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Abstract

By a basic sequence @ we mean a set of pairs (a, b) of positive integers with
the properties.

1 (abeds(b,aeasd

2. (aabc)eB<= (a,b)edand(a C)ed

3. (1,kea fork=1,23, ..........

In this paper we define @-multiplicative functions.

An arithmetical function f is said to be @-multiplicative if f is not identically
zero and f(mn) = f(m) f(n) for al (m, n) € @.

Our @-multiplicative function is the generalization of multiplicative and
completely multiplicative functions.

In this paper we have shown the following:
(i) If fis amultiplicative, thenf (1) =1

(i) If fis a-multiplicative and if f(n) = O then we get f(1) = 0, so the inverse
of f, f* exists.

(i) If fis @ -multiplicativefunction, then fis also a 3-multiplicative function.
i.e. 1 (mn) =f*(m) f*(n) foral (m n) ¢ 3.

(iv) If f and g are a-multiplicative functions, then their Dirchlet product f * g
is also a 3-multiplicative function.

i.e. (f+g) (mn)=(f=*qg) (m)(f=*g)(n) foral (mn)ea.

(v) If fand g are 3-multiplicative functions, then their Unitary product fxgis
also a a-multiplicative function.

i.e.(fxg) (mn)=(fxg) (m) (fxg) (n).
We also shown that several more properties of @-multiplicative functions.
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1. Introduction

A real or complex valued function defined on the set of all positive integers is
called an Arithmetical function.

An arithmetical function f is said to be a multiplicative function if f is not
identically zero and f(mn) = f(m) f(n) whenever (m, n) = 1, fis said to bea completely
multiplicative function if f(m n) = f(m) f(n) for all m, n.

1.1. Definition: A set of pairs (a, b) of positive integersis said to be a Basic
sequence @, if

1. @beds(ba)ead

2. (a,bc)eB<=(a,b)eBand(a, c)e B

3. (LKeB(K=1,23 .......... )

Examples: 1. Theset £ of all pairs of positive integersforms abasic sequence.

2. The set o of al pairs of relative prime positive integers forms a basic
sequence.

1.2. Definition: Anarithmetical functionf issaid to be @-multiplicativefunction
if fis not identically zero and f(m n) = f(m) f(n) for all (m, n) ¢ 3.

1.3. Remark: If we take £ as the basic sequence, then our B-multiplicative
function becomes completely multiplicative function and if we take 9 as the basic
sequence, then our B-multiplicative function becomes multiplicative function.

Therefore our @-multiplicative function is generalization of multiplicative and
completdy multiplicative functions.

1.4. Definition: If f and g are two arithmetical functions, then Donald L.
Goldsmith has defined their convolution over B as

(f0,9) (n) =Zf(d)g(s) (1.5)
dd=n
(d,d) e B

1.6. Definition : If f and g are two arithmetical functions, then their Dirichlet
product, denoted by f * g, defined as

n
(f+q) (n):%f(d) g[aj, for all n. L7
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1.8. Note: If f and g are multiplicative functions then their Dirichlet product
f * gisaso multiplicative function.

1.9. Definition : If f and g are arithmetical functions then their Unitary Product,
denoted by f x g defined as

n
txg) =, f(d) 9[—) for all n, (1.10)
dn d
n
[Hered || n means d is a unitary divisor of n. i.ed|nand [d, aj =1].

1.11. Note: If f and g are multiplicative functions then their unitary product
f x g is also a multiplicative function.

In the second section we first introduce the concept of inverse of a
a-multiplicative arithmetical function and proved that inverse of a 3-multiplicative
function is also a 3-multiplicative.

In the third section we proved that “if f and g are @-multiplicative then their
Dirichlet product and unitary product are also @-multiplicative’. We conclude this
section by proving that the convolution f O, g of f and g which is the generalization
of Dirichlet and Unitary convolutions, is also a @-multiplicative.

In the fourth section we have proved some more properties of a-multiplicative
functions.

2. Inthis section we first discuss theinverse of a @-multiplicative function and
then we proved that the inverse of a @-multiplicative function is also a -
multiplicative function.

2.1. Theorem: If fis a a-multiplicative function then f(1) = 1.
Proof : We have f(n) = f(1n) = (1) f(n)
[snce(l,n)ed,forn=1,2, ...... ]
Sincef is not identically zero, we have f(n) = 0 for somen.
Cancdling f(n) both sides, we get f(1) = 1.
2.2. Definition: The inverse of @-multiplicative function f is given by

fay = (1)
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and forn>1, f_I(n)zf_Tj) dzlr%f[gj f~1(d)

d<n

2.3. Theorem: If f is a @-multiplicative function, then ! is also a
@-multiplicative function.

i.e. Fi(mn) =f(m). f}(n), forall (m n)e 3 (2.4
Proof: we have (m, n) ¢ B

1
If m=n=1, thenf*(mn) =m =1=fYm) f(n)

[since f(1) = 1]

Suppose that mn = 1 and assume that f(cd) = f*(c) f(d) whenever cd < mn.
If éther m=1or n= 1, then f(mn) = f1(m) f(n). Therefore, suppose that m= 1
and n = 1. Takea divisor d of n such that dd = n.

