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1. Introduction

The theory of fuzzy sets was introduced by Zadeh in 1965 [18]. Then Deng Zi-Ke and M. A. Erceg have introduced
separately the concepts of fuzzy metric in different ways [3, 5]. In particular, Kramosil and Michalek [8] generalized the
concept of probabilistic metric space given by Menger [14] to the fuzzy framework. In[7, 8] George and VVeeramani modified
the concept of fuzzy metric space introduced by Kramosil and Michalek and obtained a Hausdoff and first countable
topology on this modified fuzzy metric space. On the other hand, the study on product spaces inthe probabilistic framework
wasinitiated by Istratescuand Vaduva[11],and subsequently by Egbert [4], Alsina [1] and Alsina and Schweizer [2]. Recently,
Lafuerza —Guillen[13] has studied finite products of probabilistic spaces and proved some interesting results. fixed point
the orems given by Gregori and Sapena [10] for complete fuzzy metric space in the sense of George and Veeramani [7].
Grabiec [9] proved a fuzzy Banach contraction theorem whenever fuzzy metric space was considered in the sense of Kramosil
and Michalek and was complete in Grabiec’s sense. Meanwhile, Gregori and Sapena [10] gave fixed point theorems for
complete fuzzy metric space in the sense of George and Veeramani and also for Kramosil and Michalek’s fuzzy metric
space which are complete in Grabiec’s sense. Recently, Zikic [19] proved that the fixed point theorem holds under general
conditions: theory of countable extension of a t —norm.

The main purpose of this paper is to introduce the product spaces in the fuzzy framework. Section 3, generalize the
concepts of product of probabilistic metric spaces studied by Egbert [4]. Section 4, contains the study on the fixed point
theorem on this newly developed fuzzy product spaces by generalizing the fixed point theorem .

2. Preliminaries

Definition 2.1: A binary operation *:[0,1] % [0,1] — [0,1] is a continuous t-norm if it satisfies the following conditions:
(TN-1) = is associative and commutative
(TN-2) *is continuous
(TN-3)p*1=p forallpe[0,1]
(TN-4) p * q < r * s whenever p < r and q< s, foreach p,q,r,s € [0,1].

Two typical examples of continuous t-norm are
p*q=pqandp *q= Min(p,q).

Definition2.2: [7] A fuzzy Metric Space is an ordered triplex (X, M) such that X is a nonempty set, * is a continuous
t-norm and M: X X X x [0,00) = [0,1] is a mapping (called fuzzy metric) which satisfies the following conditions: for
every x,y,z € Xandt,s > 0
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(FM1) M (x,y,t) >0

(FM2) M (x,y,t) =1if and onlyif x =y
(FM3) M (x,y,t) = M (y,x,t)

(FM4) M (x,z,t +5) = M(x,y,t) * M (y,2,5)
(FM5) M (x,y,"): [0,00) = [0,1] is continuous.

Definition 2.3:[15] Let A and * are continuous t-norms. We say that A is stronger than x, if for each xq,x,,y,,y, €
[Oll]l (X1JZV1)A(x2;ZV2) 2 (xlA xZ) * (ylAyZ)

Lemma 2.4: [9] M'(x,y,) isnon decreasing forall x,y € X.
Remark 2.5: [7] In a fuzzy metric space (X, M ,x), for any r € (0,1) there existsan s € (0,1) suchthat s x s > r.

Remark 2.6: [7] Every fuzzy metric M on X generates a topology 7, on X  which has a base the family of sets of the
form {B,(r,t):x € X,r € (0,1),t > 0} where B,(r,t) ={y € X: M (x,y,t) > 1—7r} isaneighborhood of x € X for
allr € (0,1)and t > 0.

Theorem 2.7: [7] Let (X, M ,*) be a fuzzy metric space and t,, be the topology induced by the fuzzy metric M. Then for
a sequence (x,)in X, x,, = x ifand only if M’ (x,,,x,t) - 1 asn — oo.

Theorem 2.8: [9] Let (X, M ,*) be a complete fuzzy metric space such that lim,_,M (x,y,t) =1 forall x,y € X. Let
f:X — X be a continuous mapping then f is a unique fixed point.

