z, 9)g1 + F”“(x w)V2 4 gn =0, (3.3)
gn (T, ) = ugm(x), n= 1,2, ..., dy,
gn(T,2) = Viugm,i=1,...;d,n=dy +1,...,dy +d x dy.
Here _ _ _
GLpVigp = B, Vg0, if n=1,...,d,

1 i ik j
Ve, F ¥t Vo, FHR0IV, o,
np9p = CnpGp, N, P = 1 d
InpYp = [VIJB l—i—quBz le +V, ch leJ q]vl—i-
+[sz Cml + vuqcml’Uq + vv’qccmlv:rjvq]ul'

Analyzing (3.1) and (3.3) it easy to see that they make a system with a structure
similar to the structure of the system (3.1) itself. Hence we can apply to it the
considerations of the previous section. The correspondent stochastic system will
include an SDE for a basic process £(t) of the form

dg = A(E(7), u(r, £(7)))dw(T), &(s) = =, (3-4)
and the following SDEs
dn(t) = c(&(7), u(r, £(7)))n(T)dr + Cu(€(7), u(T, £(7))) (n(7), dw (7)),  n(s) 73h57)

da(0) = [VAGE() () + Vg Al ) Venlalmiu(). ofs) = T

dp(t) = e(§(r), u(r,&(7)))B(r)dr + A(E(7), u(T, £(r)))(a(7), n(T))dr+  (3.7)
+C(E(7), u(r,£(7))) B(r)dw(T) + AE(7), u(T, £(7))(a(r), n(7)))dw(T), B(s) = 0.

Here

G? Vigp = B! Vi, 9p +

np np

)\gm(x, u) = ijcqm(z, u) + Vulcqmvlj,
NG =Vo O+ YV, Clovl, ij=1,...,d, qm=1,...,d.
Besides to obtain a closed system we need two more equations

(hy u(s, 2)) = El(ns,n(T), uo(&s.2(T)))], (3.8)
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(h, Vu(s,z)) = E[(B(T),uo(§(T))) + (n(T), Vuo(§(T))(T))] . (3.9)
Next we have to state conditions on the coefficients of (3.1) to ensure that coeffi-
cients itself and their derivatives satisfy conditions C 2 and apply the results of
the previous section.

Theorem 3.1. Assume that coefficients A, c,C in (3.1) satisfy C 2.4. Then there
exists and interval [T5,T],0 < Ts < T such that for all s,t € [T5,T) there exists
a unique stochastic processes &(t),n(t), a(t), B(t) and functions u(s,x), Vu(s,z)
which satisfy the system (3.4) — (3.9).

In a similar way we can treat the Cauchy problem for a fully nonlinear parabolic
equation of the form

ug + (2, u, Vu, V) =0, u(T,z) = ug(x). (3.10)

To explain our approach we consider a bit more simple case, namely the system
of the form

ul + O(u, V™) =0, u™(T,x) = uom(z),m=1,...,d;. (3.11)
As above we consider a differential prolongation of the system (3.10) which allows
to include this equation into a system of semilinear parabolic equations. Denote
by v* =u € R", v! = Vu € R" @ R, v?2 = V?2u € RY" @ R @ R, v® = V3u €
R4 ®R'®RY®@ R and derive equations to govern v™4,m =1,...,dy,q =0, ...,3.
Let V,m2®(09,0?) = AW, v™2)A*(v°,v™2) and
TrA@W, v™?) V2™ A* (00, 0™?) = Aik(v)Viimijkj(u).
By formal differentiation with respect to spatial argument z € R? we derive the
following system

V"0 L TPV 2 ® (00, 0™2) V200 £ B (00, 0™2) = TrV yma (00, v™2)0™2 = 0, (3.12)
V(T z) = ug(x).
VI 4 Vo @ (00, 02 01t 4 TrV yme & (00, 0™2) V2™ = 0, (3.13)
V"N (T, z) = Vul'(z).

"2 4 [V @ (00,02 Vol 4+ V2 ®(0°, 0?) Vol Jo?! 4+ Ve ® (00, v™2)v??  (3.14)
+TrV ymz ®(0°, 0™ V202 + [V a0 @ (00, v™2) Vo1
+Vym2 ®(00, 0™?) Vo Vo™ =0, o™(T,z) = V3u'(z).
Note that in (3.12)—(3.14) summation over m is not supposed.
Unfortunately, the last term in (3.13) is still nonlinear in Vv and hence we need

an equation for v™3. We leave it to a reader to verify that as a result we obtain a
system of semilinear parabolic equations which has a form

1
vl + iTrA(v)V%lA* (v) + CsH (V) A (0) Vo™ + ¥ (v)v® = 0, (3.15)

W) =vh(z), 1=1,....,.M=di[1+d+d*+d°.
Thus, if Vm2®(u, u™?) > 0 and coefficients A(v), c(v) and C(v) in (3.15) satisfy
condition C.2.4 then we can apply the results of the previous section to the system
(3.15).
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4. FBSDE and quasilinear and fully nonlinear parabolic equations and
systems

In this section we consider an alternative probabilistic approach to quasilinear
and fully nonlinear parabolic equations and systems. In addition we show the way
to give a probabilistic interpretation of a viscosity solution of the Cauchy problem
for systems of nonlinear parabolic equations.

