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ABSTRACT

A Graph G = (V, E) with p vertices and q edges is called a k- square harmonic mean labeling if there exists an

injective function h:V(G) = {k,k+ Lk+2,...,k+q} in such a way that an induced edge function
b ()2 (12 2k () EhieyE

h*:E(G) = {kk+1,k+2, .. ,k+q— 1} defined by h*(e =uv) = [%-‘ or {%J is

bijective. A graph which admits a k-square harmonic mean labeling is called a k- square harmonic mean graph.

This study aims at defining the concept of k-square harmonic mean labeling of ladder related graphs.
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1. INTRODUCTION

All graphs considered here are simple, finite, connected and undirected graph. Graph labeling plays an important
role in graph theory. A graph labeling is an assignment of integers to the vertices, edges or both of a graph with
certain conditions. The concept of square harmonic mean labeling has introduced by L. S. Bebisha Lenin, M.
Jaslin Melbha [1]. We cite J. A. Gallian [2] for an extensive examination of graph labeling. S. Somasundaram and
R. Ponraj [4] are the ones who proposed the idea of mean labeling. M. Tamilselvi and N. Revathi introduced k-
harmonic mean labeling [7]. The aforementioned studies served as our inspiration as we introduced k- square
harmonic mean labeling of ladder related graphs. We will provide a brief summary of definitions and other
information’s which are necessary for our present investigation.

Definition 1.1. Let G = (V,E) be a graph having p vertices and q edges. A function h is called a square
harmonic mean labeling of a graph G, if h : V(G) = {1,2, ..., q + 1} is injection and the induced edge function
P S FRPIEY S
h*: E(G) = {1,2, .., i *(e =uv) = [ahw} h(v) W Tmu:- h(v) J e
(G) = { q} defined as h*(e = uv) ymerrwans Ll v B bijective. A
graph which admits a square harmonic mean labeling is called a square harmonic mean graph.

Definition 1.2. A graph obtained from a ladder with 7 > 2 by removing the edges W;V; for £ = 1 and 7 is called
an open ladder and is denoted by OL .

Definition 1.3. A graph obtained from two paths u4, i, ..., 1, and ¥4, Vg, ..., V,; by joining each u; with v;4, for
1 =i =mn— 1iscalled a slanting ladder and is denoted by SL,.

Definition 1.4. Let P, be a path on n vertices denoted by (1,1),(1,2),...,(1,n) and with n— 1 edges
denoted by 4,84, ..,€,_4 where €; is the edge joining the vertices (1,i) and (1,i+ 1). On each edge
e;,1 <1i<n—1, weerect aladder with n — (i — 1) steps including the edge €;. The graph obtained is called a
step ladder graph and is denoted by S(T,).

Definition 1.5. A graph obtained from a ladder by adding the edges u;Vv;+4 for 1 =i = n — 1, where u; and v;
are the vertices of ladder such that uy, s, ...,u, and V4, Vs, ..., ¥V, are two paths of length n is L is called a
triangular ladder and is denoted by TL_,n = 2,
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Definition 1.6. A graph obtained from an open ladder by joining each u; with v;44 for 1=i=n—1and
each U4y with Vi34 for 1 £ i = n — 2 is called an open triangular ladder and is denoted by O(TL_ ).

Definition 1.7. A graph obtained from a ladder by joining each u; with v;34 for 1 = i =n — 1 and u;;4 with v;
for 1 = i =n — 1is called diagonal ladder and is denoted by DL,.

Definition 1.8. A graph obtained from a diagonal ladder by removing the edges u;v; for i = 1 and 7 joining
each u; with v;4y for 1 = { = n — 1 and each u;., with v; for 1=i=n—2is called an open
diagonal ladder and is denoted by O(DL, ).

Definition 1.9. A graph obtained from the ladder by joining the opposite end points of the two copies of F, is
called mobius ladder and is denoted by M,,.