Definition 2.9: [7] A sequence (x;,) in a fuzzy metric space (X, M,*) is a Cauchy sequence iff for eache >0and ¢t > 0
there exists 7y € N such that M (x,, x,,,t) > 1 — e foralln,m = n,, ie lim, 0 M (Xy, X, t) = 1 forevery t > 0.
A fuzzy metric space in which every Cauchy sequence is convergent iscalled a complete fuzzy metric space.
3. Product of Fuzzy Metric Space
Definition 3.1: Let (X, M,,*) and (Y, M,,*) are two fuzzy metric spaces defined with same continuous t —norms *. Let A
be a continuous t —norms . The A —product of (X, M,,*) and (Y, M,,,*) is the product space (X X Y, M, ,*) where X X

Y is the cartesian product of the sets X and M, is the mapping from (X x Y x (0,1)) X (X x Y x (0,1))into [0, 1]
defined by
Mp(a, b, t +5) = My (x1,%x2,t) AM,(V1,Y2,8) .o @0}

foreverya = (x,y;)and b = (x,,y,)IinX XY andt + s € (0,1).

Theorem 3.2. If (X, My,*) and (Y, M,,*) are fuzzy metric spaces under the same continuous t-norm x, then their *-product
(X X Y, M *,x) is a fuzzy metric space under .
noted that for a metric space (X,d,) ifaxb = ab (oraxb = Min(a,b))

kt™ .
Forall a,b € [0,1]and My, (x;,x,,t) = prE———— for each x,,x, € X and k,m,n > 0, then (X, M;,.,*) is a
fuzzy metric space induced by the metric dx.

Example 3.3: Let (X,d,) and (Y,d, ) are metric spaces and (X X Y,d) be their product with d(p,q) =
Max{d,(xq,x3),dy (¥1,¥2)} for each p = (x1,y1) and ¢ = (x2,¥2) in X XY.Where aAbe[0,1] and let
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Md (p' q, t) = t+d(p,q)
Then (x X Y, Mg,*) is aA —product of (X, d,) ,(Y,d,).

Proof: It is sufficient to show that the condition (1) is satisfied

t
My(p,q,t) = t+dmd)
t

N t + Ma.X{dx(xl,xz); dy (3’1; yZ)}

t
-~ Max{t + d,(x1,%5),dy, (v1,¥2)}

. t t t t
=M n( >: ( ) where
l t+dx(x1,x2)  t+dy (¥1,¥2) (t+dx(x1,x2)) t+dy (¥1,¥2)
Md (p: q, t) = deAMdy

Lemma 3.4: If A is stronger than * then A>x*.
Proof: From Definition 2.3, if x,, = y; = 1; (x;Ay,) = (x;A y,) implies A>x.

Theorem 3.5: If (X, My,*) and (Y, M,,*) are fuzzy metric spaces under the same continuous t-norm x and A=x* then
the A —product (X x Y, M,,*) is a fuzzy metric space under .

Proof: Here it is sufficient to show that properties FM4 and FM5 are satisfied. Let p = (a4, b;),q=(a,, b,),r = (a,, b,), are in
X XY.
Then

My(p,1,20) = Mx{(al,a3,a)A M, (bl,b3,oc)}
=M, {(al,az,g) * M, (az, a3,%)} A {M, (bl, bz,%) * M, (bz, b3,%)}

> 16 {(a1,02,5) A0, (a2, 05,51+ 0, (b1, bor5) A0, (b2bs3))

= MA(pl q, (1) * MA (ql r, (1).
And the continuity of the t —norm implies the function M, (p,r,.): (0,00) — [0,1] is continuous. Hence proof is
completed.

Corollary 3.6: If (X, M,*,) and (Y, M,,,*,) are fuzzy metric spaces and if there exists a continuous ¢ —norm A stronger
than =;and =, then their 4 — product is a fuzzy metric space under 4.

Theorem 3.7: If (X, My,*) and (X,, M,,*) are fuzzy metric spaces under the same continuous t —norm *. Let U and V
denote the neighborhood system in (X; X X;, M,,*) , consisting of the Cartesian products B, (7,5) X By, (7,5s)

where x; € X; ,x, € X, andr € (0,1) and t > 0.Then U and V induce the same fuzzy topology on (X; X X, M,,*) .

