ISSN: 2752-3829 Vol. 3 No.2, (December, 2023)

Stochastic Modelling and Computational Sciences

FURTHER RESULTS ON ABSOLUTELY HARMONIOUS LABELING OF GRAPHS

M. Seenivasan', P. Aruna Rukmani’ and A. Lourdusamy’
'Associate Professor,Department of Mathematics,Sri Paramakalyani College, Alwarkurichi-627412,
Tamilnadu,India
*Research Scholar and *Associate Professor, Department of Mathematics,St. Xavier's
College(Autonomous),Palayamkottai-627002,Tamilnadu,India
(Affiliated to Manonmaniam Sundaranar University, Abishekapatti., Tirunelveli-627012, Tamilnadu,India.)
'msvasan_22 @yahoo.com, *parukmanimaths @ gmail.com and *lourdusamy15@gmail.com

ABSTRACT

An Absolutely harmonious labeling or ABHL f is an injection from the vertex set of a graph G with  edges to
the set {D 1,2, .., q— 1}, that induces for each edge UT" a label f (H) + f ICT?] such that the set of edge
label is {au,al ag,...,aq_l} where d; = { —1 or q+ L0=1i= q— 1. A graph which admits

Absolutely harmonious labeling or ABHL is called Absolutely harmonious graph or ABH graph. In this paper, we
study Further results on absolutely harmonious labeling.

1. INTRODUCTION
In this paper, we consider finite and undirected graphs. A graph labeling is an assignment of integers to the

vertices or edges or both subject to certain conditions. A vertex labeling of a graph G isan assignment f of labels

to the vertices that induces a label for each edge XV depending on the vertex labels. Seenivasan and Lourdusamy
[3] introduced Absolutely harmonious labeling of graphs. In this paper, we study further results on absolutely
harmonious labeling.

Definition 1.1.

An Absolutely harmonious labeling or ABHL f is an injection from the vertex set of a graph G with  edges to
the set {0,1,2, ey g = 1}, that induces for each edge UT" a label f (H] + f (1'?] such that the set of edge
label is {g, @y Ay,..., A5} where @; = q —lor q+1,0=1< g—1 A graph which admits
Absolutely harmonious labeling or ABHL is called Absolutely harmonious graph or ABH graph.

Definition 1.2.

The Ring sum of two graphs Gl and Gg is a graph consisting of the vertex set V(Glj V) V(GE] and the edges
that are either in Gl or Gg but not in both.It is denoted by (;169 Gg .

Definition 1.3.

The Cartesian product of two graphs Gl and Gg is the graph Gl X Gg with the vertex set Vl X vz and two
vertices U = (ul ,HE] and

V= (T?l ’ ’I-'?gj are adjacent whenever [ul = 171 and U3 adj V2] or
[Us = V5 and Uy adj V4.

Definition 1.4.
The graph Lﬂ =P n X P 2 1is called a Ladder graph.
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Definition 1.5.

The Triangular ladder TLH, n=2isa graph obtained from the ladder Ln = Pﬂ X Pg by adding the
edges U; 1; 44 for 1=1i< n—1 where Uy , Uz,..., Uy and V4, V5,..., T, are the consecutive vertices
of the two copies of the path P n -

Definition 1.6.

A shell graph is defined as a cycle Cﬂ with (n-3) chords sharing a common point called the apex. Shell graph is
denoted as C( n,n-3).

2. MAIN RESULTS

Theorem 2.1

The Triangular Arrow ladder quLﬂ is an Absolutely harmonious graph.

Proof

Let G = TAL, .Let V(G) = V(TAL,) = {u; ,v:1 = i = n} U {w).
and

(wu} U (w).

Then G is of order 2n+1 and size 4n-1.

Now, Define f: V(G) — {0,1,2,--- ,4n — 2] as follows:

fv)=2i—1;1< i< n,

fw) =4n-2,

flu)=2i—2;1<= i< n

Then the induced edge labels are as follows:

frwvy) = ay,

frlwuy)=ay,

{(fflvyivmlsisn—11={4i:l< i< n-—1}
={a,, 1 4,1 =1=n-1}
={as;,a; .......... , Qan_sh

{(ffluyy l=i=sn—-1}=4i—-2:1=sisn-1}
={Q4n1 a1 =i <= n—1}
={as,0q ........... , Qup_3},

(Frurn)lsisn—1}={4i—-1:1<i<n—1}
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={Qup a1l = i< n—1}
={a4,ag ........... , Qan_at
{(frluyvlsi=sni={4i-3:1<i< n}
={asn-gi2:1 = i< n}
={a,,qg ..ccon..... , Qypo )

From the above, @y, @4, A3, ... Ag_q Whered; = q — i(or)q+1i;
0= i= g —1 are the arranged edge labels.

Therefore f is an absolutely harmonious labeling of Triangular Arrow Ladder TALH and hence the Triangular

Arrow Ladder TALH is an Absolutely harmonious graph.