2. Main Results
Theorem 2.1. An open ladder O(L,, ) admits a k-square harmonic mean graph for all k.

Proof. Let G = O(L,) be an open ladder. Let 14,15, ..., U, and ¥y, V3, ..., T, be the two paths of length 7
inL,. Join Upyq with Ve, 1< @ =n—2 respectively. Let V(G)={u,v,: 1=<a<=n} and
E(G)={uu sy v,v il <a<n—1}U{u v, ;1 Sa<n—2), Then [V(G)I=2n and
IE(G)|=3n—4. A function h:V(G)—={kk+Lk+2 .., k+gq} is defined by h(uy)=k,

h(uy,) =k+3a—-42<a<n h(v,)=k+1, h(v,)=k+3a—32=a=n-—1,
h(v,) = k + 2n. The corresponding induced edge labels are h*(u li yq) =k +3a—3, 1S a <n—1,
h*(v v, .y) = k+ 3a—2, l1<a=n—1 h"(ugv,) =k+3a—-1,1<a=<n-—2 Thus

h* is bijective. Therefore, O(L,, ) admits a k-square harmonic mean graph for all k.

Illustration 2.2. The image below displays a 40-square harmonic mean labeling of O(L;).

40 42 45 a3 51

i« a0 43 46 49 A
42 45 a8

L 4 ol

a1 1 g3 4 45 47 49 50 50

Figure I. O(L.)
Theorem 2.3. A Slanting ladder SL admits a k-square harmonic mean graph for all k.

Proof. Let G = 5L be a slanting ladder. Let U4,Uy, ..., U, and ¥y, V5, ..., ¥, be the two paths of length 7. Join

Uy with Vs l=a=n—1 respectively. Let V(6)={u,v,:1=a=n} and
E(G) = {ti los1, VoVpsp,UoVpyq: 1 =@ =n— 1} Then [V(G)| = 27 and IE(G)I=3n—-3. A
function h:V(G)—={kk+1Lk+2 .. . k+q} is defined by h(uy) =k,
h(u,) =k+3a—-3,2<a<n h(v,)=k+1 h(v,)=k+3a—4, 2=a=n The corresponding
induced edge labels are h*(u i zq) = k+3a —3, I=a=n—1,

h*(vvae) =k+3a—-21<a=n—1, h'(uwv,)=k+3a—-1, 1=<a=n-—1 Thus h" is
bijective. Therefore, 5L, admits a k-square harmonic mean graph for all k.

Illustration 2.4. The image below displays a 10-square harmonic mean labeling of SLc.
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10 10 11 13 16 16 19 19 22 77 %5
L
11 11 12 14 45 7 18 20 91 23 74

Figure II. SL;

Theorem 2.5. The Step ladder S(T,,) admits a k-square harmonic mean graph for all k.

Proof. Let G = S(T,) be the given step ladder. Let B, be a path on n vertices denoted by (1,1),(1,2), ..., (1,7)
with 2. — 1 edges denoted by €4.€5, ..., €,_4 where &, is the edge joining the vertices (1,&) and (1,a + 1).

The step ladder has vertices denoted by
V[:G:] = {(111]1"-1(1111:]! (Erljr"'r (E,Tl:], (3!1:11 ---;(31_1:'];---! (ﬂv 1:]; Eﬂv 2:]} A function
h:V(G)—={kk+1,k+2, ..., k+q}isdefined by h(a, 1) =k +n* +a —2; 1< a=n,
h(1,B)=k+(n—F+1)*—1;2=<B <n, ha,f)=k+(n—-BF+1)" +a—2;
2asn2<f<n—F+2 The corresponding induced edge labels are

B ((a1),(@+1,1))=k+n*+a—2;1<a<n-—1,

(LA, (LB+1))=k+(m—Bn—fF+1)—a—-1;1<f=n—1,

(@B (@f+1)=k+(n—F)n—F+1)+a—-2;2<a<nl<f<n—F+1,

B ((af)(a+1LB))=k+(m—f+1)*+a—-2;2<f=<nl<a<n—fF+1 Thus &K is

bijective. Therefore, 5(T,, ) admits a k-square harmonic mean graph.

