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ABSTRACT
In this paper, we obtain the extorial and trigonometric functions using the Laplace g-Transform, suitable examples
are inserted to illustrate the mainresults.
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1. INTRODUCTION

The knowledge of Laplace transforms has in recent years become an essential part of mathematical background
required of engineers and scientists. This is because the transform methods provided an easy and effective means
for the solution of many problems arising in engineering. This subject originated from the operational methods
applied by the English engineer Oliver-Heaviside (1850-1925) unsystematic and lacked rigour, which was placed
on sound mathematical footing by Brownwich and Carson during 1916-17. It was found that Heavisides
operational calculus is best introduced by means of a particular type of definite integrals called Laplace
transforms.

The method of Laplace transform has the advantage of directly giving the solution of differential equations with
given the solution of differential equations with given boundary values without the necessity of first finding the
general solution and then evaluating from it the arbitrary constants.

2. PRELIMINARIES

This section focuses on the basic definition of the g-difference operator and hyperbolic function.

Definition 2.1. If u(k) is a sequence of numbers and g is any positive integer, then we define the generalized
difference operator Ag 1 u(k) as

Aq u(k) = u(kq) — u(k) oy

Also, if Ag v(k) = u(k) then v(k) = A" u(k).

Definition 2.2. Let ¢ > 0 and u(k),v(k) are real valued bounded functions. Then
A7t (u(k) — v(k)) = u(k)a*v(k) — A7 (A v(kq).Aq u(k)) 2)
Definition 2.3. If lim,,, _,.. A7" f(kq™) = 0, then

> Flkan) = -8 () 3)
r=0

Definition 2.4. Let g = 0 and kq" # 0, then
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= =)

At g = = ) e (4)

r=0
Definition 2.5. For a given function F(k), the generalized Laplace transform is defined as
L LF0O] = (g — DA f (ke 3 (5)
3. Laplace q-Transform of sine Function
In this section, we define Laplace g-transform of hyperbolic function and results using the operator &;1 .
Definition 3.1. Let k € [0,20)andg = O then
(3) (5} (M
élj_k;! +k;! _k;! T (6)
Definition 3.2. Let k € [0,20) andg = 0 then

1)

gin Ekq‘, =k

2, [} E5 (sl 7. (7]

i i a k a' k
sinD(ak).” = aki” -+ e 252 4 G

g

Definition 3.3.Letk € [0,20) andg = 0 and k;n} be a nt- power of polynomial factorial, then

k.:an} k(En} k(?n}

. (m) _ ;(n) g g _ g
smhkq —kq 3 + o = + (8)

Definition 3.4.Letk € [0,o0) andg = 0 and k;n} be a nt- power of polynomial factorial, then

(3n) (5n) (Tn)

(ak), (ak), (ak),
31 s 7

sin O(ak).” = (ak)o” — + - (9)

Lemma 3.5. If e ~*9 = 0andq = O then the Laplace transform of hyperbolic sine function is

La(sin(k);” )= (1 — @) [k sin(k)" Ze-m’
r=0
2 [ —skgitrtl e+l e+17 toi c':"':"\
+Z ZE 4 (kq sm[kq _]'-q —kq sm[kq _}q J (10)
t=0\r=0

Proof. Letu(k) =sinC (k) ;1} in equation (4) we obtain,

o

, i1 - . 1y _
Losin(Ok)Y = q— 1A7% sinh (k)-Y e~ }

(3m) I (5mn) I (Tr) =
_ _ -1 ;01 Tg g g —sk
= (g - DA; (kq LT L+ )e (11)
0
Separate the terms and using the equations (3) and (4) we get,
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1 _—=k 1 1_—=k (1)
e~ — A (aq *Ip kKL }”D

q q

:kkél}ZE_Squ_ZI_zE_SquH [kq*qtkq*q)':} kq®(kq r]m})]
r=0 =0 r=0
= _k k;ﬂZE_Skq Z[ Ze—skq“' + ( 'Hl}[k |r+1}) 1:' r(k r:]"}:')] (12:]
=0 t =0
Also,
k k{E} = 1 ) ? -

-1 g —=k| _ (3 -1 _—sk -1 a—1_—sk (3

At e —a[kkq agte™* —agt(agte A k k, }]D
]

we get the equation,

(3} = o
k k 1 ¢ Z : r
ﬁ;lE—?E_SJ{ =5|_k kq__ﬂ} e—g;l{q
. 0 .

r=0

_Z Z —glg (BT (-quﬁltkqﬂljga} N qu(qujga}) (13]
t=0 Wr=0

(2] (5]

Replace —HL by —E'L in equation (13) we get,

1[ kk'E}Z .
5l

o r=0

_Z Z E—skqf“”‘—i' (qu+1(qu+1j:;5} _ qu(qujg-‘-}) (14)
= =|}

Rk
ﬂ.q TE

Applying the process mentioned above, we get

1[ kk'ﬂz —skq”
71

r=0

(M
= kk, o5k
a4 7!

