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ABSTRACT

In this paper, several characterizations of fuzzy semi normal spaces are obtained. It is shown that fuzzy semi
normal and fuzzy extremally disconnected spaces are fuzzy normal spaces. The conditions, for fuzzy Baire-
separated and fuzzy extremally disconnected spaces to become fuzzy normal spaces and for fuzzy quasi
regular spaces to become fuzzy seminormal spaces, are obtained. It is shown that fuzzy semi normal,
fuzzy

Oz and fuzzy P-spaces are fuzzy normal spaces.
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1. INTRODUCTION

The potential of fuzzy notion introduced by L.A.Zadeh[25]in 1965, as a new approach to a mathematical
representation of vagueness , was realized by many researchers and it has been successfully applied in
all branches of Mathematics. In 1968, C. L. Chang[4] introduced the concept of fuzzy topological
spaces. The notion of semi normality in general topology was introduced and studied in[3,5,9, 10, 24].
G. Palani Chetty and G.Balasubramanian[11] introduced the concept of fuzzy semi- normality in fuzzy
topological spaces and studied some of the characterizations and basic properties of fuzzy semi normal spaces.

The purpose of this paper is to study more deeply the notion of fuzzy semi normality in fuzzy topological
spaces. Several characterizations of fuzzy semi normal spaces are obtained. It is obtained that fuzzy semi
normal and fuzzy extremally disconnected spaces are fuzzy normal spaces. The conditions, for fuzzy Baire-
separated and fuzzy extremally disconnected spaces to become fuzzy normal spaces and for fuzzy quasi
regular spaces to become fuzzy semi normal spaces are obtained. It is shown that fuzzy semi normal ,
fuzzy Oz and fuzzy P-spaces are fuzzy normal spaces.

2 . PRELIMINARIES

Some basic notions and results used in the sequel, are given in order to make the exposition self —
contained. In this work by (X,T) or simply by X, we will denote a fuzzy topological space due
to Chang (1968). Let X be a non-empty set andI,he unit interval [0,1]. A fuzzy set Ain X
is a mapping from X into I. The fuzzy set Oy is defined as Oy (x) =0, for all x EX
and the fuzzy set1ly is defined as 1y(x)= 1, for allx € X

Definition 2.1[4] : The interior , the closure and the complement ofa fuzzy set A are defined
respectively as follows :

G).int(A) = V[ WR=A,LET);
(). cl(@) = M/ A=y 1-neT).
Gii). 2" (x) = 1-Ax), for all x € X.
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For a family{A; /1 € IJof fuzzy sets in (X, T), the union W = V; (A;)and intersection &= A, (),
are defined respectively as

(iv). w(x) = sup,{ A(x) / x €X}

W).6(x) = inf{ 4;(x) /x €X]}.

Lemma 2.1[1] :For a fuzzy set A of a fuzzy topological space X,
(). 1=intA) = cl(1—2A) and (i). 1—cl (A) =int (1 —A).

Definition 2.2 [13] : Two fuzzy sets p and v of X are said to be disjoint if they do not intersect at any point of X.
That is, pu(x) + y(x) =1, forall x €X.

Definition2.3 : A fuzzy setAin a fuzzy topological space (X,T)is called a

(1). fuzzy regular-open in X,T) if A =int cl( A) and fuzzy regular-closed in (X,T)
if A= clint (A) [1].

(ii). fuzzy Gz -setin (X, T) if A = ALy (&), where A ET for iE1;
Fuzzy F; -setin (X, T)if A = V7I,( lijj where 1—A; €T for i€1 [2].

(iii). fuzzy 8-open set in (X,T) if A=V, ( ?u_l), where(%.;) is a fuzzy regular open

Set for each i€ I [12].

(iv). fuzzy locally closed set (resp. fuzzy A-set)in (X,T)if A= UAd, where [ is

a fuzzy open set in X and & is a fuzzy closed set(resp. Fuzzy regular closed)in X [6].

(v). fuzzy dense setin (X,T) if there exists no fuzzy closed set p in (X,T) such
That A<<p <<1. Thatis, cl(A) =1, in (X,T) [15].

(vi).fuzzy nowhere dense setin (X,T)if there exists no non-zero fuzzy open
setu in (X,T) such that p <<cl(A).That is, intcl(A) = 0, in (X,T) [15].

