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ABSTRACT

In this studydiscussed aboutthe 2-spinors and twistors, via the spacetime algebra. This is an outline to spacetime
algebra (STA) as anamalgamated mathematical language for physics. The important role of bilinear covariants is
highlighted. As a by-product, anexplicitdepiction is found, comprisedcompletely of real spacetime vectors, for this
Grassmann objects of the supersymmetric field theory. The whole physics curriculum can be integrated and
simplified by espousing STA as the standard mathematical language.
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1. INTRODUCTION

The purpose of this presentation is to give a novel translation of 2-spinors and the twistors into the expression of
Clifford algebra. This has been positively considered before, but we vary from previous tactics by using the
expression of a specific form of Clifford algebra, the spacetime algebra (STA), in which the pressure is on
working in the real 4-D spacetime, with no usage of a commutative scalar “imaginary i”. Furthermore, the extents
which are Clifford multiplied composed are always taken to be the real geometric objects, living in the spacetime,
instead of complex things living in an abstract or the internal space.Consequently, the real space geometry
implicated in any equation is at all times directly evident.

That such a transformation could be realized may seem astonishing. It is usuallythought that the complex space
notions and a unit “imaginary i”are vital in areas for instancecomplex spin space, quantum mechanics, and 2-
spinor and the twistor theory. Though, using this spacetime algebra, it has previouslyexposed how the ilooking in
the Dirac, Pauli and the Schrodinger eqns has a geometrical clarification in terms of revolutions in real spacetime.
Here we spread this method to 2-spinors and, twistors, and thereby realize a reworking that we trust is
mathematically the meekest yet found, and which lays simple very undoubtedly the real (instead of complex)
geometry involved.As additional motivation for what tracks, we should call attention to that the scheme we give
has the great computational power, both for the hand working, and on the computers. Every time 2things are
written alongside algebraically a Clifford product is indirect, thus all our languages could be planned into the
computer in a totally definite and,clear fashion. There is no essential either for an abstract spin space, covering
objects which have to be functioned on by operators, or for an abstract index rule. The prerequisite for an explicit
matrix picture is also evaded, and all equations are routinely Lorentz invariant meanwhile they are printed in terms
of the geometric objects.

Because of the restriction on space, we will only ponder the most elementary levels of 2-spinor and the twistor
theory. There are numerous more outcomes in our transformation programme for 2-spinors and the twistors that
have before now been gained, in the specific for advanced valence twistors, the conformal cluster on spacetime,
the twistor geometry and the curved space derivatives, and these will be offered with correct technical particulars
in anupcoming paper. Though, by spending some time existenceexact about the landscape of our translation, we
confidence that even the undeveloped level outcomesaccessible here will still be of usage and interest. A short
outline is also given of the corresponding process for the field supersymmetry, and we finish by deliberating some
insinuations for the role of 2-spinors and the twistors in physics.

2. THE SPACETIME ALGEBRA
The spacetime algebra is the Clifford algebra of real 4-D spacetime. The Geometric algebra and the geometric
product are defined in [5]. My own conventions track those of this position, and are also defined in [4].
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Momentarilyl define a multivectorwith sum of the Clifford objects of the arbitrary grade (G O = scalar, G 1 =
vector, G 2 = bivector, etc.). These are armed with an associative product. We will also want the action of
reversionthis reverses the order of multivectors,

(AF) = BA, @.1)

but leaves vectors/scalars unchanged, so it basically reverses the order of these vectors in any product.The Clifford
algebra for 3-D Euclidean space is created by 3 orthonormal vectors {z;}, and is covered by

1, {op), {igp ). i (2.2)
where i = y;631s the “pseudo” scalar for the space.

The “pseudo” scalarisquares to —1, and converts with all objects of the algebra in this 3-D case, so is assumed the
similar symbol by way of the unit imaginary. Note, though, that it has a positive geometrical role as on concerned
with volume element, afore just being an imaginary scalar quantity. For upcoming clarity, we will standby the
symbol jfor the uninterpreted of commutative “imaginary i", as used for instance in conformist quantum
mechanics and the electrical engineering. The algebra (2.2) is the Pauli algebra, but in the geometric algebra the 3
Pauli giare no longer observed as 3 matrix-valued mechanisms of anonly isospace vector, but as 3 independent
basis vectors for the real space.

A quantum spin state comprises a pair of the complex numbers, ; and 17,
L2

v =(*").

v L ]

(2.3)

and has a one-to-one similarity with an even multivector #. Anoverall even element could be printed as
¥ = a® 4+ a¥is, wherevera®and the a*are the scalars, and the correspondence all of it via this basic identification

ﬂD_'_ jaE
—G: _|_ _J:ﬂ-l

]t—-t,f.':an-l— a;":'r.r;l.