Consider a diagonal system of PDEs of the form

1
ul' + §T7"A(x,u)V2u’”A*(x) + (a“(z), Vu™) + f™(x,u, Vu) =0, (4.1)

u™(T,x) =uom(z) € R, m=1,...d;.
Here A: R x R" - R'@R%,a: R*x R — R, f : R*x R" x R'®@ R — R™.
Let there exists a classical solution u(s,z) € R of (4.1) and a stochastic process
&(t) satisfies an SDE

dg(t) = a(€(t), u(t, £(1)))dt + A(E(L), u(t, £(1)))dw(t),  &(s) = 0. (4.2)
Keeping in mind (4.1) and applying Ito’s formula we derive an expression for a
stochastic differential dy(t) of the stochastic process y(t) = u(t, &(t))

dy(t) = —g(E(t), y(t), 2(1))dt + (z(t),dw(t)), y(T) =uo(&(T)) = ¢ € R, (4.3)
where z(t) = A*(£(t)u(t,£(2)))Vu(t, (t)) and f(z,u, Vu) = g(z, u, [A¥]*Vu). The
couple (4.2), (4.3) is called a forward-backward stochastic equation (FBSDE).

Denote by F; a flow of sigma-subalgebras of F, generated by the Wiener process
w(t). To explain specific features of an equation of the type (4.3) note that even
in the case when £(t) is a known F; adapted stochastic process an equation of the
form (4.3) includes two unknown processes y(t) and z(t) and thus its solution is
defined as a couple of Fi-adapted stochastic process such that y(T') = . Thus, one
needs an additional relation to construct a solution to such an equation and the
Ito martingale representation theorem can be used to obtain the required relation.

Namely, given Fp-measurable random variable ( € R? ® R% under suitable
conditions on g one may consider a square integrable martingale

x=EK+A 9(E(r), y(r), 2(r))d7| F).

By the Ito theorem x™ could be presented in the form

x = E[x] +/0 2(7)dw(T), (4.4)

where z(t) € R? @ R is F;-measurable uniquely defined process such that

T
/Mm%4<w
0

in a matrix norm. Finally, one can verify that a couple (y(t), z(t)) satisfies (4.3) if

E

y(t) =FE

T
<+A’maﬂwwx4ﬂwﬂﬂ] (4.5)

and z(t) is defined by (4.4).
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To be more precise we need some spaces of stochastic processes. Denote by:

L2.(R%) be the space of Fp-measurable random variables x € R% such that
Bll¢]|? < oo

S?(R™) the set of continuous stochastic processes y(t) € R4 such that

E[ sup |ly(t)]*] < oo
0<t<T

H2(M) the set of R? ® R™* = M valued processes z(t) such that for h € R¢

with ||h|| < oo,
T
B l/ ||z(t)h||2dt] < .
0

We say that processes £(t) € RY, y(t) € R4, 2(t) € M solve the FBSDE (4.2),
(4.3) if they are F; measurable, £(t) € S?(RY), y(t) € S?(R™), 2(t) € H? and for
given Fr - measurable random variable ¢ € R% such that E[||¢||?] < oo

mw:<+1'maﬂwv»4ﬂmf—[ 2(r)duw(7) (4.6)

holds with probability 1
We generalize this approach to apply it to a nondiagonal system of nonlinear
parabolic equations

uy' + %TrA(:mu, Vu) V2™ A* (2, u, Vu) + (a(z,u, Vu), Vu™)+ (4.7

+B™ (z,u, Vu) Vo, up + ™z, u, Va)uy + g™ (2, u, Vu) = 0,
u™(T,x) =uom(z) € R, m=1,...d;.
First we extend to the system (4.7) the relations obtained in the Remark (2.12).
Namely, we rewrite (4.7) as a scalar equation
e 1
(T, z) = Pg(x, h) = (h,up(x)).
with respect to a scalar function ®(s, z, h) = (h,u(s, z)).

Here
. . 62<I>l(s,x,h) o 0?®(s, 2, h)
0?®(s,x, h) 0? ul(s x) Oug(s, x)
T hin O = A Akl + 2 am I Ak,
+Ci P A i v e L S

since, due to linearity of ®(s,x,h) in h, we have %’xh’h) = 0. In addition
0®(s,z, h 0®(s,z,h Ou
(021) | g D), O
G(s,z,h) = hgi(s,x,u, A*Vu).
Next we consider a stochastic process ((t) = (£(t),n(t)) given by
d€ = a*(r, £(r))dr + AM(r,€(r))du(r), €(s) =1, (49)
dy(t) = c(r, E(r)(r)dr + CUr, € (), dw(r)),  n(s) =R, (410)

(q,V®(s,z,h)) =a; h + ™ by,
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as a solution of a stochastic equation

d¢(r) = q(C(r), (¢, ((7)))dr + Q(C(7), B(t, ((7)))dw(r), ((s) = (2,h). (4.11)
In addition we notice that a solution of (4.10) (provided it exists) gives rise
to a multiplicative operator functional T'(t,s,£(+)) = I'(¢,s) of the process &£(t)
satisfying (4.9), that is n(t) = T'(¢,s)h and T'(t,s)h = T'(¢,0)T'(0,s)h a.s. for
0 <s<6<t<T. Hence to derive an FBSDE associated with (4.8) we can
proceed as follows.