(vii). fuzzy first category setin (X, T)if A= ViZ; (&), where(li]'sare fuzzy
nowhere dense sets in (X,T). Any other fuzzy set in (X,T) is said to be of
fuzzy second category[15] .

(viii) fuzzy residual set in (X, T)if 1 — A is afuzzy first category set in (X,T) [16].

(ix). fuzzy Baire set in (X,T) if A = UAT], where L is a fuzzy open set and 1 is a
fuzzy residual setin (X,T) [17].

Definition 2.4 [18]: A fuzzy closed set A in a topological space (X,T) is called a fuzzy P-set if
A= 1—u, where p is a fuzzyF ;-set in (X,T), implies that A < 1 — cl{ p), in (X,T).

Definition 2.5: A fuzzy topological space (X,T) is called a
(i). fuzzy extremally disconnected space if the closure of each fuzzy open set
of (X,T) is fuzzy open in (X,T) [7].

(i1).fuzzy normal space if for every fuzzy closed set K and fuzzy open set U such
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that K =<U,there exists a fuzzy set V such that K= int (V ) =cl (V) =U [3].

(iii).fuzzy Baire-separated spaceif for each pairof fuzzy closed sets L, and L,
in (X,T) such that u, EI—M2 . there exists a fuzzy Baire set Tin (X,T) such
thatu, =M =1 —p,[23]

(iv). fuzzy Oz-space if each fuzzy regular closed set is a fuzzy Gg-set in (X,T)[20].
(v). fuzzy quasi- regular spaceif for each fuzzy open set A in (X,T), there exists
a fuzzy regularclosedset in (X,T) such that p = A [21].

(vi). fuzzy quasi-Oz-space if for a fuzzy regular closed set A in (X,T), there exists

a fuzzy Ggsetlin (X,T) such that A = cl int (1) [22].

(vii). fuzzy P-space if each fuzzy Gg -set in (X,T) is fuzzy openin (X,T) [14].

Definition 2.6 [8]: A fuzzy topological space (X,t) is said to be a normal space if for each pair of fuzzy
closed sets C4 and Cssuch that Cy = 1 — C,, there exist fuzzy open sets Mjand Mjsuch that C;SM;(i =1,2)
and Mi 5 1-— M:.

Theorem 2.1 [1] :In a fuzzy topological space,
(a). The closure of a fuzzy open set 1is a fuzzy regular closed set.
(b). The interior of a fuzzy closed set 1is a fuzzy regular open set.

Theorem 2.2[19]:If 2 is a fuzzy regular open set in a fuzzy extremally disconnected space
(X,T), then % is a fuzzy closed F;-set in (X,T).

Theorem 2.3[19]:If 1 is a fuzzy regular closed set in a fuzzy extremally disconnected
space (X,T), then u is a fuzzy open Gg-set in (X,T).

Theorem 2.4[23]: If (X,T) is a fuzzy Baire-separated space in which fuzzy Baire sets are
fuzzy regular open sets, then (X,T) is a fuzzy seminormal space.

Theorem 2.5[20]:If Ais a fuzzy regular open set in a fuzzy Oz-space, then A is a
fuzzy F, -set in (X,T).

Theorem 2.6[21]:1f5 is a fuzzy closed set in a fuzzy quasi-regular space (X,T),
then there exists a fuzzy regular openset & in (X,T) such thatd = e,

Theorem 2.7[22]:If V¥ is a fuzzy regular open set in a fuzzy quasi- Oz - space (X,T), then
there exists a fuzzy closed set 1 in (X,T) such that vy = 1.

Theorem 2.8[22]:If A is a fuzzy open set in a fuzzy quasi- Oz - space (X,T), then there
exists a fuzzy Gg-set Win(X,T) such that A = clint (u).

Theorem 2.9[22]:1If & is a fuzzy closed set in a fuzzy quasi- Oz - space (X,T), then there
exists a fuzzy Fy-set n in (X,T) such that intcl(n)=<&.
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Theorem 2.10[19]:If A and K are any two fuzzy sets defined on X in a fuzzy
hereditarily extremally disconnected space (X,T), then thereexist a fuzzy closed set m and a
fuzzy open set & in (X,T) such that [Anint(1 — W)= n =& Z[cl(A)v(1 — p)lin(XT).

Theorem 2.11[18]:1If A is a fuzzy P -set ina fuzzy topological space (X, T) such that
A = 1—pwherep is afuzzyF,-set in (X, T), then there exists a fuzzy open set § in (X, T) such that
A=Z6=< 1—int(p).