Theorem 2.2
The Triangular Double Arrow ladder TDALﬂ is an Absolutely harmonious graph.

Proof
Let G = TDﬂLn ]

Let V(G) = V(TDAL,) = {u; ,vi:1 < i = n} U{w} U{z}
and

E(G)=E(TDAL,) = {w,u; ., v;v; 1, UV : 1l = i=n—1J U{wr:l=i<n}iu
wu b u{wrdu{zu,} U {zv,}.

Then G is of order 2n+2 and size 4n+1.

Now, Define f: V(G) — {0,1,2,--- 41} as follows:
flr)=2i—1;1< i< n,

f(w) = 4n,

f(z) =2n+ 5,

flu)=2i—2;1< i< n

Then the induced edge labels are as follows:

frlwvy)=a,. frwu)=a,,

frw,) =a,, f(zv,) =a,,
{(fflvvg)lsisn—-1}1={i:l<is n—1)}

={Oun11-al=i=n-1}

={as,ag ........... , Qgn_z},
{ffluy ) l=i=n—-1}=4i—-2:1=i=n-1}
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={sniz_arl =i = n—1}
={a;,aqq, -cooeeen.n , Qan_1h

{fflyvgpl=is=sn—-11={4i—-1l:1=i<n
={Q4nir a1 = i< n—1}
= {ag,Aqg, cceveeennn , Qyn_2},

{(fflyvl=s i=n}={4i—-3:1=< i< n}

={@n-sia:l = i = 1}
={ay,05 cvirernnnn , Qgnt

From the above,

g, aq,Az, ... Ag_q wWhere @; = ( —i(or)gq+1;0 < 1= g—1 are the arranged edge labels.

Therefore f is an absolutely harmonious labeling of Triangular Double Arrow Ladder TquLﬂ and hence the

Triangular Double Arrow Ladder TDﬂLﬂ is an Absolutely harmonious graph.

Theorem 2.3

The graph C (5 ,2] D Sn is an Absolutely harmonious graph for any positive integer n.
Proof

LetG =C (5 ' 2) D Sﬂ be obtained by attaching to the center of Sﬂ,

(the center of star graph with n vertices are merged with the graph 3C3).

Let V() ={w; 1= i< n} U{r,: 0= i< 4}and U = V5 be the apex vertex of 3,; and the

edge set is given by

EG)={ryvg:l=i= 4} Ufrqusl=si<nj{wv, :1=i< 3}
Then G is of order n+5 and size n+7.

Now, Definef: VEG] — {0,1,2, -, 1+ 6} as follows:

Let Vg , V4 V5 U3,V and Uy are respectively labeled as

0,n+6, 1, 2,4 and 5.

flu)=5+i;2=i<n,

Then the induced edge labels are as follows:

frlvpvy,)=n+6=a,,

frlvyr)=n+7=a,,

Frrgvy) =1 =a,,,
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[Frovs) =2 =a,,s.
FFrpu) =4=am,;.
[fwovy) =3 =aus.
Ffluavg) =6=a,,,,
[Fpu)=5=a,,,.
{(fflvpu):2=is=sn}={+i:2<i< n}
={a;:2=< 1< n}
={a,,a3 veevrrnnn , Qp
Clearly the edge labels can be arranged as
(g, 1,0z, Qg_qwhere@; =q—L(01)q+;0= 1< g—1

Therefore f is an absolutely harmonious labeling of C (5 ,2] %) Sﬂ graph for any positive integer n and hence
it is an Absolutely harmonious graph.

Definition 2.4

The graph Hq, 5] Sﬂ obtained by attaching to the center of Sﬂ (star graph with n vertices) to a vertex of the
complete graph Hq_..

Theorem 2.5

The connected simple graph Hq, ) Sﬂ is an Absolutely harmonious graph for any positive integer n.

Proof
Let G = Kq, 7] Sﬂ be a connected simple graph.

Let V(G) = {ui rl=si<sn}u {1'.?1- r1= i< 4}andUy = Uy be the apex vertex of G and the
edge set is given by

EG)={vrv,:1=i=3}Uuf{ruzl1<i<niu {v,v,ju {v, v,}
Then G is of order n+4 and size n+6.

Now, Define f: V(G) — {0,1,2,---,1 + 5} as follows:

Let V4 U5 V3,V4 and U are respectively labeled as 0, 3, n+5, 1 and 2.
flu)=3+i;2=i<n,

Then the induced edge labels are as follows:

fr(r,v3)=n+8=a,,

fr(ryvy)=n+5=a,,

frlryv,)=n+6=a,,
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o) =1=a,,s.

o) =2 =a,.,.

fflvauy)=3=a,,;.

fflrvg) =4=ap,.,

{fflvyu)2=<=i=n}={3+i:2=< (= n}
={a,,3_;:2= 1 = n}

— {ﬂ_g Ja‘l‘_. ........... 1 a--n+1}'

Clearly the edge labels can be arranged as
Qg A1,z Qg_gwhere@; = q—L(01)q+;0= 1< g—1

Therefore f is an absolutely harmonious labeling of K 4 7] Sﬂ graph for any positive integer n and hence it is
an Absolutely harmonious graph.