]
_Z Z E—skql:t+-"+‘—:l (kqt+1(qu+ljgﬂ _ qu(qujgﬂ) (15)
= =D

Substituting equation (12) to (15) in (11) we get,
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Le(sin(k))” )= (a— 1) H—k k;,l}z eska’
r=0
_Z Z e—skq':“'”":' (qu+1[qu+1j;1} _ qu[:quj];l})
t=0 \r=0

1 i = T
_El_k kD ) e
. r=0

—glp g (EFTH) i i
_Z Z e—ska (kqﬁlikqﬁlj:} . qu(quj:})

=0 Yr=0
1 (5) N —skg”
— | — . q
X
r=0
o0 )
_ [b+T+1) (5} (5}
_Z Ze skq (qu+1[:qu+qu _qu(qujq )
=0 Y r=0

1 i = T
‘al‘k kD ) e
. r=0

sk g BT+ [ [
_Z Ze kg (qu-i-l[qu-i-quﬂ_qutqujqﬂ) F -

t=0 \r=0

ke ek - .
— (1) g g g —skg'
_(1_@[(kkq T e T T Ze ’

r=0

= [ (1 (3) (5)
+Z Z _Skq':f"'r""—:' k 41 [qu-l-i:]q _ [qu-i-i]q + [qu-l-i:]q
© 9 1! 3! 51
t=0 Lr=0
(7 T (1) (3 (5}
G0 P PR G PR ) PR O
7! 1 1! 3! 5!

@)
(ka™), 4o
7!

which yields the proof.

_ E+T+1
Theorem: 3.6 If e skq # 0and q = 0then the Laplace g-transform of sine function is

Copyrights @ Roman Science Publications Ins. Stochastic Modelling and Computational Sciences

358



ISSN: 2752-3829 Vol. 3 No.2, (December, 2023)

Stochastic Modelling and Computational Sciences

Lq(sin(akj ;1}) =(1—gq) [f{ Sin(akjéﬂ Z a—ska’

+Z (Z IE__q,kl,'],f+-"+‘— .Iiiqﬂ-l sin [ [ﬂ.kqﬂ-lj :?1:' _ kqf gin h(ﬂ-kqt]éﬂ)l (16]
t=0

r=0

Proof. Replacing sin hk:;l} = sin h(ak) ;1} in the previous Lemma 3.5, we get the proof.

Theorem: 3.7 If e =9 "% 0and g = 0 then the Laplace q-transform of n'™ power of sine function is

. (1 ’ i1 —ska’
Lo(sin k(i) ) = (1—q) [k sin hk_ }Ze kq
r=0

+Z (Z p—skg T kgt 1sin O [kqf"'l];”:' — qusin(akqtjéﬂ)‘ (17)
=0

=0
Proof. Replace sin h.i’{;l} by sin hk;zj in equation (10), and using (8)and (12) we arrive.

au)

. (2) . @\ —skq”
Lo(sinh(®).”) = (1-¢q) {k sin h(k)\? ) e

r=0

+Z (Z p—skg T kq®*1sin O(kq®™1) Ef:' — kqfsin O (kqt]éﬂ)l (18)
=0

r=0

Replace sin hk:;l} by sin h(k) ;3} in equation (10), and using (8) and (12) we arrive

Lq(sinh[k];ﬂ) =(1—gq) {k sin h(kj;a} Z oska”

r=0

_|_Z (Z g—skg T kqt*1sin C [,I;qf‘”]'ff} —kq®sin O (kq") ;3})1 (19)
t=0

Replace sin hk:;l} by sin h(k) L‘:} in equation (10), and using (8) and (12), we arrive.

Lq(sin h(k:]:::}) =(1—gq) {k sin h(kj;‘}} Z o—ska”

_I_Z (Z e—ﬂ'kq‘t+r+‘_ qu+1 Sin[ﬂ-qu+1)é4} — kqt Siﬂ(ﬂ-qujf_‘f})l (ED]
=0

r=0

By repeating the process 1 times, we get
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il

Lq(sinh[kj;”}) =(1—gq) {k sin h(kj;”:' Z o—ska’

r=0

+Z (Z e—skqﬁﬁi qu+1 sin E(kqﬁljén} _ kqtsin E(qujén})l
=0

r=0

C+T+1
Corollary: 3.8 [fe "9 ™ % 0 and q = Othen the Laplace g-transform of sine function is

Lo(sin h(k)? )= (1—q)

k sin h(kjj’}z gska’
r=0

—|—Z (Z o—skagtTrE kgttlsin O(kgt™t) ::?”} — kgtsin O (akqtjé”})} (21)
t=0

r=0

Proof.  The proof follows from taking sin h ké”} =sin C (qu]é”} in equation (18), we get the proof of the
corollary.

Example: 3.9. Letnt = 5,9 = iand a = 4 in equation (18), we have,

oo -

iz ‘ 2y
Lo(sinh(4k)”) = (1 - ) {k sin h(K); ) e 9
3

) w N 1
B k(—)
+Z (Z © 3
=0 o

=0
t+1 . 1°F r
sin O(4kg®™*1) :‘?5} —k 3 sin O (4kqt)i5}
El

=

CONCLUSION
In this paper we have developed the discrete Laplace g-transform for sine function. The given example shows the
values of Laplace g-transform for sine function.
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