Theorem 2.12[18] : If A is a fuzzy P-set in a fuzzy topological space (X,T) such that
A= pwherepu is a fuzzy Gg-set in (X,T), then A= int(p), in (X,T).

3. FUZZY SEMINORMAL SPACES

Definition 3.1 [10]: A fuzzy topological space (X,T) is called a fuzzy semi normal space if given a fuzzy
closed set A and a fuzzy open set lsuch that A = W, then there exists a fuzzy regular open set
Osuchthat A = & = U.

Example 3.1: Let X = {a,b,c}. Let T = [0,1] and @, 3 and ¥ are the fuzzy sets defined on X as
follows :

a: X—+ 1 is defined by a(a) =04; ()= 06; a&(c) = 04,
B: X = 1 is defined by Ba =0.6; B(b)=05; B(c) = 0.6,
¥: X =1 is defined by ¥(a) =0.6; ¥ (b)= 0.5; ¥ (c) = 0.7,

Then, T ={0, a,B, v, avB,avy, @ A B,1}is a fuzzy topology on X.By computation, one can see that
in(l —a) =0; int(1—0B) =aAf;int(1— ¥)=0; int (I- [avB]) =0;int (1 - [avy]) = 0:int (1
—[arB]) =B andcl (B) =1 — (@nB);cl (@ A ) =1 —B.The fuzzy dense sets in (X,T) are @y,
avp and avy . Now intcl (B) = int (1 - [aAB])= B andintcl (@ B) =int (1 —B)= arp and
thus f and a A are thefuzzy regular open sets in (X,T). For each fuzzy closed set A (=1— ¢
1 —B1—v, 1—[avBll—[avyl, 1—[aAB]) and each fuzzy open set b (= ap, v,
avB,avy, @ AB) such that A = p, then there exists a fuzzy regular open seto (= [ or aAff)
suchthat A = @ = p,implies that the fuzzy topological space (X,T)is a fuzzy seminormal space.
Remark3.1 :It is to be noted that a fuzzy seminormal space need not be afuzzy normal space. For,
in example 3.1, for the fuzzy closed sets 1— [atABlandl— vy, withl— [@AB]=1— 11— V),
there exist fuzzy open sets vy andav 3 such that 1— [aAPB]< awvyand 1— v = avf in
(X,T).But v y= 1— [av ], shows that (X,T) is not a fuzzy normal space.

Example 3.2: Let X = {a,b,c}. Let I = [0,1]and ., and Y are the fuzzy sets defined on X as
follows :

a: X—+ 1 is defined by a(a) =04;x(b)= 04 ; a(c) = 0.5,
B: X = 1 is defined by B(a) =05; B®bd) =05; B = 0.6,
¥: X —+1 is defined by¥(a) =0.6;¥ ()= 04 ; ¥() = 0.5,

Then, T={ 0, a,B. v,Bvv.B Ay 1} is a fuzzy topology on X. By computation, one can see that int
1 —a=y;int(1—PF =0 int(1—y=a;int(1-[Bvy)=0int(1-[Bay)=BAy;cl(a)
=1 =yl B) =1; c(@) =1—-a;cdBvy=1c EBry)=1-(BAry). Now int cl (&) = int (1
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- y) = a@and int ¢l (y) = int (1—a@)=vyiint ¢l BAy ) = int A1-[BAayD=FAYy and
thusa,y and P A yare fuzzy regular open sets in (X,T). By computation, one can see that for the
fuzzy closed set 1 —f and the fuzzy open setf Wy with 1 —f = [ Vv there are no fuzzy regular
open sets @ (=Y, BAY)suchthat L= o = u Hencethe fuzzy topological space (X,T)is not a
fuzzy semi normal space.

Proposition 3.1: If #.y and ., are disjoint fuzzy closed sets in a fuzzy semi normal space (X,T),
then there exists a fuzzy regular open setd in (X,T) such that?y =0 = 1—4,.

Proof : Suppose that #qand %,are disjoint fuzzy closed sets in (X,T). Then, .4 = 1 — %, ,in (X,T). Since
(X,T) is a fuzzy seminormal space, for the fuzzy closed set 4 and fuzzy open set 1—%, such that
f.y = 1—10,, there exists a fuzzy regular open set@ in(X,T) such that Ay £ o = 1—47,.