Theorem 2.6

The Diamond star graph DAGD Sﬂ is an Absolutely harmonious graph.

Proof

LetG =DA D Sn .

Let the vertices of the Diamond DA be Wy, W,, W3 W, , W5, Wg W5 and the vertices of the star be
U,V Vs Vg Vy,.......... y Also, V' = Wj is the apex vertex of the star and

E(G)={ww:1= i< 6} U{w, wg JU{wy, w3 U {wy wy3U {w, w51 is the edge set
of the diamond, the edge set of star is given by {W; 1;: 1 < § < nj}.

Then G is of order n+7 and size n+10.
Now, Definef: VEG] — {0,1,2, -, 1+ 9} as follows:

The vertices Wy Wo W3, W,y , W5 Wy W5 are respectively labeled as 1, 5, 6, 3, 4, 0 and 2. Also,the vertices

Then the induced edge labels are as follows:

{fT(wWw;11):1 = { = 6] are respectively labeled as Apts @1 .8ns1 .8n+3 Enspand Qg
friwws ) =1=a,,.,

friwaw; ) =3 = a7,

frwaw; ) =8=a,,,.

frwaw; ) =5 =a,,s.

friwv)=10=a,,
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(frwu)2=<i=n={104+i:2<i<n}
={a,_;:2= 1= n}
== {QG,QL ........... ) aﬂ_g}.

Clearly the edge labels can be arranged as

(g, 1,0z, Qg_qwhere@; =g —L(01)q+;0= 1< g—1

Therefore f is an absolutely harmonious labeling of DA ﬂ‘} Sﬂ and hence it is an Absolutely harmonious

graph.

Theorem 2.7

25, AP, isa simple connected graph such that any one pendent vertex of Sy is joined by an edge with any one

pendent vertex of another copy of Sﬂ .Then two stars merged with a chord is an absolutely harmonious graph.

Proof
LetG=25, AP,

Let 'y V5 V3, Vg,.......... ,l; be the vertices of the first copy of star Sﬂ and T be its apex vertex.

Let Wy Wy W3 Wy ... W, be the vertices of second copy of star Sn and W be its apex vertex.
The edge set of G is given by

EG)y={vgrasl=si=nf Uww:l=i<nju {v,w]

Then G is of order 2n+2 and size 2n+1.

Now, Define f: V(G) — {0,1,2, ves ,2?‘1} as follows:

f(v) =0,
fw)=i1<i<n,
f(wg) =0,

flw)=n+;1=i=n

Then the induced edge labels are as follows:

frvw,) = a,

{(fflvgv:l = i< nj={a1.: 1= 1< n}

= {Api1,0pgz, coennnnnnn , Qap ke
{fflwgw:l=i=n}={a,,, 1 =<1=n}
={a,,a; «ooovvnnnn , Qp

From the above,it is clear that

(g, 1,0z, . Qg_qwhere@; =q—L(01)q+;0= 1< qg—1
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Therefore f is an absolutely harmonious labeling of 2-5'ﬂ AP 2 and hence it is an Absolutely harmonious graph.

Theorem 2.8
25, A2F isa simple connected graph such that any two pendent vertices of S, are joined by two edges with

any two pendent vertices of another copy of Sn .Then two stars merged with two chords is an absolutely
harmonious graph.

Proof
Let G=2S, A 2P, .

Let 'y V5 V3, V4,.......... ,l'; be the vertices of the first copy of star Sﬂ and Ty be its apex vertex.

Let Wy Wy W Wy ... W, be the vertices of second copy of star Sn and W be its apex vertex.
The edge set of G is given by

EG)={vyrasl=i=n} Uww:l=i<njuU {v,w U {v, w}
Then G is of order 2n+2 and size 2n+2.

Now, Definef: V(G) — {0,1,2, - 2N+ l}as follows:

f(w) =0, f(vi) =2, f(v,) =1,

fv)=1;3<i<n

f(wo) =0,

flw)=n+;1<=i=n

Then the induced edge labels are as follows:

fflowy)=a, f(v,w,) =a,,

{(frlvov:l= i€ nt={a,- 1< 1= n}

={0p12,0n43 ccoeenennn ; Aanet )
{ffiwgw:l=i=n}={a,,, 1 =1=n}
== {az ,a-gJ ........... 3 {lﬂ_,_l}.

From the above,it is clear that

(g, 1,0z, . Qg_gwhere@; =q—1L(01)q+;0= 1< g—1

Therefore f is an absolutely harmonious labeling of 2511 A2P 2 and hence it is an Absolutely harmonious
graph.
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