Assume that there exists a classical solution to the Cauchy problem (4.7) or
what is equivalent suppose that there exists a classical solution to (4.8) and com-
pute a stochastic differential of a scalar stochastic process Y () = (n(t), u(t, £(t))).
We can verify that

dY (t) = {dn(t), u(t, (1)) + (n(t), du(t,§(t))) + (dn(t), du(t, £(1)))-

Taking into account (4.9), (4.10) and applying the Ito formula we derive
dY (t) = —F(§(t), Y'(t), Z(t))dt + (Z(t), dW (t)),  Y(T) = ¢ = (h,uo(§(T))),

(4.12)
where W (t) = (w(t), w(t))*, T(t)h = T'(¢, s)h = ns 5 (t) and
(Z(t),dW (1)) = (C(T (), dw(t)), u(t, £(t))) + (L(t)h, Vu(t, £(t)) Adw) =
= (B, I (O)[CTu(t,£(t) + AVu(t, §(1))]dw(t)).
Keeping in mind that
Y(t) = (n(t), u(t, £(1))) = (h, T"(O)u(t, (1))
it is easy to deduce from (4.9) a BSDE

dy(t) = = f(&(t), y(t), 2(t))dt + 2(t)dw(t),  y(T) = uo(§(T)), (4.13)

where

we deduce

2(t) = D71 O[O (¢, £(0)ult, (1) + A (2, E(1)ult, (1) V] € H (M)

When the solution y(t) is a scalar process and a comparison theorem holds one
can prove that the function u(s,x) defined by y(s) = u(s, ) is a viscosity solution
of the Cauchy problem for a corresponding quasilinear parabolic equation [14].

The above interpretation of the system (4.7) as a scalar equation (4.8) prompts
that one can call y(s) = u(s,x) a viscosity solution of (4.7) if Y(s) = (h, u(s,x))
is a viscosity solution of (4.8). The proof of existence and uniqueness of a solution
to the FBSDE (4.10)—(4.12). one can find in [19].

Let us discuss a probabilistic approach to interpretation of the Cauchy problem
for a fully nonlinear parabolic equation based on the theory of FBSDE.
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We consider the Cauchy problem
up + ®(z,u, Vu, VZu) =0, u(0,z) =ug(z) € R,z € R, t€[0,T]. (4.15)
We assume that the function é(x,y,z,r), r€R\yeRpe R, rec RR@ R?
has a positive definite derivative with respect to r € R? ® R? that is M;; = V,..;®
possesses the property z*Mxz > 0 for all z € R?\ {0}. Let V,®(z,y,v,7) =
3A(2,y,p,7) A (2, y,p,7).
As in the previous section along with (4.15) we consider an equation with respect
to the function v = Vu € R?
vy + VO (2, u,v, Vv) 4+ Vo ® (2, u, v, Vo)v + V, (2, u, v, Vo) Vot (4.16)
+V,®(z,u,v, Vo)V =0, v(0,2) = Vuo(z) € RY, z € R%, t € 0,T).
and rewrite (4.15) in the form

1, « - .
ug + 5TrA(x, u, v, VO)V2uAd* (2, u,v, Vo) + (2, u,v, Vo) — (4.17)

—V,®(z,u,v, Vo)Vu =0, u(0,z) = up(x).

It is easy to see that the system (4.16), (4.17) is a system of quasilinear parabolic
equations.

Set A(z,y", 4%, 22) = A(z,y, p, [A*]122), where y! = y,y? = p,22 = A*r, and
consider an SDE

de(t) = A(E(1), y' (1), 42 (1), 22(1))dw(t),  &(s) = &- (4.18)

Assume that u(t,z) is a C3 smooth function and (u,v) is a solution of (4.15)

(4.16). Given a process £(t) satisfying (4.18) we consider processes
1

y' () = ult, (1)), v (1) = v(t, £(¢))
and
2H(t) = AT(E(), ' (1), v (1), VAu(t,£(1))) Vu(t, £(1),
2(t) = A*(E(), y' (1), (1), V2u(t,£(1))).-
By the Ito formula we derive
dy' (t) = [ue(t,€(1)) + A"u(t, E(1))]dt + (21 (1), dw(t)),
dy? (t) = [ve(t, £(t)) + A"(t, E(1)]dt + 22 (t)dw(?),
where A9u(t,z) = 1TrA(z, g, Vg, V29)V2u(t, x)A*(z, g, Vg, V?g). Setting
FHayt 2 2%) = S(e,yt P [AT]712%) = Vo @(z,yt o [AT]122)y2,
2z, yt, 92, 22%) = Vo (2, yt, 92, [AY]7122) 4+ Vo d(x, o', o2, [A*] 2o+
+Vv<i>(x,y17y2, [A*]—lZQ)[A*]—le
we obtain a system of BSDEs
dy'(t) = —fH(E). y (1), y2 (1), 22 (1))dt + 2 dw(t),  y'(T) = uo(&(T)) = (',
(4.19)

dy?(t) = —f2(&(8), 5" (1), 57 (1), 2 (1)) dt + 2*dw(t),  y*(T) = vo(§(T)) = %2' |
4.20
To introduce a notion of a solution to the FBSDE (4.18)— (4.20) let

