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Application of Fractional Derivative to functions System

S R Deshmukh, Department of Mathematics, Vikram University, Ujjain , INDIA

Abstract

Making use of fractional derivative and subordination a subclass of univalent
functions with negative coefficients is introduced and some properties are
proved e.g. coefficient bounds, Geometric property, inclusion property, extreme
points, convex combination and integral representation.

1. Introduction

Let A denote the class of functions of the type

f=z+ nZw;anZ” 1)
which are analyticin A = {z: |7l < 1, z € C} and A, denotes the subclass of A
consisting functions of the form
f(z)=z+ianzn1 a,20 D
which are analytic and univalent in A z;nd normalized by
f0)=f'(0)—1=0.
Let T be the subclass of A consisting functions of the type

f(2)=z— ia@”, (a,20) 2

SowehaveTc A, c A.
Now suppose

T(a, ) ={F(@) : F(@) = (1-0) (I + o (2 + BZ1 () + (1-B)2f (2. f(9) €, T}.

Keywords: Fractional derivative, coefficient estimates, extreme point, convex and integral
representation.
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So, if

)=z &z €T
n=2

F(Z) =7 :i A(f'”'ﬁ)zn el ((X, B) (3)
where
AP =(1—o+on+Bnn-1)+(1-B)n(n—1) (n—2))a, (4)

Univalent functions with negative coefficients were studied by many authors. See
(3], [5].
Definition 1: The fractional derivative of order k is defined by

1 d ez F(t
.[o (1)

D F D= @l oty

dt, O<k<1. (5)

F(2) is an analytic function in simply-connected domain of the z-plane containing
the origin and the multiplicity of (z—t)™ is removed by requiring log (z—t) to be
real whenz—t> 0.

By a simple calculation we obtain
lim D¥F(2)=F(2), lim D¥F(2)=F'(2)
and

F@E-KZ DiF(g-z-3 L@k

(a,B) 5n
2 ik M Z (6)

See[6] and [7].

Definition 2: The generalization of the fractional derivative of order k for a
function in a simply-connected region of z-plane containing the origin is denoted by

jgf'“”F(z) and definedfor thecasesO<k<landn<k<n+1,ne{1,23,--}as

z

follows

1 d
r(1-k) dz

n 7
d | 7emniE(2) (7)
dz

(27 f; -0 Rk -, - kid- D F O ct)
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where JF, (a, b; ¢; 2) is a Gaussian Hypergeometric function and defined by

F(abc2= Z( D |z|<1 (8)

(c),n!

[( a), _F("“”), c>b>0 and c>a+bJ-
I'(a)

Also the multiplicity of (z—t)%* is removed by requiring log (z—t) to bereal when
z—1t> 0, provided that

F(2 =0(|z°) (z— 0), 6 >max {0, n —v} — 1.

From the above definition we obtain
TeX"F(2) = DEF(2), 0<k<1 9
where D¥F(2) is the fractional derivative of order k introduced in Definition 1.

The fractional derivative of a power function is given as follows:

ni 5o _ F(p+DI(p-n+y+1]) 2 0<k<1

% C TT(p-n+D)I(p—k+y+1) (10)
p>max{0,n—vy} -1
By a smple calculation if we consider F(2) € T(a, ) then
r(z_n)r(z_k+Y) vl k,m,y (,B) 5N

F2-n+7) 2" 7o, "F(2)=2- Z;d)(n)ﬁ z (12)

where
Dn(2—n+7)0y
0= G, @ ke, (2

is a non-increasing function of n, therefore

_ 2(2-m+y) c
0<p(n)<(2) = T k) ne{2,3,..}

See[4], [8].

Application of fractional calculus on univalent functions was carried out by
several different authorsin [1], [2].
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Definition 3: A function F(2) € T(a, ) issaid to bein the class Q(A, &, 0, v)
if F(2) satisfies the inequality

| HZF@-1 |
2 H T F (@) —Ear o]
0,

z

(13)

where
_T@-nl2-k+y) ua
['(2-n+y)
Definition 4: Let X(M, N, ) consist of all analytic functions g(2) in A for
which g(0) = 1 and

9@ <1+[N+(M—N)(1—q)|z, (14)
1+ Nz

-1<M<N<1,0<N<10<qg<l

Definition 5: Let Y, \ (k,n,7) denotethe class of all functionsF(z) € Q (&, &,
0, v) for which
2(2'J5;"F(2))

@7E@) < MNa

Lemmal: Let F(2) € T(a, B) then F(2) € Q (A, &, 6, v) if and only if
3 0(n) (L+2v2) AP <Ay (2-E(1+0)) (16)

where ¢(n) and A*P defined by (12), (4) respectively.