Corollary 3.1:If 7, and %, are disjoint fuzzy closed sets in a fuzzy semi normal space (X,T),
then there exists a fuzzy open set @ in (X,T) such that Ay = o < 1—4,.

Proposition3.2 : If .; and /., are disjoint fuzzy closed sets in a fuzzy seminormal space (X,T),
then there exist fuzzy regular closed sets &; and 9, in (X,T) such that %y = &; and

.l'\.: = SQWith 515 1_52

Proof : Suppose that %4 and 7., are disjoint fuzzy closed sets in (X,T). Then, by Proposition3.1, there exists a
fuzzy regular open set @ in (X,T)suchthat’; =0 = 1—7%,. Now Ay = o implies that 1—h; =
1 -o, where 1 —/.q is a fuzzy opensetand 1 —o0 is a fuzzy regular closed set in (X,T). Since a
fuzzy regular closed set is a fuzzy closed set in a fuzzy topological space, 1 —0 is a fuzzy
closed set in (X,T). Again since (X,T) is a fuzzy semi normal space, for the fuzzy closed set 1 -g
and the fuzzy open set 1 —Aysuchthat 1 — o = 1 — 7, ,there exists a fuzzy regular open set Y in
(X,T) suchthatl — ¢ <y = 1— 4, This implies that A, <1—y £ o. Alsod = 1—74,,
implies that ., = 1 —o.Letd; = 1— yand &; =1 —0o . Then, &;and &, are fuzzy regular closed
sets in (X,T)suchthat/; = &djand%, = S;withd; =1—45;.

Proposition 3.3: If L = U1, where Ais a fuzzy closed set and W is afuzzy open set in a fuzzy
semi normal space (X,T), then there exists a fuzzy regular open set & and afuzzy regular closed set & in
(X,T)suchthat L =0 =pn = 6.

Proof : Suppose that L = 1 ,where Ais a fuzzy closed set and W is a fuzzy open set
in (X,T). Since (X,T) is a fuzzy semi normal space, there exists a fuzzy regular open set O
suchthat A= & = u. Then, A= ¢ = u =cl(1). By Theorem 2.1,cl(1t) is a fuzzy regular closed set
in (X,T).Let & =cl(i). Then,it follows that, A= o < p = 8.

Proposition 3.4: If #.; = [, where each .;(i= 1to ©)is a fuzzy closed set and L is a fuzzy
open set in a fuzzy semi normal space (X,T), then there exists afuzzy F; -setyin(X,T) and a
fuzzy &-open set B such that’; = y =86 =

Proof : Suppose that A; = P, where each 2;(i=1to ©@)is a fuzzy closed set and B is a fuzzy
open set in (X,T).Since (X,T) is a fuzzy seminormal space, there exist fuzzy regular open sets
( 6;)'s in (X,T) such that %; = o; =u . This implies that V2, (2,) = VZi(o)= V(u) . Let
y =V (A )and 8 =VZ,(0;). Then, vis afuzzy F;-—setand 6 is afuzzy & -open set in
(X,T) and it follows that ;= y =8 =
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Proposition 3.5: If A=< u;, where Ais a fuzzy closed set and each ;(i=1to @0)is a
fuzzy open set in a fuzzy seminormal space (X,T), then there exists a fuzzy O -open set 8
such that A= 6 =< p, where weT.

Proof :Suppose that & = L, where Ais a fuzzy closed set and each Wi =1to ©)is a fuzzy
open set in (X,T). Since (X,T) is a fuzzy semi normal space, there exist fuzzy regular open sets
(@)'s in (X,T) such that A< &; = y, . This implies that Vi =VZ,(0,) < VZ, (n). Let
n=VZ, (n)and 8 =VZ,(o,). Then, u is afuzzy open setand & is afuzzy & -open set in
(X,T) and it follows that A= & = .

Proposition 3.6 : If A is a fuzzy P -set in a fuzzy semi normal space (X,T) such that A= 1—p,
where p is a fuzzy F_-set in (X,T), then there exists a fuzzy regular openset @ in (X,T)
such that A = o = 1 —int (p).

Proof: Let L be a fuzzy P-setin (X,T) such that A = 1 — u, where p isafuzzy F;-set in (X,T). Then,
by Theorem 2.11, there exists a fuzzy open set & in (X,T) such that A <= & < 1 —int(u). Since (X,T) is a
fuzzy semi normal space and the fuzzy P-setA is a fuzzy closed set in (X,T) with A = & | there exists
a fuzzy regular open set Osuch that A< ¢ =& Then, A< g =< 1—int(u),in(X,T).