B3 = S2(R%) x S2(R x RY) x HA(R? x R* ® R?).
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We say that a triple (£(t),y(t), z(t)) € B3 is a solution of the FBSDE (4.18) —
(4.20) if the processes £(t), y(t), z(t) are F;- measurable and with probability 1 we
have

=N

aw:my/A@vmﬂﬂw%ﬂa%ﬂmwﬂ, (4.21)

T T
w0 =t [ 6@y P2~ [ mave. @)

Here t t

y=whvH) e Rx R f=(fl,f) e Rx R 2= (2',2%) € R x (R*® RY),

W(t) = (w(t),w(t),e R* x R%,¢ = (¢',¢?) € Rx RY,
¢t = h((T)),¢* = Vh(E(T)).
Setting
k= (z,y,2), az,yz2)=Ay" %2, Bzy,2) = flx,y" 9% 2"

we rewrite (4.21), (4.22) as a system

£(t) = 93+/ a(&(7), y(1), 2(7))dw(T), (4.23)

T T
y(t) =C+/t ﬁ(E(T),y(T)vz(T))dT—/t 2(m)dW (7) (4.24)

and note that this system is not closed.
To make the system closed we have to apply the Ito martingale representation
theorem which states the following.

Theorem 4.1. Let x € R x R be an Fr- local square integrable martingale then
it admits a representation of the form

T
x=FEx+ / z(T)dw(T)
0
and z(-) € M = H2(R? x R* ® R?) is unique.

Below we state conditions to ensure that we can apply the Ito theorem to the
local martingale

T
x:EK+A (), 5" (7), 2 (r), 2(r))dr| F),

where ¢ € LQT(R X Rd) and to prove existence and uniqueness of a solution to the
system (4.23), (4.24).

Let k = (z,y,2)*, G € (R x RY) ® R4, a(k) = (—-G*B,Ga)*(k), where Ga =
(Gay,...,Gag).

We say that condition C 4 holds if

1) &(k) is C'*- smooth and sublinear in #; h(z), Vh(zx) are bounded and Lipschitz
continuous.

2) there exist positive constants p1, u2, 13 such that given a full rank matrix G

(a(k) = a(k1), k= k1) < || GZI* = p2(IG*gI* + |G*2]*) Vi, k1 € Bs,
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(uo(x) — uo(z1), Gz —
for any Kk = (m,y,z), uy = ($17y17751)755 =
w1+ po >0 and po + ps > 0.

The following assertion is a consequence of the results in [28].

)) = n3||Gz|)?

T
T -2,y =Y — Y1,z = 2z — 21, and

Theorem 4.2. Assume that C 4 holds. Then there exists a unique solution
(£(t),y(t), 2(t)) € B® of the FBSDE (4.23), (4.24).

We consider a system of successive approximations (the Picard iteration) to a
solution £(¢),y(t) = (y*(t),y%(t)), 2(t) = (21(t), 2%(¢)) of (4.23), (4.24).

So(t) =z, wo(t) = (h(z), Vh(z)) = g(x), =20(t) =0,
&Gt) ==z +/ a(z, h(x),0)dw(r), (4.25)

n(t) = g(&(T /ﬁgl (), (T ”‘”‘/t S(r)dW(r),  (4.26)

Enta(t) = w+/ a(&n(7), yn(7), 2n(7))dw(7), (4.27)

T
Y1 () = hEn(T) & [ BEn(T)s yn(r)s 2n(r))dr — / 2 (D)AW (7). (4.28)

One can prove that the solutlon of the decoupled FBSDE (4.27), (4.28) converges
to a solution of (4.23), (4.24) as n — oo. In other words setting

A& (t) = [€n1(t) = &I Ayn(t) = [gn41(t) = yn (D),
Azn(t) = llzns1(t) = za (D)1,

one can verify that

lim F

n—oo

sup [A&,(t) + Ay, (t) / Az, (t) dt] =0.

s<t<T

We refer to [19], [29] for the proof of this theorem.

Note that one can reduce an FBSDE to the following optimal control problem
[24], [34], [37] :

to find y(s) = yo and z(7),T € [s,T] such that

inf _E[|[h(g*(T)) =y O(T)|?) =

Y0,2(t),s<t<T

where

€Y% (t) =x+/ a(§¥ (1), y"* (1), 2(7))dw(7),

y(5) = yo + / BEW = (), 420 (r), 2(r))dr — / 2(7)dW (7(s),

where yo € R4 is Fy-measurable and z(t) € R? x R? ® RY is an F; adapted
square integrable process.