So(m, dd) £ B<> (m, d) & Band (m, d){m, gjg@

Now, (m, d) e B< (d, m) ¢ B

Take a divisor ¢ of msuch that cc = m.

So(d,cc)e B (d, ) e Band (d, ¢) = [d, gjg@

Now, (d, ¢) ¢ <> (c, d) £ B ()

n ©on
Again[m, ajs@ < | CC ,ajs@

n
d
n m m n
EE eB < Ea € 3B (2
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By the formula of inverse of an arithmetical function.

mn
wehavef—l(mn)z-L Z f (cd) 2 [_dj
f(1) cm c
d|n
cd>1

Since f(1) = 1, cd < mn, ([?j [ED <MN and from (1) & (2), also by our

assumption,
Z m n
wehave  (mn)=- 420 f(0) f(d) £ ) g
d|n
cd>1
B on(d
NG PRI b ERCETR I b
d|n c>1 Cc
d>1

g%f(c)f{?} g%n]f(d)f{gJ

=(=Fm) (= () — () (F(m) — (M) (— ()
= F3(m) ) + F(m) £(n) — F(m) F(n)
= f1(m) (n).
Thus, f(mn) = f2(m) 1(n), for al (m, n) ¢ @
i.e. {1 is a @-multiplicative function.

3. In this section we have proved that if f and g are 3-multiplicative then their
Dirichlet product f * g and Unitary product f x g are also a-multiplicative.

3.1. Theorem: If f and g are B-multiplicative, then their dirichlet product
f « gis also a a-multiplicative,

i.e (f+g)(mn)=(f=g)(m(f=xg)(n), foral(mn)ea
Proof: Writeh=fx« gand

we prove
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h(mn) = h(m) h(n), for all (m, n) ¢ 3.

If oneof mand nis 1, then the result is obvious.
Now, supposethat m>1andn> 1, and (m, n) € 3.
Take adivisor b of n such that bb’ = n,

So(m, bb') & <> (M, b) & @and (m, b') = [m, Ejs@.

Now (m, b) < (b, m) ¢ B
Take adivisor a of m such that aa’ = m,
So (b, ad) e B< (b,a) ¢ Band (b, @) € B
Now, (b,a) e B< (a, b) e B (1)

o (w23

n n m m n
0, [B,ajz[g,gjs@c{g,gj‘?@ (2

Therefore, by definition,

h(m n) =a%m f(ab) g[mj

ab
: amzmn f(@) () g[gj g[gj (from (1) & (2)
i {lz G g[gﬂ {; (o g[gﬂ
— h(m) h(n)

Hence h(mn) = h(m) h(n), for all (m, n) ¢ B
i.e. (f=g) (mn)=(f=qg)(m)(f=g)(n),foral (m n)e B, andthetheoremisproved.
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3.2. Theorem: If f and g are @-multiplicative then, their Unitary product is
also a-multiplicative.

i.e. (fxg) (mn) = (fxg) (m) (fxg) (n), for all (m n) e a

Proof: Writeu=fxg

We show that u(m n) = u(m) u(n) for all (m, n) € ®.

Takea divisor b of nsuchthat bb =nand (b, b) =1

Wehave (m, n) ¢ B

So (m bb)eB< (M b)eBand (m, b)c 3

So, (m b) < (b,m) ¢ B

Take adivisor a of msuchthat aa =mand (a, a) = 1

As(b,m)=(b,ad) e B< (b,a) ¢ Band (b, @) ¢ B
Wehave, (b, a) e B< (a, b) ¢ B ..(1)
Also (mb)ed< (b, m=(b,aa')ea
< (b, a)edand (b, @) ¢ B,
So(b,a)eB= (&,b)ed -(2)
Therefore, by definition,
umn = > f(ab)g(@ b)

aba b" =mn
(ab,a b )=1

= 2. f@f)g@)ab)
aba b =mn
(ab,a b )=1

= > f@f(b)g@)gb)
aa' =Mm
(a,a')=1
bb =n
(b,b )=1
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_ Z f(a)g(a') > f(b)g(b')
?:Ia:)g] (b,b )=1

= u(m) u(n)
Hence u(m n) = u(m) u(n) for all (m, n) ¢ 8 and the theorem is proved.
3.3. Theorem: If f and g are 3-multiplicativethenf gisalsoa a-multiplicative
i.e. (fO, 0) (mn)=(f0,qg) (m) (f0,g) (n), forall (m, n)e B
Proof: The Proof of this result follows at once from the theorems 3.1 and 3.2.

