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ABSTRACT 

Initially Cellular Automata were used in application of life as the easy structures. Later on researchers applied 

for fast calculations for the machines. These fast calculations and easy understanding of the complex structures 

were attracted by all the branches like physics. In which large problems were solved easily using Cellular 

Automata. It has relation with all the branches of sciences as it can be viewed as infinite array in one dimension. 

But here we discuss the mathematical aspects only. After introducing the space time in Cellular Automata it was 

classified into several concepts and scientist were interested in finding new theorem as it was not only sticked to 

one subject. They have been proving more results inch by inch in sub concepts like Periodicity, chaos as it is 

extending its relation to all topics. Cellular Automata defined in two ways as local rule and shift based and later 

proved that both are equivalent. Mathematically we use local rule approach as it has possibility of giving infinite 

number of examples on a finite set. Shift based definitions have advantages in topological and measure 

theoretical concept. Periodicity plays an important role it has number of applications like solar system. So far, we 

are unable to characterise periods of additive cellular automata on finite modulo set except prime number 

modulo. Weakly periodic points also defined in the same as periodic concepts but here it is the combination of CA 

and shift map with Integer exponents. In This paper we determine which configurations of additive group of two 

sided infinite sequences are weakly periodic points for the specified linear(additive)cellular automata and 

determine given linear cellular automata is nilpotent system or not.  We also find the periodic points for the 

cellular automata in product form and the radius is smallest . Weakly periodic points are used in determining 

continuous directions and almost equicontinuous directions sets and in determination on expansive Cellular 

Automata. 

Keywords: Dynamical systems, Linear cellular automata, weakly periodic points, nilpotent system. 
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1. INTRODUCTION 

Cellular automata is new branch of mathematics and computer science initiated by Von Neumann in fifties [1] 

later its applications are extended to all branches. In 1969 Hedlund [ 2] used topological properties in   the theory 

of Cellular Automata. In the year 1984 Wolfram [3] used space time in one dimensional cellular automata and 

divided it into several parts like, chaos, stability and periodicity. Many authors described the behaviour of 

periodicity on several types of dynamical systems like interval maps [ 4], on linear operators [5], on toral 

automorphism [6].  In [7] The author characterised the periods of linear cellular automata on prime modulo.  

Weakly periodic points are different type of periodic points of dynamical Systems, which are very useful in 

describing equicontinuous directions and almost equicontnuous directions [8]. 

In this paper We are going to find 

   (1) 

gives weakly periodic configurations of  with period  where . 

A Nilpotent system is a Cellular Automata  and for  ,  is a singleton    (2) 
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For the linear cellular automata in the specific form for   

where  is and 

                     (3) 

For  and  is a shift map which we are going to define. 

2. Preliminaries 

2.1 Definition: 

Topological Dynamical system is a pair   with being a topological space and 

continuous selfmap  on  

We define basic preliminaries by assuming  is a dynamical system. 

2.2 Definition: 

A point  is a periodic point if there exist a least positive integer  such that   

Then  is a periodic point and its period is . 

2.3 Definition: 
For  

 

Is called alphabet for  and elements are called symbols 

Let   is the additive group of two sided infinite sequences modulo  

Given a two-sided infinite sequence    let  be the two sided infinite 

Sequence given by            (4) 

Here  is the continuous self map on    and   ,  is dynamical system called 

Shift map[9]. For the shift map we can get  for every 

We write    , where  is word of length with symbols 

from alphabet [9] 

If alphabet   then  is a word of length 6 from the alphabet  

2.4 Definition: 
A dynamical system in the form of   is said to be cellular Automata if it is commute with shift map  as 

 

It can also be defined as   is a map and 

 (radius) and a local rule 

 such that 

 

For each  and . 

Here  means the  position of configuration . 

Both the definitions are equivalent by Hedlund [2]. 
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2.5 Definition: 

We define Linear Cellular Automata as 

     (5) 

Where  is a map and  ) for  

For some natural number  and fixed  and fixed integers  

Generally consider  . 

For Example, 

 

Define  as 

 

We consider shorter form of the linear cellular automaton and determine weakly periodic points and determine 

possible Nilpotent systems. 

2.6 Definition: 

Euler function  denotes number of natural numbers less than  and relatively prime (co prime) to . 