272



PROBABILISTIC INTERPRETATIONS OF NONLINEAR PARABOLIC SYSTEMS

To verify this we check that if y(s) = yo € R and {z(¢)}s<i<r € HZ(H),
where H = R? x R* @ R? satisfy

£(t) = 93+/ a(&(7), y(1), 2(7))dw(T), (4.29)

T T
y(s) :g(E(T))+/ ﬂ(ﬁ(T)vy(T),Z(T))dT*/ z(T)dW (7) (4.30)
then obviously
E [[lg(¢(T)) —y(T)|I*] = 0.
On the other hand if we choose yo = y(s) and z(¢) as control parameters of the
optimal control problem

e (g€ — 51|, (4.31)
where .
&ty =2+ | al€(r),i(r), 2(r))dw(r), (4.32)
_ T NS T
90 =9 &) + | BE).3lr). 7)) - / H(7)dW (7) (4.33)

then we deduce that
inf E (7)) — 5(T)|I?| = 0.
Qo,{é(lt)}sgtg {Hg(ﬁ( )) y( )|| }

As a result we conclude that one may reduce the system (4.23), (4.24) to vari-
ational problem (4.31)— (4.33).

5. Numerical algorithms for solution of nonlinear parabolic equations
and systems

In this section we describe numerical algorithms to construct approximate so-
lution of the Cauchy problem for nonlinear parabolic equations and systems based
on probabilistic representations of these solutions.

5.1. Numerical SDE schemes for solution of semilinear equations and
systems. We start with probabilistic representations of a classical solution to the
Cauchy problem

Oy, )
(‘;Ls + {a(s,z,u), V)tUy + By, (s, z,u)Viug + cmi(s, x, u)u+
1
+§T7’A(s,z,u)VzumA*(s,;v,u) =0, un(T,z)=uom(x), (5.1)
m = 1,2,...,d17

constructed in section 2 and then derive an algorithm based on the representation
of section 3.
Consider a probabilistic counterpart of the Cauchy problem (5.1)

d¢ = a"(7,&(7))dr + A% (7, &(7))dw(T), &(s)=x € R%, (5.2)
dn(t) = (7, §(T))n(r)dr + C*(7,£(7))(n(7), dw(7)), n(s)=heR™, (5.3)
(hyu(s, @) = E[(ns,n(T), uo(&s,2(T)))]- (5.4)
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Our aim is to construct a numerical solution of (5.2)—(5.4) .

Let s =tg < t1--- <ty =T, with t, = kh, At = TIQS be a given partition,
At = tg1 —tp and Agw = w(tgs1) — w(ty) for k=0,...,N — 1.

To construct a numerical scheme based on the stochastic system (5.2)—(5.4) we
present the relation (5.4) in the form

(h,u(s,x)) = E[(nsn(T), u0(§s,0(T)))] = (b, E[S™ (s, T)uo (&5, (T)))];
where S(T,s)h = ns,(T). From the Markov property of the stochastic process
&s,2(t) and uniqueness of the solution 7, 1, (t) to (5.3) we deduce that
<h7 E[S*(Sv T)“O(&S,I(T))D = <h’ U(s, T)uo ($)>7 (5.5)
where U (s, T) is an evolution family acting in the space Cy,(R%; R™) of continuous
bounded functions valued in R%. Due to the evolution property of U(s,T) we
have an equality U(s,T) = Hff:}} U(tr, tht)-
To construct an approximation of U(s,T) we apply the Euler scheme to ap-
proximate the processes s ,(t) and ns(%).
Etpa(thrr) ~ &y w(tir1) = o+ al@, u(ty, ) At + Az, u(ty, ) Agw, (5.6)
Nty b (Eet1) ~ T n(Eeg1) = b+ c(x, u(ty, ©))RAL + C(x, u(ty, ) (h, Agw), (5.7)
and define the function 4(t, z) by a relation
(h,a(t,z)) = (b, Ut trar)a(terr, ) = BT n (o), @ttt G (then))]-
(5.8)
In addition we approximate Ajw by ev/At, where € is the Bernoulli random vari-
able valued in {—1,1} with a distribution P{e = —1} = P{e = 1} = 1 and denote
by U(s,t) the map defined by (5.4) with &, .(txy1) and 7, n(txe1) instead of
b w(tiyr) and 7y, p(tkt1), where &, o (tg1) and e, p(tr+1) are defined by

Eipa(tir) = © + alz, i(ty, ©)) At + Az, 0(ty, z))eV AL, (5.9)
e n(tes1) = h+ c(@, @(ty, ) WAL + C(z, i(ty, ) (h, eVAL), (5.10)
(hy @ty ) = Bl n(tha), @i, S o (tig))) (5.11)

From the Markov property of & ,(t) and properties of a solution to the linear SDE
(5.3) we can deduce the following assertion.