4. In this section we have proved some properties of B-multiplicative functions
in which the divisors of m and n are involved.

4.1. Theorem: If both g and f+g are @-multiplicative then f is also 3-
multiplicative.

Proof: Assuming that f isnot @-multiplicative, we show that f * g is also not 3-
multiplicative.

Write h=f = g.

Since f is not B-multiplicative, we can find positive integers m and n with
(m,n)e 3

Suchthat f(mn) = f(m) f(n).
We choose such apair mand nfor which the product mn isas small as possible.
Supposemn =1
So f(1) =f(1.1) = f(1) f(2) [since (1, 1) € B]
So f(1) =1
Now h(1) = (1) g(1)
=f(1)
# 1 [sinceg is B-multiplicative g(1) = 1]
which shows h(1) # 1 and h is not 3-multiplicative
Now, suppose mn > 1.

Take adivisor aof mand b of n sothat f(ab) = f(a) f(b) suchthat (a, b) ¢ 3and
ab < mn. (such a, b exist, for examplewemay takea=b=1.)
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Now, we apply the argument used in the above theorem 4.1.

i.e. if mn>1, then we havef(ab) = f(a) f(b) for all positiveintegersa and b whenever
(a, b) e Band ab < mn.

Here in the sum defining h(mn), we seperate the term corresponding to a = m
andb=n.

Therefore, we have

h(mn) = Z

mn
glm f(ab) Q[Ej + f(mn) g(2)
ablrlmn

m n
Z f(a) f(b) g[gj Q[Bjﬁ(mn)

ajm
bln
ab<mn

m n
[since g is a-multiplicative and [E , Bj e 3]

Z f(a) Q(EJ Z f(b) Q[Ej —f(m) f(n) + f(mn)
ajm a bin
So h(mn) = h(m) h(n) — f(m) f(n) + f(mMn)

Since f(mn) = f(m) f(n), this shows that h(mn) = h(m) h(n) and h is not
@-multiplicative.

This contradiction completes the proof.

4.2. Note: We can prove the inverse of @-multiplicative function is also a
a-multiplicative function directly by using the above theorem 4.1 as follows.

4.3. Theorem: If g is 8-multiplicative function, thenits dirichlet inversegis
also a-multiplicative.

Proof: In the above theorem 4.1 we proved that if both g and f « g are
@-multiplicative, then f is also a-multiplicative.

Writing g in place of f, we get if both g and g * g = | are 3-multiplicative
functions. So we get g is @-multiplicative function.
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4.4. Theorem : Let k be a positive integer.

In d

where f and g are @-multiplicative functions then h is also a @-multiplicative
function.

Write h(n) = d; f(d) g(ikj (4.5)

Proof: Let (m,n)e 3
If m=n=1, thenh(mn) = h(1) = 1=1. 1= h(m) h(n)
If one of mand nis 1, then h(1n) = h(1) h(n) and h(m1) = h(m) h(1)
[shce(l,n)eBforn=1,2, .....
and(l,meBd< (M1l eBform=1,2 ...]
Now, supposethat m>landn>1
Take adivisor b of n suchthat bb’ = n

n
So, (M, bb') e B (M, bY) € Band (M, b’) = (m’b_kjg@

So, (m, b¥) ¢ B < (b, m) & 3.
Take adivisor a of msuch that aka’ =m
So (b*, m) = (b*, &< a') e B< (b*, @) e Band (b*, &) ¢ B
Now ) e B (A D)ead

n n n k.
also m’b_k £EB & b_k’m = b—k’aa £®

(n mj m nj

Now, | ' vlese| w1 lea

bk ak ak bk

We have (&, b") £ 8 < (a, bb*?!) & 8 < (ak, b) e @and (a, b*") ¢ B

Now, @ bedB < (b a)ead
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< (b,ad ) eB< (b,a)e Band (b, a?) e B

Now (bha)ed < (a,b)ea

m n
Thus, we have (a, b) € 8 and (g 1 b_kj € 3.
Therefore, by definition,

h(m) = > f(ab) g[ m j

(ab)*|mn

oo

akpX |mn a

m n
f(a) f(b) 9| — —
2. 1@ ()g(akJ g(ka

akbk|mn

m n
Z, 0o o)

b |n

my > m
= Z f(a) g(akj bk|n f(b) g(bkj

ak|m

= h(m) h(n)
Thus, h(mn) =h(m) f(n), for all (m, n) ¢ B

i.e. his a-multiplicative function.
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