Proof : Let (14) holds true and assume |z = 1. By putting

F2-mrE-k+y) _,
r@2-n+y)z™"

we obtain

H T80 F(2) 1 v [20H T30 F (2) - £(1+ 0)2,

z

%

Y o) APz

20— 2xi¢(n) AP g (14 0)
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- id)(n) (L+2vA) AP v (2-E(L+0))<O0.

Hence by maximum modulus theorem, we conclude that F(2) € Q (A, &, 6, v).

Conversdy, let F(2) defined by (3) beintheclass Q(A, &, 0, v) so the condition
(11) yields

z

|20 H T30 F(2) - @+ O)1

z

N () -1
H kvn,YF 7)—1 ‘ Zd)(n)ph z
| Jo, @) n=2 <v, ZeA.

‘2x -3 () AP 2 - g1+ )

Since for any z, [Re(2)| < 7] then

> o Az

<v
" he-c@ro)-2. 3 om Az

by letting z — 1 through real values we conclude the required result.

For functions belonging to the class Y,/  (k,n,y) we prove coefficient bounds
and find geometry of this class

2. Coefficient Bounds

Theorem 2.1: F(2) € Y, \(k,n,y) if and only if

A

Proof: Let F(2) € Yy \(k,n,y) then by definitions 3, 4 and 5 we have

‘ 23 (M) ACPZ ~ 2+ 3 ni(n) AP
n=2 n=2 <1

Nz(l—imb(n) Ai“@’z”‘lj—[N +(M-N)a- q)](z—iwn) Aﬁ“*ﬁ’z”J

n=2
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which implies that

> (n-1)o(n) AHZ
n=2 <1

Re - o n—.
(N=M)(1-a)- D IN(-1)+(N-M)(1-a)] A“P¢(n)z"*
n=2
Now we choose the values of z on the real axis and letting z— 1-, so we obtain

> (-1 o(n) P2
n=2 <1

(N —M)(l—q)—i[N(n—lHN — M) (L )] A“P(n)

after a simple calculation we obtain the result.

Conversdy, assume that the condition (17) holds true. We must show that F(2)
€ Yy n(kim,y), or equivalently

| 2TENF (2) - 22 TEMF(2)) |

||_| = Y ; Y <1.
INZ(Z' T4 F (2)) =[N +(N-M) A-q)] (2'T57'F (2))|
But we have
> (=D (n) AP 2 ‘
L= }

(N-M)(@2- Q)—Zoj:[N(n—l)vL(N - M)A~ a)lo(n) APz

i(n—lm(n) A

<

(N —M)(l—q)—i[N(n—lH(N ~ M) (1- g)Jo(n) AP

(by (17))
and the proof is complete.

Corollary : Let F(2) € Yy y(k,n,y) then

(o.8) (N-M)(1-q)
AT < N9 (N D (DT (18)
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Theorem2.2:LetN=1land F(2) € Y \ (k,n,y) and

22T F(2)
W:X+|y: (anoli,n,yF(Z))

z

Then the values of w liein the circle.

Proof: By definitions 4 and 5 we have

_ 1+e9(2)
W=X+iy= We(z) (e=N+(M-=N)(1-q), 6(2)|<1).
Then (x+iy) (1 +N6(2) =1+ eb(2) or x—1 + iy =[(e—xN) —iyN]6(2).
So
(x=1)?+y*< (e—xN)? + y*N2,

After a simple calculation we aobtain

{ 1- NeT+ < (N-g)?

X—— .
1- N? (1-N?)?
. : : 1-Ne -e
Hence thevalues of wlieinthecirclewith center at m,o andradius 1-N%°
Theorem 2.3 : If
N+1 1+ AVE(L+0)
< (19)
(N-M)(A-q) Av(2-E(1+6))
then

QM. &, 6,v) = Yy y(km,v)

Proof: By definition 5 we have Yy  (k,n,y)< Q(1,&,0,v). Now assume that F(2)
e Q (A, &, 0, v) then by Lemma 1 we have

3 (n) (L+ 2v) ACP <hv (2— £(1+6))

By theorem 2.1 it is enough to show that (17) holds true, which is possible
when

67



{“ (N+1)(n-1) } 1+ 2vA

(N-M)(—q) | Av(2—e(+0))

or equivalently

(N+D(n-D) _ 1+AvE(L+6)
(N-M)(1-q)  Av(2-E@1+0)

Since n starts from 2 then n — 1 > 1 and hence from last inequality we obtain
the result.