Lemma 5.1. Assume that coefficients in (5.2),(5.3) and the function uo(x) satisfy
C 2.4. Then the map U(s,T) defined by

(h, U(s, T)uo()) = E[(ns,n(T), uo(&s,2(T)))] = (5.12)
= (h, E[S" (s, T)uo(&s,2(T))))
is an evolution family.

Note that unlike U(s,t) both U(s,t) and U(s,t) cease to be evolution families
that is U(s,t) # U(s,0)U(0,t) for s < 6 < t.
Given ’f_](tk+1) = S(tk, tk+1)h, ’f](tk+1) = S(tk, tk+1)h we have <Sh, ’U> = <h, S*’U>
and
<h7 [U(tk’ tk+1)17] (tkv l‘)> = E<ﬁ(tk+l)? ’E(tk-‘rla gtk@ (tk-l-l))) = (513)
= (hy BIS* (ths tr1) 0 (Ers 1t 0 (Trt1))
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where 0(ty, z) = U(tg, ths1)0(thr1, z) and similar relations for U (t, tii1), d(t, ©).
Let

n—1

Un(s,T) = [ [ Ute: trsa)- (5.14)
k=0
Keeping in mind (5.9) — (5.11) we obtain

dy
[0 (th, ey )0]™ (s ) = U (b i) ™0 (g1, @) =
=1

L
=

(6™ + ™ (@, v(tpg 1, ) At + C™ (z, v(tpr1, 2)) VAL X
1
X! (tpy1, @ + a(x, 0(tpy1, ) At + Az, v(tpy1, )V AL
dy
1
5 0™+ M (w atgr, 2) At = O™ (2, 0(thg, 1) VAL X

=1

DN | =
Il

X! (tgyr,  + a(@, v(tper, ©) At — Az, v(tprr, z) ) VAL, (5.15)
where §/™ =1, if [ = m and stm =0, if ljé m.
Finally, we apply U,(s,T) = Z;é U(tk,tx+1) to approximate Uy, (s, T)ug =

Z;é U(tk,trs+1) in spite of the lack of evolution property of the map U(s,T).
Based on Marsden results [33] we prove that limg,—ooUn(s, T)ug = U(s, T)uo.

Theorem 5.2. Let Vi (s, T) and Va(s, T) be bounded maps acting in C ([0, T] x R?)
such that

IVi(s: )ulloo < Killulloo, [[Vi(s; t)u = Vils, )vlle < eVtlju = v]|oo, i = 1,2.
Let V;(s,T) are differentiable in s and
IV (t, tirn)u = Valti, i Julloo < 7(8) 0]l

for some a > 0. Assume that there exists a limit

n—1
li =
Jim H Vi(tk, tesr)v = Vi(s, T,
k=0
then there exists a limit
n—1

7}5{.10 H Va(th, tieg1)v = Va(s, T)v.
k=0

We apply the results of this assertion to the above maps U(s,T') given by (5.12)
and U(s, T) given by (5.15) .

Lemma 5.3. Let the processes &(t), n(t) and the function u(s,z) be defined by
(5.7)- (5.9). Then maps

U(s, Tuo(x) = Es 25" (s, T)uo(§(T))],
Ulte, tir1)v(z) = Egy o [S* (b trs1)v(E(tr41)))s
Ut ter1)o(@) = By o[S* (b tir1)0(E(trsn))]
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satisfy conditions of the previous assertion and thus there exists limits

n—1 n—1

nh_}n;@ 1_[0 Utr,trse1)uo = U(s, T)uo, nh_g)lo ,H) U(tk, tk+1)uo = U(s, T)ug

Proof. Let Viltestir1) = Ulti, tesr),  Va(tiotes1) = Ulte, tegr), Va(te, tir1) =
U(tk,tg+1). From the results of section 2 we deduce

Ve (trs thr)u(thr)lloo < [lu(thrr)llcezp{ KA} + BA, ¢=1,2,3
and
VA (ty toa1)0(Erg1) — Va(trs trga)o(trsn) ]| < COAD) [0(titr) oo,

IVa(ths thp1)0(tg1) = Valte, e )v(te) | < CAD ™ [o(trr1) oo,
where v, C, « are positive constants. It results from theorem 5.1 that

U(s, T)uo(z) = 7}1_{20 H (th, trg)uo ().