Corollary 3.2: If A is a fuzzy P -setin a fuzzy semi normal space (X,T) such that A=y wherey is a

fuzzy Gg-set in (X,T), then there exists a fuzzy regular openset @ in (X,T) such that
A= o= c(vy)

Proof: Let A be a fuzzy P-set in (X,T) such that A = y,where ¥ is a fuzzy Gg-set in (X,T). Then,
A= 1—(1—v) where 1—vyisafuzzy F,-set in (X,T). Since (X,T) is a fuzzy semi normal
space, by  Proposition 3.6, there exists a fuzzy regular open set ¢ in (X,T) such
thath = ¢ = 1 —int(1 —y). Then, it follows that A < o < cl( y).

Corollary 3.3:If L is a fuzzy P -set ina fuzzy seminormal space (X,T) such that A <y, wherey is a

fuzzy Gg-set in (X,T), then there exists a fuzzy regular open set @ in (X,T) such that
A< onint(y) =< c(y).

Proof :The proof follows from Theorem2.12 and Corollary 3.2.

Proposition3.7: If A is a fuzzy P-set in a fuzzy seminormal space (X,T) such that A = §,
where & is a fuzzy Gg-set in (X, T), then & is afuzzy somewhere dense set in (X,T).

Proof: Let A be a fuzzy P-set in (X,T) such that A = v, where ¥ is a fuzzy Gg-set in (X,T). Then, by
Corollary 3.3, there exists a fuzzy regular openset @in (X,T) such that A = gnint (y ) = cl{ y). Let
8 =onint (y). Then, B is a fuzzy open setin (X,T) and A =<8 = cl(y). This implies that
int(@) =< intcl(y) and thusint cl( ¥) # 0,in (X,T). Hence & is a fuzzy somewhere dense set in (X,T).

4. FUZZY SEMINORMAL SPACES ANDOTHER FUZZY TOPOLOGICAL SPACES

Proposition 4.1: If L = u ,where L is a fuzzy closed set and His a fuzzy openset in a fuzzy
semi normal and fuzzy extremally disconnected space (X,T), then there exists afuzzy closed F;—set @ in
(X,T)suchthat L =0 = L.

Proof : Suppose that A= | , where Ais a fuzzy closed set and W is afuzzy open set in (X,T).
Since (X,T) is a fuzzy seminormal space, by Proposition 3.1, there exists afuzzy regular open
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set din (X,T) such that A= o = W Also since (X,T) is a fuzzy extremally disconnected space, by
Theorem 2.2, the fuzzy regular open set o is a fuzzy closed F_-set in (X,T)and thusA =0 = u,
where o is a fuzzy closed F_-set in (X,T).

Proposition4.2: If 7, and /A, are disjoint fuzzy closed sets in a fuzzy semi normal and fuzzy
extremally disconnected space (X,T), then there exists a fuzzy closed F, -setd in (X,T) such
that ?-1 5 o 5 1-— .:‘,_2 .

Proof : Suppose that #qand %, are disjoint fuzzy closed sets in (X,T). Since (X,T) is a fuzzy
seminormal space, by Proposition 3.1, there exists a fuzzy regular open set o in (X,T) such that
hqy 20 £ 1—7,. Alsosince(X,T) is a fuzzy extremally disconnected space, by Theorem 2.2, the
fuzzy regular open set o is a fuzzy closed F_-set in (X,T). Hence, for the disjoint fuzzy
closed sets #.qand 7.5, there exists a fuzzy closed F;—set@in (X,T)such that Ay =06 = 1— 7,

Propositiond4.3: If 7.4 and %, are disjoint fuzzy closed sets in a fuzzy seminormal and fuzzy
extremally disconnected space (X,T), then there exist fuzzy open Gg -sets ©;and S,in (X,T) such that
':“'1 5 51 and .:"\.2 i: 52 with 51 5 1-— 52.

Proof : Suppose that %, and %, are disjoint fuzzy closed sets in (X,T). Since (X,T) is a fuzzy seminormal
space, by Proposition 3.2, there exist fuzzy regular closed sets&; and &; in (X,T) such that
hq =8y and A, = &, with &, £ 1—3&,  Alsosince (X,T) is a fuzzy extremally disconnected
space , by Theorem 2.3, the fuzzy regular closed sets &; and &, in (X,T) are fuzzy open Gg-
sets in (X,T). Hence, for the disjoint fuzzy closed sets #; and 7%, ,there exist fuzzy open Gg-

=

sets 8; and &, in (X,T) such that 4 = &; and %, = &, with &6, = 1-5,.