Proof: Here U and V are bases for their respective topology, since * is continuous.So, it is suffices to prove that for each
V' € V there exist a U’ € U such that U’ < V'"and conversely.
Let A; X A, € V. There exist neighborhoods B, (r,s) and B,,(r,s) contained in A; and A, respectively. Let r =

Copyrights @ Roman Science Publications Ins. Vol. 3 No.2, December, 2021
International Journal of Applied Engineering & Technology
227



ISSN: 2633-4828 \/ol. 3 No 2, December, 2021

International Journal of Applied Engineering & Technology

Min(ry, ;) and s = Min(s,,s,), and let y = (y4,y,) € B,(r,s). Then
My (x4, y1,51) = My (xq,¥1,51) * 1 = My (xq,¥1,51) * My (x2,¥2,52)

> M, (xq1,yV1,S) * M1 (x5,¥2,8) =M(x,y,s)>1—r=1—n

And similarly M, (x5,y5,5,) =1 —1,
Therefore y; € B, (ry1,s1) and y, € B,,(r3,s;) implies that B, (r,s) € A; X A,.
Conversely, let B, (r, s) € U.And since * is continuous, there exixts § € (0,1) such that
(1-8)*(1-8)>1—r.Lety € (y1,¥2) € By, (8,5) X B,,(8,s). Then

M, (x,y,5) = My (x1,¥1,8) * Mp(x2,¥2,8) = (1-6)x(1-6)>1—r

Therefore y € B, (r,s) and B, (r1,51) * By, (13,52) € B, (1, s).

4. Fixed Point Theorems

Definition 4.1. Let (X, M ,*) be a fuzzy metric space. A mapping f: X — X is said to be fuzzy contraction if there
exists k € (0,1) such that M (f,, f,,,s) = M (x,y,s/k) forall x,y € X.

Theorem 4.2: Let (X, M,*) be a fuzzy metric space with a * b = Min(a, b).Let f;: X — X be a function with
atleast one fixed point x; ;i = 1,2,3,.... and f;: X — X be a fuzzy contraction mapping with fixed point x,. If
the sequence (f;) converges uniformly to f,, then the sequence (x; ) converges to x,.

Proof: Let k € (0,1) and choose a positive number N € N such that
i = Nimplies
M(fix, fox,(1 — k)t) > 1-r

wherer € (0,1)and x € X.Then,ifi > N, hence

M(xinOJ t) = M(fixi;foxo't)
ZM(fixiifOxii(l - k)t) * M(foxi’foxo’kt)
> Min(1 — r,M (x;,x0,t)).

Hence, M (x;,x9,t) = 1 asi — oo. This proves that (x;) converges to x,.

In what follows p;: X XY - X and p,: X XY — Y will denote the first projection mapping and second projection
mapping defined by p,(x, y) = x, while p,(x, y) = y respectively.

Definition 4.3. Let (X, M,*) be a fuzzy metric space and Y be any space. Amapping f : X XY - X X Y is
said to be locally fuzzy contraction in the first variable if and only if for each y € Y there exists an open ball
B, (e),e € (0,1) containing y and areal number k(y) € (0, 1) suchthat

M@, o f (x1,y),01 © f (x2,¥),t) = M(xq,x2,t/k(y)) for all x;,x, € X.It is obvious that every fuzzy
contraction mapping is locallyfuzzy contraction in the first variable.

Remark 4.4:Thefuzzymetricspace (X, M ,*) hasfixedpointproperty (f.p.p) if every continuous mapping f : X —
X has fixed point.

Theorem4.5: Let (X, M,,*) be a complete fuzzymetric space and (Y, M,,,*) be fuzzy metric space with the

fp.p.and letf : X X Y — X x Y be uniformly continuous and a fuzzy contractionmapping in the first
variable.Then f has a fixed point.
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Proof: For € Y, let f, : X — X be defined by f,(x) = p;o f (x,y)forallx € X. Since, forevery € Y, f, isa
fuzzy contraction mapping ,therefore f,, has a unique fixed point ( Theorem 2.8). Let G : Y — X be given by G(y) =
fy (G (¥)) is the unique fixed point of f,. Now, lety, € Y and let (y,) be a sequence of points of Y which converges
to y,. Since f is uniformly continuous, the and let (y,) be a sequence of points of Y which converges to y,. Since f is
uniformly continuous, the sequence (f, ) converges uniformly to f,, . Hence, by Theorem 2.8, the sequence (G (yy,))
converges to G(y,). This shows that the function G is continuous onY.