By the triangle inequality we have
sup [|U(s,T) = U(s, )uo(2) || < sup [[U(s,T) = U(s,T)]uo()[|+

+ sup 1U(s,T) = U(s,T)]uo(x)],

and in addition we deduce from proposition 5.2 that

n—1 n—1
lim 11 Ut tesa)uo(e) = lim. 1T Ut tern)uo(a).
k=0 k=0
This yields
n—1
U(s, Tuo(x) = lim_ 11 Ut tesa)uo ().
k=0

O

Remark 5.4. Under C 2.4 the assertions of lemma 5.3 are valid as well in the
case when we consider the Caauchy problem for a nonuniform PDE of the form

Ouyy,

s
+%TrA(s,x,u)V2umA* (s,z,u) = gm(z,u), un(T,z) = uom(x),

+ (a(s, x,u), V)t + B (s, 2,u)Viu + (s, 2, u)u+

where g(x,u) is a smooth bounded function. In this case we have

Ul(s, T)uo(x) = E[S*(s, T)uo(&s,(T))]+ E

T
/ s*<s,e>g<§s7w<e>,u<e,5s7w<9>>>d9]

and
Uty o1 )ultig1, ®) = B [S*(te, tes1)u(tos1, Epo(togr))] +

. |:/ k41 (tk, ) (gth( ) (ﬂ,gtk,x(o)))de ’

ty
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Ot b1t @) = B [ S (st )it s, oo (t40))] +

+E [ / §* (1. e)g(»étk@(e),a(aétk@(e)))de}

As a result we get

it ) = %[(1 +e(@y itrsn, 2))h + Oz, ity 2)h¥)x (5.16)

[N

Xﬁ(thrl» x + a(x, ﬁ(thrl? x))h + A(:E, ﬁ(thrlv :E))h
1

+5 10 + (@, altisr, 2)h — O, altisr, 7)) x

X ti(tpgr, @ + a(a, i(tegpr, ©))h — Az, @(tegr, 2))h?)+
+g(z, (tgt1, z))h.

As a final step to obtain a numerical scheme in the case d = 1 we discretize the
space variable x, compute u(ty, ;) and use linear interpolation to define u(t,x)
for ; < & < xj41 (see details in [30] - [32]).

To apply the above approach to a quasilinear or a fully nonlinear parabolic

equation we include it to a system of semilinear parabolic equations as it was done
in section 3 and then proceed as above.

)+

5.2. Numerical FBSDE schemes for solution of the Cauchy problem for
fully nonlinear equations and systems. Here we apply the results of section
4 to construct a numerical solution of a nonlinear parabolic equation based on
the so called deep BSDE theory developed in recently in a number of papers [24]—
[26], [34] — [37]. The deep BSDE theory combines probabilistic representations of a
solution to the Cauchy problem for a nonlinear parabolic equation with the neural
network theory. In section 4 we have shown that the fully nonlinear parabolic
equation of the form (4.15) can be reduced to the system of quasilinear parabolic
equations (4.16), (4.17). Next it was shown that to solve the resulting quasilinear
system one can consider the correspondent FBSDE of the form (4.18) — (4.20).
Slightly changing our construction we consider the Cauchy problem

us + ®(x,u, Vu, V3u) =0, u(0,2) =ug(z) € R,z € R, t€[0,T].  (5.17)
and reduce it to a suitable FBSDE
dg(t) = A(§(6), 5" (1), y* (1), 2° () dw(t),  &(s) =, (5.18)
dy’ (t) = =7 (£(1), 5" (), 52 (1), 2° (1)) dt+ (5.19)
+22 (H)dw(t), ¥ (T) = ¢’ (§(T)),

where coefficients A and f = (f!, f?) coincide with coefficients in (4.19), (4.20).
FBSDE (5.18), (5.19) is associated with (5.17) provided

y'(t) = u(t, (1), y*(t) = v(t,£(1) = Vu(t,&(t), 2 () = Vu(t,£(1)),
2(t) = Vu(t,&(t), g'(2) = h(z),9°(x) = Vh(w).

Next we discuss numerical schemes which allow to obtain an approximate solu-
tion of the FBSDE (5.18), (5.19) based on the deep FBSDE theory.
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To construct numerically a viscosity solution u of (5.17) presented in the form
u(s,z) = yl(s)a where yl(t) = u(t,&(t)), yz(t) = Vu(t,§(t)), and f(t),yj(t),j =
1,2, satisty (5.18), (5.19).

The main idea here can be stated as follows. As we have seen in section 4 one
can reduce solution of an FBSDE to solution of the following control problem :

to find

Jinf B [[lg(e0()) — g (D)) (5.20)

such that
e ot [ M@0 (), (521
yyo, —yo—/ feve z() yo,z()( ), zyo’z(')(r))dr—l—/tz(T)dW(T), (5.22)

where yo = y(s)- Fo adapted random variable valued in R x R? and z(t) is F4-
adapted matrix-valued square integrable stochastic process. The couple (yo, 2z(*))
is a control variable of the considered control problem.

Within this framework

inf B [[lg(§%=0(T)) - y= ()| =0
yo,2(+)
and infimum is achieved when £¥0-2()(¢), y¥0:2() (1), 2(t)) satisfy (5.21), (5.22).

To solve the control problem of the form (5.20)-(5.22) it comes to be very
effective to apply the neural network technique. We discuss it while considering a
more advanced control problem below.

Let us consider one more scheme suggested in recent paper [37].