Illustration 2.6. The image below displays a 100-square harmonic mean labeling of S(T-).

154 141
»
147
153 140
a0 129
1553 — g =3 *
152 1338 129
39 128 1159
152¢—as 2 133 123
151 138 124 118
a2 127 118 111
Lle—— 3 153 122 114 T
150 137 126 117 110
137 126 117 110 105
10 —a3 > 131 121 iis b 107 *
149 136 125 116 109 104
36 125 116 o9
49— 45 ® 1=0 120 EPR S SR <
148 135 124 115 108 103
148 e
- - o
a1 135 129 jon 119 115 111 105 103

Figure IIL. 5(T;)
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Theorem 2.7. The Triangular ladder TL admits a k-square harmonic mean graph forallkand n = 2,

Proof. Let G = TL,, be a triangular ladder. Let 14,14, ..., U, and ¥y, V5, ..., ¥, be the two paths of length 7

in L,,. Join u, with v,54,1 = @ = n — 1 respectively. Let V(6)={u,v,:1<a<n}and
E(G)=f{u U ey, VoVps Uptpsp:l Sa=n—1}U{u v :1=a =n} Then |[V(G)|=2n and
|E(G)| = 4n — 3. A function h:V(G)—{kk+ 1,k+ 2, ...,k + q} is defined by
h{u,) =k, h(u,) =k + 4a — 5, 2=a=mn, h(v,) =k+4a—3,1<a <n. The corresponding
induced edge labels are h* (U geq) = k+4a -3, 1sa<n—1,
h*(vvpe) =k+4a—1l1<asn—1, h*(ugvae) =k +4a—2,1<a<n—1,

h*(u,v,) =k +4a—4,1<a <n. Thus k" is bijective. Therefore, T'L,, admits a k-square harmonic mean
graph for all k and n = 2.

Illustration 2.8. The image below displays a 400-square harmonic mean labeling of T'L .

420 A03 405 an7 409 411 413 415 417 119 421

400 420

400 401 ap3 405 g7 409 411 413 415 417 419
Figure IV. TL,
Theorem 2.9. An open triangular ladder O(TL,,) admits a k-square harmonic mean graph for all k

Proof. Let G = O(TL,) be an open triangular ladder. Let 144,15, ..., U, and ¥y, ¥, ..., ¥, be the two paths of
length 1. Join U, with V34,1 = @ =1 — 1 and U 4y with Vgsq, 1= a=mn— 2 respectively. Let
V(G)={u,v,:1 =a=n} and
E(G)=f{u u_ g, v, v, s U Vol Sa=n—1}U{u_ v 21 <=a<n—2} Then [V(G)I=2n
and |E(Gj| =4n—5. A function h: V[:G:] —* {k,k +1L,k+2,. k4 q} is defined by h(ulj = k,

h(u)=k+4a—52<a=n hiv,) =k +1, h(v,)=k+4a—6,2=<a =n. The
corresponding  induced edge labels are h*(u u ) =k+4a—4 1=a=n—1,
h* (v v,e) = k+4a—2,1<a=n—1, h*(u v,4) =k +4a—-3,1<=a=n-—1,

h*(Ugseq¥psq) =k +4a—1,1=<a=<n—2 Thus h* is bijective. Therefore, O(TL,,) admits a k-square
harmonic mean graph for all k.

Illustration 2.10. The image below displays a 140-square harmonic mean labeling of O(TL-).

140 q4p 143 144 147 qag 11 4950 155 955 159 15p 163

&
141 142 146 150 154 154 158 2
Figure V. O(TL,)
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Theorem 2.11. The diagonal ladder DL, admits a k-square harmonic mean graph for all k.

