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ABSTRACT 

A Graph  with  vertices and  edges is called a k- square harmonic mean labeling if there exists an 

injective function  in such a way that an induced edge function 

 defined by  or  is 

bijective. A graph which admits a k-square harmonic mean labeling is called a k- square harmonic mean graph. 

This study aims at defining the concept of k-square harmonic mean labeling of ladder related graphs. 
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1. INTRODUCTION 
All graphs considered here are simple, finite, connected and undirected graph. Graph labeling plays an important 

role in graph theory. A graph labeling is an assignment of integers to the vertices, edges or both of a graph with 

certain conditions. The concept of square harmonic mean labeling has introduced by L. S. Bebisha Lenin, M. 

Jaslin Melbha
 
[1].  We cite J. A. Gallian [2] for an extensive examination of graph labeling. S. Somasundaram and 

R. Ponraj [4] are the ones who proposed the idea of mean labeling. M. Tamilselvi and N. Revathi introduced k- 

harmonic mean labeling [7]. The aforementioned studies served as our inspiration as we introduced k- square 

harmonic mean labeling of ladder related graphs. We will provide a brief summary of definitions and other 

information’s which are necessary for our present investigation. 

Definition 1.1. Let  be a graph having  vertices and  edges. A function  is called a square 

harmonic mean labeling of a graph , if  is injection and the induced edge function 

 defined as                        or  is bijective. A 

graph which admits a square harmonic mean labeling is called a square harmonic mean graph. 

Definition 1.2. A graph obtained from a ladder with  by removing the edges  for  and  is called 

an open ladder and is denoted by . 

Definition 1.3. A graph obtained from two paths  and  by joining each  with  for 

 is called a slanting ladder and is denoted by . 

Definition 1.4. Let  be a path on n vertices denoted by  and with      edges 

denoted by  where  is the edge joining the vertices  and . On each edge 

, we erect a ladder with  steps including the edge . The graph obtained is called a 

step ladder graph and is denoted by . 

Definition 1.5. A graph obtained from a ladder by adding the edges  for , where  and  

are the vertices of ladder such that  and  are two paths of length n is  is called a 

triangular ladder and is denoted by . 
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Definition 1.6. A graph obtained from an open ladder by joining each  with  for           and 

each  with  for  is called an open triangular ladder and is denoted by . 

Definition 1.7. A graph obtained from a ladder by joining each  with  for  and  with  

for  is called diagonal ladder and is denoted by . 

Definition 1.8. A graph obtained from a diagonal ladder by removing the edges  for       and  joining 

each  with  for  and each  with  for                 is called an open 

diagonal ladder and is denoted by . 

Definition 1.9. A graph obtained from the ladder by joining the opposite end points of the two copies of  is 

called mobius ladder and is denoted by . 

2. Main Results 

Theorem 2.1. An open ladder  admits a k-square harmonic mean graph for all k. 

Proof. Let  be an open ladder. Let  and  be the two paths of length  

in . Join  with  respectively. Let    and 

. Then  and 

. A function  is defined by , 

, ,                 , 

. The corresponding induced edge labels are 1 , 

              , . Thus 

 is bijective. Therefore,  admits a k-square harmonic mean graph for all k. 

Illustration 2.2. The image below displays a 40-square harmonic mean labeling of . 

 

Figure I.  

Theorem 2.3. A Slanting ladder  admits a k-square harmonic mean graph for all k. 

Proof. Let  be a slanting ladder. Let  and  be the two paths of length . Join 

 with  respectively. Let  and 

 Then  and        . A 

function  is defined by , 

, ,   . The corresponding 

induced edge labels are  1 , 

,  . Thus  is 

bijective. Therefore,  admits a k-square harmonic mean graph for all k. 

Illustration 2.4. The image below displays a 10-square harmonic mean labeling of . 
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Figure II.  

Theorem 2.5. The Step ladder  admits a k-square harmonic mean graph for all k. 

Proof. Let  be the given step ladder. Let  be a path on n vertices denoted by  

with  edges denoted by  where  is the edge joining the vertices  and . 

The step ladder has vertices denoted by           

. A function      

 is defined by                  , 

,  

. The corresponding induced edge labels are                     

, 

, 

, 

. Thus  is 

bijective. Therefore,  admits a k-square harmonic mean graph. 

Illustration 2.6. The image below displays a 100-square harmonic mean labeling of . 

 
Figure III.  
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Theorem 2.7. The Triangular ladder  admits a k-square harmonic mean graph for all k and      . 

Proof. Let  be a triangular ladder. Let  and  be the two paths of length  

in . Join  with  respectively. Let                    and 

. Then  and 

. A function                             is defined by 

,      , . The corresponding 

induced edge labels are 1 , 

, , 

. Thus  is bijective. Therefore,  admits a k-square harmonic mean 

graph for all k and . 

Illustration 2.8. The image below displays a 400-square harmonic mean labeling of . 

 
Figure IV.  

Theorem 2.9. An open triangular ladder  admits a k-square harmonic mean graph for all k 

Proof. Let  be an open triangular ladder. Let  and  be the two paths of 

length . Join  with  and  with                 respectively. Let 

 and                      

. Then  

and . A function  is defined by , 

, ,                     . The 

corresponding induced edge labels are      1 , 

, , 

. Thus  is bijective. Therefore,  admits a k-square 

harmonic mean graph for all k. 

Illustration 2.10. The image below displays a 140-square harmonic mean labeling of . 

 
Figure V.  
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Theorem 2.11. The diagonal ladder  admits a k-square harmonic mean graph for all k. 

Proof. Let  be a diagonal ladder. Let  and  be the two paths of length . Join 

 with  and  with  respectively. Let 

 and  

. Then  and                . 

A function  is defined by , 

, ,  . The corresponding 

induced edge labels are 1 , 

,       , 

,  . Thus  is bijective. 

Therefore,  admits a k-square harmonic mean graph for all k. 

Illustration 2.12. The image below displays a 90-square harmonic mean labeling of . 

 
Figure VI.  

Theorem 2.13. An open diagonal ladder  admits a k-square harmonic mean graph for all k. 

Proof. Let  be an open diagonal ladder. Let  and  be the two paths of 

length . Join  with ,  with  and  with 

 respectively. Let  and        

. Then 

 and . A function  is defined by 

, , ,                 

. The corresponding induced edge labels are        

1 , , 

, , 

. Thus  is bijective. Therefore,  admits a k-square 

harmonic mean graph for all k. 

Illustration 2.14. The image below displays a 150-square harmonic mean labeling of . 

 
Figure VII.  
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Theorem 2.15. A mobius ladder  admits a k-square harmonic mean graph for all k. 

Proof. Let  be a mobius ladder obtained from the ladder  by joining the opposite end points of the 

two copies of . Let  and  be the two copies of path . Join  with . 

Let  and                      

. Then  and 

. A function  is defined by      , 

, , . The corresponding 

induced edge labels are , 

, , 

, . Thus  is bijective. Therefore,  admits a k-square 

harmonic mean graph for all k. 

Illustration 2.16. The image below displays a 500-square harmonic mean labeling of . 

 

Figure VIII.  
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