Corollary 4.1: If 7., and 7, are disjoint fuzzy closed sets in a fuzzy seminormaland fuzzy

extremally disconnected ~space (X,T), then there exist fuzzy open sets &, and &; in (X,T) such that
By =8y andly = Sywith &, < 1—6,.

The following proposition shows that fuzzy seminormal and fuzzy extremally disconnected spaces are fuzzy
normal spaces.

Propositiond.4 : If a fuzzy topological space (X,T) is a fuzzy seminormal and fuzzy extremally
disconnected space, then (X,T)is a fuzzy normal space.

Proof :Suppose that A= | , where Ais a fuzzy closed set and i is a fuzzy open set in (X,T).
Since (X,T) is a fuzzy seminormal space, by Proposition 3.1, there exists a fuzzy regular open
set 0 in (X, T) such that A= & = M. Then, A= intcl(d) = W, in (X,T). Let & = cl (0) and then
AZint(§)= W Now int (5) £ cl(B) = cl(cl(d) = cl(0).,in(X,T) and ¢ being a fuzzy regular
open set in (X,T), is a fuzzy open set in (X,T). Since (X,T) is a fuzzy extremally
disconnected space, cl () is a fuzzy open set in (X,T) and thus int (cl (T) ) =cl (T). Then, it
follows thatint (8) = cl(§) = cl (6)=int (cl (T) )= o = u,in (X,T). Thus, for a fuzzy closed set A
and a fuzzy open set L with A= W, there exists a fuzzy set & in (X,T)such that A =int (&
)= cl(8) = p. Hence (X,T)is a fuzzy normal space.

The following proposition gives a condition for fuzzy Baire-separated and fuzzy extremally
disconnected spaces to become fuzzy normal spaces.

Propositiond.5 : If fuzzy Baire sets are fuzzy regular open setsin a fuzzy Baire separated and fuzzy
extremally disconnected space (X,T), then (X,T)isa fuzzy normal space.
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Proof :The proof follows from Proposition 4.4 and Theorem 2.4.

Proposition4.6 : If 7.; and 7, are disjoint fuzzy closed sets in a fuzzy seminormal and fuzzy Oz
-space (X,T), then there exists a fuzzy F, -setdin (X,T) such that #; <o = 1 —J,,

Proof : Suppose that %y and %, are disjoint fuzzy closed sets in (X,T). Since (X,T) is a fuzzy
seminormal space, by Proposition 3.1, there exists a fuzzy regular open set Oin (X,T) such that
’y£0 £ 1—7,. Alsosince (X,T) is a fuzzy Oz -space, the fuzzy regular open set @ is a
fuzzy F,-set in (X,T). Hence, for the disjoint fuzzy closed sets ..y and %, in (X,T), there exists a
fuzzy Fo-set din (X,T) such that #y = o = 1— i,

The following proposition gives a condition under which fuzzy quasi regular spaces become fuzzy
seminormal spaces.

Propositiond4.7 : If fuzzy regular open sets are disjoint in a fuzzy quasi-regular space (X,T), then
(X,T) is afuzzy seminormal space.

Proof : Suppose thath = 1 , where Ais a fuzzy closed set and W is a fuzzy open set in (X,T).
Then, A= 1— (1 — i) ,in (X,T). Since (X,T) is a fuzzy quasi-regular space, for the fuzzy closed sets
Aand 1 — p, by Theorem 2.6, there exist fuzzy regular open sets & and B in (X,T) such that A= @ and
1 - u = B . By hypothesis, the fuzzy regular open sets @ and [ are disjoint and thus @ = 1— [, in
(X,T).Now 1 - u = [, implies that 1 —f = w. Then, A< & = 1—f Zpand thus L < @ =< p.n
(X,T). Hence the fuzzy quasi-regular space (X,T) is a fuzzy seminormal space.