Generalisation to Fermat theorem is   where  are relatively prime [10]. Fermat little 

theorem is same as Euler’s theorem for prime . 

3. Main problem: 
In this paper we are going to find the weakly periodic points as we defined in (1) and periods of those 

configurations and to determine whether the dynamical system defined by (3) is Nilpotent or not. 

Weakly periodic points play a important role in signal subshift and speed of a subshift which are useful to find the 

Entropy of a Cellular Automata [11]. 

For the following theorems consider    is linear Cellular Automat. 

Theorem 3.1. Finding Weakly periodic points  and their periods for Linear Cellular Automata defined as   

, where . 

Proof. As  

The Function becomes   , which is identity map. 

Weakly periodic points are those ,  for . 

as  is identity map   for all   

 

Then weakly periodic points are satisfying  

For shift map we get   for every  satisfying  [9] 

In configuration of    contains words  of length  repeated infinitely. 

Here  and   is word of length . 

 

Periods = . 
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That is any word  of length  has period . 

In the shift map, configuration of  is same for  and  

Theorem 3.2. Finding Weakly periodic points  and their periods for Linear Cellular Automata defined as   

, where . 

Proof: As  then  

and . 

We can write 

 

By the theorem 3.1 we can go for the same procedure as shift map has periodic points of every period . 

Here  and   is word of length . 

 

Periods = . 

Theorem 3.3. Finding Weakly periodic points  and their periods for Linear Cellular Automata defined as   

, where  is idempotent element. 

Proof:  is idempotent element means . 

Then  and  . 

So, for every natural number ,   

To get the weakly periodic points we find solution for   

 

 

Case1:  If  then the given function is zero map then the only weakly periodic point is zero sequence 

  of period  

Case 2 : If  then the function becomes identity map and same as theorem 3.1. 

Case 3: If  and  then it does not have any other solution except zero sequence 

 of period  

Theorem 3.4. Finding Weakly periodic points  and their periods for Linear Cellular Automata defined as   

, where  is nilpotent element. 

Proof: By the definition of nilpotent element there exist some natural number  such that . 

To get the weakly periodic if we choose the above   then 

 

 

 

 

In this case we get zero sequence is the only weakly periodic point of period . 
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Theorem 3.5. Finding Weakly periodic points  and their periods for Linear Cellular Automata defined as   

,   and  are relatively prime . 

Proof: If  and  are relatively prime then by the Generalised Fermat theorem    

where  is the number of  natural numbers  less than  and relatively prime to it. 

We have   and . 

To get weakly periodic points 

 

 

 

So, It is true for  , here  is word of length . 

 

Periods = . 

If  is a prime number then   then  weakly periodic points are 

 

Periods = . 

Theorem 3.6 Determine the Nilpotent system   if it is in the form of   

Proof: By the definition of Nilpotent system  is singleton for some . 

For every  ,   for every  and (   be a fixed singleton. 

 

It has to be true for every   . The possibilities are  or  for  

  is nilpotent system if  or  for the Linear Cellular Automata is the form 

  . 

4. Periodic points 

In This section we are going to find the periods for the cellular automata of the form 

 

With radius zero and  

Theorem 4.1:  If   and  where  is a prime number. 

Proof: For any two configurations  are two infinite sequence with symbols form  then 

 

Keep on doing we get  . 

Here  and  by the Fermat’s little theorem as  so  and  doesn’t divide 

. 

We can conclude the period is . We can apply it to the finite product also 
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Proposition 4.1:   as 

 where  is a prime. 

Proof:   From the theorem 4.1, We can conclude it has the period . 

Theorem 4.2: :  If   and . Where . 

Proof: By the Euler’s Theorem  and . 

So . 

Then the period is . 

Proposition 4.2:   as 

 where  for each . 

Proof: From the Theorem 4.2 , we can conclude it has period . 

Theorem 4.3: :  If   and . Where . 

Proof: Here . But both of these values will be at  

So here the period is . 

Summary: 

In this paper we have shown that weakly periodic points for Linear Cellular Automata   in the form    

 are in the form of  where  is any word of length  from the alphabet 

 and the possible periods are 

1.  for  

2. . for  

3.  for  is idempotent element. 

4.  for  is nilpotent. 

5.  for  

  is nilpotent system if  or  for the Linear Cellular Automata is the form 

  . We also found the periods in product form of  cellular automata. 
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