Now, let g : Y — Y be a continuous function defined via g(y)
(Y, M,,*) has f.p.p., thereisapointz€ Y suchthat g(z) = z,i.e.,z
(G(2), z) is a fixed point of f.

p2 o f (G(y),y) for each € Y . Since,
g(z) = p, o f (G(2),z). It follows that

Theorem4.6: Let(X, M ,*) beafuzzy metric spacewitha * a = a forevery a € [0,1] andY beafuzzy topological
spacewithf.p.p. Let f : X X Y — X X Y belocally fuzzy contractioninthefirstvariable. Letx, € X and € Y.
Define the sequence (s, (y)) in X as follows:
So(y) = Xo and s, = Sn(y) =p1° f(sn—l(y):y)
Then,
(i) (s, (y)) is a Cauchy sequence in X.

(i) If s, = s, then py © f(s,,¥) =,

Proof: (i) Since f is a locally fuzzy contraction mapping in the first variable, there exists a real number k € (0, 1) such
that
M(Snl Sn+1s t) = M(pl ° f(sn—li y)! p1 ° f(sn! y)! t)
>M(Sp1,Sut/k) ; n=1
by simple induction M (s,,, Sp41,t) = M (Sg,S1, t/k™)

forallnand t > 0. We note that, for every positive integer m,n withm > n
and k € (0,1), hence

A-kA+k+k?+Ek3+--+km Y =1-k""<1

=t>0-kA+k+ K2+ k3+ .-+ km-n-1)¢
Since M is non decreasing, hence

M(Sp, S t) = M(Sp, 5, A —kK)A + k+ k% + k3 + -+ k™)),
Thus, FM4, we have m > n,
M(Snism: A1-kA+k+ K2+ k3 +--+ km—n—l)t)

> M(sp, Spe1, (L =Kk)t) * o.x M (Sy—1, Sm, (1 — k)™ "7 1t)
> M (sg,51, (1 = k)t/k™) * ...x M (Sq, 51, (1 — k)™ " 1t/k™ 1)
= M(Sg,51, (L = K)t/k™) * ....x M (sg, 1, (1 — k)t/k™)
Since a * a = a which implies
M(Sp, S, t) = M(sg,s1, (1 — k)t/k™)
Let n — o0 and m > n, hence we get
lim M(s,, Sy, t) = 1111_1)1010]\/[(50,51, A-Kkt/k™) =1

n,m-—oo

Which implies (s,,(y)) is a Cauchy sequence in X.
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(i) Let u = p; o f(s,,y). By contradiction, suppose that u # s,. Then M'(u,s,,t) = € < 1 forevery t >
0. Since f: X X Y — X X Y is continuous, there exists an open set U X V in X X Y and a real number A €
(0,€) such that (s,,¥y) € U X V,U € By (A, t)and f(U X V) € B,(4,t) X Y . Since s, — s,, there is a
positive number N € N such that s,, € U for all n > N. But p; o f(s,,y) =s, € U. Therefore f(s,,y) &
B, (A, t) x Y which contradicts the fact that f(U x V) € B, (4,t) X Y. Therefore our assumption is incorrect.

Theorem 4.7: Let (X, M,x) be a fuzzy metric space with a xa = a for every a € [0,1] and Y be a fuzzy

topological spacewith f.p.p. Letf: X X Y — X X Y be locallyfuzzycontraction in the first variable, then f is a
fixed point.

Proof: Let x, € X and € Y . Define the sequence (s, (y)) as follows:
so(¥) =xp and s, (¥) =p1 © f(sn-1(3),¥)

By Theorem 4.6(i), the sequence (s, (y)) is a Cauchy sequence in X. Since (X, M,x) is complete, there exists a
point s,, € X such that

li_r)n sy (y) = s,,.

rl(loijv consider a continuous mapping g : Y — Y defined by

9O = p2 ° f(sy,y).

Since Y has the f.p.p., there exists a point y, € Y such that (y,) = y, . By Theorem 4.6(ii), we have p; o
F(Syy Vo) = Sy, But ¥ = g(vo) = b2 © f(sy,,¥0)-Hence, £(sy,,v0) = (sy,, ¥0) which completes the proof.
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