Proposition 4.8 : If A = 1 ,where Ais a fuzzy closed set and U is afuzzy open set in a fuzzy
seminormal and fuzzy quasi - Oz - space (X,T), then there exists a fuzzy locally closed set Bin
(X,T)such that A =8 =&

Proof :Suppose thath = |t , where Ais a fuzzy closed set and | is a fuzzy open set in
(X,T). Since (X,T) is a fuzzy seminormal space, there exists a fuzzy regular open set & such that
A= @ = u. Alsosince (X,T) is a fuzzy quasi- Oz -space, by Theorem 2.7, for the fuzzy regular open
set & in Xthere exists a fuzzy closed set 1 in (X,T) such that @ = 1. Then, 0 = L AT.
Letd = pwan. Then, 8 is a fuzzy locally closed setin (X,T)and thus, there exists a fuzzy Ilocally
closedset 8in (X,T) such that A =8 =38§.

Proposition 4.9 : If A= 1, where Ais a fuzzy closed set and L is a fuzzy open setin a fuzzy
seminormal and fuzzy quasi- Oz - space (X,T), then there exist a fuzzy Gg-set &, a fuzzy F -set n and
a fuzzy regular open setdin (X,T) such that intcl(n) =i = o = p = clint(§).

Proof : Suppose that L = 1. , where Ais a fuzzy closed set and W is a fuzzy open set in
(X,T). Since (X,T) is a fuzzy seminormal space, there exists a fuzzy regular open set @ such that
A= @ = u.Also since (X,T) is a fuzzy quasi - Oz -space, by Theorem2.8, for the fuzzy open set [
in X, there exists a fuzzy Gg-set &in (X,T) such that p = clint (&). By Theorem 2.9, for the fuzzy
closed set A in X, there exists a fuzzy Fi-set n in (X,T) such that intcl(n) = 6.
Henceit follows that intcl(n)=&= o =u =clint (&), in (XT).

Proposition 4.10: If . and UL are any two fuzzy sets defined on X in a fuzzy
hereditarily extremally disconnected and fuzzy seminormal space (X,T), then there exists a fuzzy
regular open set @in (X,T) such that [Anint (1 — W] = o = [cl(A)v(1 — u)], in(X,T).
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Proof : et A and K be any two fuzzy sets defined on X in (X,T). Since (X,T) is a
fuzzy hereditarily extremally disconnected space, by Theorem 2.10,there exists a fuzzy -closed
set n and a fuzzy open  set & in  (X,T) such that [ Anint
I—pl=n =6 =[cd(M)v(l — u)lin X.T). Also since (X,T) is a fuzzy seminormal space
and n =&,there exists a fuzzy regular open set Gin (X,T) such that m=< & = & . Then, it
follows that[ Anint (1 — W)= o = [cl()v(1 — p)], in (X.T).

The following proposition gives a condition for fuzzy quasi regularand fuzzy extremally disconnected
spaces to become fuzzy normal spaces.

Proposition4.11: If fuzzy regular open sets are disjoint in a fuzzy quasi-regular and fuzzy
extremally disconnected space (X,T), then (X,T)isa fuzzy normal space.

Proof :The proof follows from Propositiond.4 and Proposition 4.7.

Proposition4.12: If 7.4 and 2., are disjoint fuzzy closed sets in a fuzzy semi normal and fuzzy Oz-
space (X,T), then there exist fuzzy Gg -sets ©jand &,in (X,T)such that .4 = &; and ., = &, with

Proof : Suppose that .y and 4, are disjoint fuzzy closed sets in (X,T). Since (X,T) is a fuzzy seminormal
space, by Proposition 3.2, there exist fuzzy regular closed sets &; and &; in (X,T) such
thatt.y = &, and %, = &, with 8§ £ 1—38,. Also since (X,T) is a fuzzy Oz- space, the fuzzy
regular closed sets&; and O,are fuzzy Gg -sets in (X,T). Hence for the disjoint fuzzy closed sets /.4
and 7., there exist fuzzy Gg -sets &; and &,in (X,T) such that #; =8; and 4, = &,
withd; =1 — 6, .

Proposition4.13: If a fuzzy topological space (X,T) is a fuzzy seminormal, fuzzy Oz and fuzzy P-
space, then (X,T)is a fuzzy normal space.

Proof : Suppose that .y and A.are disjoint fuzzy closed sets in (X,T). Since (X,T) is a fuzzy seminormal

and fuzzy Oz- space , by Proposition 4.12, there exist fuzzy Gg -sets 8; and &,in (X,T) such that

fq =8y and Ay = 6, withS; =1 — &, . Since(X,T) is a fuzzy P-space, the fuzzy Gg -sets &; and &,

are fuzzy open in (X,T).
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