In the next section we prove the inclusion property and convex combination
property.
3. Inclusion Property and Convex Combination

Theorem 3.1: Let 0< g, <q, <1then Y (kn,v) Yy (K, y).

Proof: Suppose that F(2) € Yyt (k,n,y) then
S (N+1)(n-1) (a.p)
1+—————_|¢(n <1
Zi (N—M)(l—%)}b( )A
We have to prove
S (N+D)(n-2) (a)
1+ ——————_1¢(n <1
Zi (N—M)(l—qz)}q)( A
but the last inequality holds true if

(N+D(-1) _ . (N+D(n-1)

(N-M)@-q,) (N-M)(1-q)
and this by hypothesis definitely holds true.

Theorem3.2: Let F(2) =z— 2 A" 2(=1,2,---, mbein Yg, (kn,y) then
n=2

the function F*(2) = 2.CFi(2) where 2. =1lisasoin Y n (KM,7)
j=1 j=1 ’
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Proof: We have

F (2

So -3 A2 |2 Se a7

n=2 j=1

0 n
(a.B) | 5N
Z_Zf ICJALJ ]Z :
J:

n=2
But we have

5 {h (N+1)(n-1) Micj A&,m]d,(n)

= (N-M)Q-0q) =

= Zm: (i {1+—(N +n-0 } A ¢(n)ch

a\nzl (N-M)d-0)

j=1
This completes the proof.

Remark: Theclass Yy  (k,n,y) isa convex set.

4. Extreme Points and Integral Representation

Now weinvestigate about extremepoints of theclass Y, , (k,n,v) andfindintegral
representation of this class.

Theorem4.1: Let F () = zand

i (N-M)(1-q)
@ = 2= (N M) (- )+ (N+ D (- Do)

Then the function F(2) € Y,/ \ (k,n,y) if and only if
F@ = 2. d.T.(2), (20)
n=1

whered >0, (n> 1) and 2 d, =1
n=1
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Proof: Let F(2) € Yg  (k,n,y), by (18) if we set

N (G VO R (YRS GE VXL PR
n (N_M)(l_q)

wehaved, > 0 andif weput d, = 1 -2 0h, then we obtain
n=2

o ap o (N-M)(1-q) n
F) =2- ZAT Y= (N a- @ - (N D (BT

= Z_idn(z_ Fn(z))z(l—zw:dn)z+iann(z) :iann(Z)-

Conversdy suppose

F(2) = iann(Z)

then we have

F(9 =dF,(2+ iann(Z)

—dHi{z— (N-M)(1-q) Zn}
T 2L IN-M) -9+ (N+D(n-D]¢(n)
. (N-M)(@-q)d, N
=2 [N =M) (L= a)+ (N +1) (n-D] o (n)
Since
id{ﬂ (N+3)(n-1) }b(n) (N-M)@-q)
=L (N=-M)@-g) ] [(N=M)(@-a)+ N+ (n-D)]o(n)
= 3d, =1-d, <1

n=2

Therefore by Theorem 2.1 we conclude the result.
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Remark: The extreme points of theclass Yy  (k,n,y) arethe functions F () and
F.(2,n>2asinthe theorem 4.1.

Theorem 4.2: Let F(2) € Y,  (k,n,7y) then

LN+ M- N)A-qQ(L)
jclivzn,vlz(z)z ze t(1-NQ(t))

2(2'J,7"F(2)
Proof: St w= " 7knig () - SinceF(2) € Yidy(kin.y) s

| w-1 |

[WN [N+ (M~ N)(l—q)]|<l'

therefore
w-1

WN =[N+ (M = N)(1-0)] =Q(2),|Q(2) k1

Hence we can write

(Z'J57"F(@)) _1-[N+(M - N)(1-g)]Q(2)

"I (2) z(1- NQ(2)
and
n T () z 1-[N+(M - N)[1-)]Q(t)
2 JENE(2)= exp (jo L= NO() j
and

KT E () — 51 z1-[N+(M - N)@-g)]Q(t)
T "F(D)=2" exp (J'O {A-NQ() J
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