Proof. Let G = DL, be a diagonal ladder. Let 1t4,U 4, ..., U, and ¥y, V5, ..., ¥, be the two paths of length 7. Join
U, with vy, 1=a=n—1 and ugyy with v,1=a=mn—1 respectively. Let
V(G) ={ugv,:1 <a <n} and E(G)={uvpl<a<n}u
(U U sy Vo Vg U Vpag, UgsqVy i 1 = @ =1 — 1}, Then [V(G)| = 2n and |E(G)| = 5n — 4.
A function h:V(G)={kk+1Lk+2, .. . k+q} is defined by h(u,) =k,
h(u,) =k+5a—42<a=<n h(v,)=k+1, hiv,) =k+5a—5 2= a<n The corresponding
induced edge labels are h*(u ) =k+ba—4, 1=Sa=n—1,
h*(vv,e) =k+5a—-3,1<a=n—1 h'(u,v,.,) =k+5a—1, l=a=n-—1,
h(uv,)=k+5a—51<a=<n, h'(u,v,) =k+5a—2, 1<a=<n—1 Thus h° is bijective.
Therefore, DL, admits a k-square harmonic mean graph for all k.

Illustration 2.12. The image below displays a 90-square harmonic mean labeling of DL 4.

Figure VI. DL,

Theorem 2.13. An open diagonal ladder O(DL,, ) admits a k-square harmonic mean graph for all k.

Proof. Let G = O(DL,) be an open diagonal ladder. Let i4,15, ..., U, and ¥y, ¥, ..., ¥, be the two paths of
length 7. Join u, with ¥y, l=a=n—1 u .y with v,1=a=n—1 and u sy with

Vgpppl=a=n—2 respectively. Let V(G)={u_v,:1<=a=n} and
E(G) = {Uglas1 VaVasr UaVast i UgsrVeil S@ En—1jU {Ugy Vpipp 1 S@ =n— 2} Then
IV(G)|=2n and |E(G)|=5n—6. A function h:V(G) = {k,k+ 1Lk+ 2, ..,k + q} is defined by
h(uy) =k, h(u,) =k+5a—6,2<a=n, h(v,) =k +1,
hiv,) =k+5a—7,2=<a=n. The corresponding induced edge labels are
h*(u ) = k+5ba—51=a=n—1, h*(v v ) =k+5a—3,1<=a=n—1,
h*(ugvae) =k +ba—41<a<n—1, h*(UgeqVpsq) =k +ba—1l1<a<sn—2,

h*(ugeq v,) =k +5a—2,1<a <n—1 Thus h* is bijective. Therefore, O(DL,) admits a k-square
harmonic mean graph for all k.

Illustration 2.14. The image below displays a 150-square harmonic mean labeling of O(DL,).

150 150 1534 155 159 160 164 165 169 170 174

151 152 q53 157 158 162 163 167 168 172 1732
Figure VIL. 0(DL,)
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Theorem 2.15. A mobius ladder M, admits a k-square harmonic mean graph for all k.

Proof. Let G = M, be a mobius ladder obtained from the ladder B, X P, by joining the opposite end points of the
two copies of P. Let 4,5, ..., U, and ¥y, ¥y, ..., 77, be the two copies of path F,. Join i, withv,, 1 = a = n.

Let V(G)={u,v,:1 <a<n} and
E(G)=f{u u g v v o, u v, u, v, 1l =<a=<n—1}U{uwv,v,u;}. Then I[V(G)I=2n and
|E(G)|=3n. A function h:V(G)={kk+1Lk+2, .. ,k+q} is defined by h(u,) =k,
h(u,)=k+3a.2<a<n, h(y,)=k+1 hiv,)=k+3a—2,2<a=<n. The -corresponding
induced edge labels are h*(u ) =k+3a—11<a<n-—1,
h*(vv,e) =k+3a—-2,1<asn—1, h*(uyv,) =k+3a—3,1<a<n,

h*(v,u) =k +3n—2, h"(u,v,) =k + 3n— 1. Thus h" is bijective. Therefore, M,, admits a k-square
harmonic mean graph for all k.

Ilustration 2.16. The image below displays a 500-square harmonic mean labeling of Mg.

531 520

5138

314

515

512 cpg -0

Figure VIIIL. Mg
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