Changing the loss function we choose the whole process y(+) as a control together

with z(-).
Then the control problem has the form :
to find
T
) _i)ng(_ E |g(e“#(T)) = y"#(T)|1? +/ Iy (t) U(t)llzdt] ; (5.23)
where
t
2 =+ [ A€ (). (7). Z(n)du(r), (5.24)

y“’Z(t):yo+/ f(ﬁ“’Z(T),y“’Z(T),Zy"’z(')(T))dT*/ Z(r)dW(r)  (5.25)

and solution

inf FE
u(),Z(-)

T
lg(€"#(T)) =y (T)|> +/ ly™#(t) U(t)IIZdt] =0,

is achieved when £%“Z (t),y%“Z(t), Z(t)) satisty (5.24), (5.25).
To solve this optimal problem effectively one can apply the neural network
technique. Let us recall some notion and results from the neural network theory.
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For an integer n € N consider a partition s=ty <t <--- <ty =T of the
interval [s, T| and define neural networks S,JC’B ()ji=1,2

S]iﬁ _ Fg:([i(QK-i-k)d-‘rl](d+1) o wd ° Fg:gK+k)d+1](d+l) o wd ° Fi,ékd—&-l)(d—i—l)7 (526)

and
S}z,ﬁ ng[(;Kd+kd2+1)](d+l) o 1hq 0 Fg:c[l(4K+k)d+l](d+1) o g0 F§7,L(3K+k)d+1](d+l).
(5.27)
to approximate functions Vu(tg11, ), Vo(tg+1, ). Here each network has one input
layer with dimension d, two hidden layers with dimensions d and one output layer

where dimensions of output layers are d and d? respectively.
For an activation function we choose

Ya(z) = (max(z1,0),..., max(zq,0)), z € R?,

and affine transformations Fqﬂ,’lo‘ : Rt — R% in (5.19), (5.20) are chosen to have a
form

Ba+1 Ba+t2 oo Pati x Batqi+1
Ba+l+1 ﬁa+l+2 cee ﬁa+2l T2 5a+ql+m
]_—‘qﬁ’la (z) = Batait1 Ba+ai+2 <o Batai L3 | + Batqi+3
Bat@-1u+1 Patg-1+2 -+ Bata 7 Ba+qi+q
(5.28)

where a = d + 1.

Note that the condition p > (5Kd + Nd? + 1)(d + 1) ensures that Fﬁ R
RY acts correctly. Finally, we arrive to an optimization problem Wthh could be
approximately solved by applying stochastic descent gradient (SGD) method.

To construct the required solution for (5.23) — (5.25) we apply the Euler-
Maruyama scheme to discretize (5.23), (5.24) setting £(to) = =, %(to) = vo,

E(trgr) = E(t) + A(E(tr), ultr), 0(tr), 2° (tr)) Agw, (5.29)
P (trgr) = 7 (tx) — f7(E(tR), 5" (tr), 57 (th), 2° (tr)) At+ (5.30)

—|—5j(tk)Akw, j=12.

Here we wrote the integral form of the backward SDE in the form similar to the
integral form of a forward SDE.

We present &(tg) = &o,%(to) = (uo,v0),
U(ty) = ¢1(E(te), ult); Br),  0l(tr) = da(E(tr), ultr), 0(te); Br),
2N (tk) = os(E(tr), ulte); Br),  2°(tk) = Ga(E(tr), ulte), v(te); Br)-

Note that solving the last equations we can obtain
a(ty) = é1(8(tk; BE),  0(tx) = d2(&(tr; B7),
2 (te) = d3(E(trs BE), 22 (tk) = dal€(te; Br)-
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Hence, we have to construct four neural networks at the sane time. All parameters
of these networks are represented as . The loss function has the form

N-1
L(B) =it E lg(€%(T)) = g (D)IIF + D 1157 (tx) — ulta) I

k=0

where 8 = (yo, 2(*))-

Similar to [37] we may write the correspondent algorithm as follows.
Choosing as an input the Wiener process increments Aw, initial parameters 3°

and learning rate ¢ we have to obtain as an output the couple (£9(T), 74(t1)), k =

1.

.., N. On each interval [tx,tx+1] we solve the optimization problem applying

SGD method (stochastic decent gradient) with ¢ iterations, ¢ = 1,2,....

1. Forq=1,...,set L =0,8%(to) =z, §7(to) = ¢ (x; B );
2. For k=0,...,N — 1 set

al(t) = ¢ (E9(t), B0TT), 0U(t) = HP(E(HR), BT,

219(tk) = 63 (€1(t), B0 ), 22 9(t) = 01 (E9(8k), 5.
3. By Euler -Maruyama schemes (5.22), (5.23) we calculate £€9(tx11), y? (tx+1)

and 2z7(tx+1) on each time interval [tg, txy1]

10.

E:(ty1) = E9(tk) + AL (tr), u?(tr), v (tr), 2% (tr)) Agw,
Y () = v () + F7(E0(tr), 75 (t), 5> (tr), 2% () At —
=2l (tn) AT (t), 5 (t), 57 (t), 229 (t)) Apw, - j = 1,2,

4.
1 M
_g+1 _ _ =
(BTG5 = (8%.98) — oV 77 D 15°(T) — 9(€(T))].
m=1
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