2.4)

We will sayyra spinor, as one and only of its key possessions is that it has a single-sided conversion law under
spins.To display that this identification works, we also want the translation of this angular momentum operators on
the spin space. We will signify these operators &%, where as common

~ EI 1 L U __J A 1 El

6= U),a}._(j ). &= %) (2.5)
Now the translation system is then

lg) = dplwr) &= & = oo, (k=1,2,3) (2.6)

Authenticating that this works is the matter of computation, for instance
dely) = (

2.7

validates the similarity for &,. Lastly, we necessity the translation for this action of jupon the state |¢}. This could
be seen to be

lan) = jlwr) & & = ia, (2.8)

gy il
—a” + ja y
z T - - - [ -
By o3 t—-—a‘+u.':r.ri—a':':r.r:-I—u.izcr!::ri{u.n-l—a“:cr;l.:]cr!,
a” + ja°
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We note this process acts merely to the rightof ¥. The implication of this will be conferred later.An implied
notational convention should be deceptive above.

Conformist quantum positions will always seem as bras or kets, while their STA equals will be inscribed using the
similar letter but deprived of the brackets. Operators will be signified by carets. We do not at this stage essential a
distinct notation for the operators in STA, since the role of operators is occupied over by right or left product by
elements from the similar Clifford algebra as these spinors themselves are occupied from. This is the first instance
of a theoreticalamalgamation afforded by the STA — ‘spin space’ and ‘the operators upon spin space’ converted
united, with together being just multivectors in the real space. Correspondingly, the unit imaginary jis inclined of
to become additional element of the similar kind, which in the subsequent section we demonstration has a strong
geometrical meaning.

So as tocover these outcomes to 4-D spacetime, we want the full sixteen-component STA, which is created by 4
vectors y,. This has the basis elements 1, y,(vectors), izzand thesy(bivectors), iy,(the pseudovectors) and i(the
pseudoscalar) (u = 0.....3; & = 1,2,3). The even elements of these space, 1, g, iszand i, accord with this full

Pauli algebra. So, vectors in the Pauli algebra convert bivectors as regarded from this Dirac algebra. The
exactexplanations are

op = ¥p¥pand i = ¥p¥il¥2l¥a = 040709, 2.9)

Note that however these algebras portion the similar pseudoscalar i, this anti-commutes thru this spacetime vectors
¥y - Note similarly that reversion in these algebra (also represented by ), antitheses the sign of all these bivectors,
so does not accord with Pauli reversion. In the matrix terms this is the alteration between the Hermitian and Dirac
adjoints. It should be vibrant from this context which is oblique.A 4-component of the Dirac column spinor |y }is
place into a one-to-one resemblance with an even element of this Dirac algebra 1#[8] through

al + ja®
) = | —a® +jat | e w=a" 4 aF iy, + i(B" + b¥ioy)
—bF + B0
\__bl —_J:EJ:-'
(2.10)

The resultant translation for this action of these operators , is

Fulwy & wPr(n=0...3) (2.11)

which tracks if the f#matrices are well-defined in this standard Dirac-Pauli picture [9]. Confirmation is over a
matter of the computation, and morefacts are given in [6]. The action of jis the similar as in this Pauli case,

il = yioy (2.12)
3. SPINS AND THE BILINEAR COVARIANTS
In STA, these vectors aare just the basis vectors for 3-D space, which proposes that the translation (8) for this

action of the &;could be reorganize in a chieflyredolent form. Let nbe the unit vector, then this eigenvalue eq" for
the measurement of spin in a dir"nis unoriginally

- B
n-Shp) =+ -y}, 3.1
where in this system5 is a ‘vector’, by ‘components’ §; = 1 (6.) . Now thisn-§ = En;"f:'r‘;l., so the STA translation for
this eq" is just

mpoy = £ (3.2)
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where nis a vector in the ordinary 3-D space. Multiplying on the right side by #;%(3 = a® — a" ig;,).becomes
myn = tpag (3.3)
Now 1nifiis the scalar in this Pauli case
Wl = v =y (3.4
= (a"F + (a* P (a® 1 (a®)?, (3.5)

So, we can pen

_ po
n=+t-——H

b

(3.6)

This displays that this wavefunction is actually an instruction on in what way to alternate the fixed reference
dir"szand line up it corresponding or anti-parallel with the wanted direction n. The amplitude impartial gives
analteration of scale. This idea, of taking a fixed or ‘fiducial’ dir", and transforming it to give the particle spin axis,
is a central one for the growth of our physical clarification of the quantum mechanics.

In this relativistic case, ¥¥is not essentially a pure scalar, and we take Y =¥y = pe. The relativistic of this
wavefunction ¥now agrees a spin axis svia s = p~*i¥;3, and a whole set of the body axes g, through

i

o lﬂ“}fu #“:J (3.7)

gy = v is takenby means of the particle 4-velocity, whereaspw is the standard Dirac probability current. The main
alteration in viewpoint on working to the STA should now be ostensible — as an alternative of the discrete
and,discontinuous language of the operators, eigenstates and the eigenvalues we now have this idea of continuous
species of transformations. This allows us to give the realistic physical explanation of particle paths and spin dir"s
in collaboration with outside apparatus [6].

One and only of the great recompenses of geometric algebra is the technique that revolution of a general
multivector is realized in precisely the similar fashion as for the single vector. Consequently, to discuss the
1

Lorentz rotations for instance, let us transcribew = p2e®/?R. Then R is asteady multivector
sustainingRH = §R =1 and henceparallels to a Lorentz rotation. To turn an arbitrary multivector Mwe merely
form the referend of (3.7) and write

M' = RMR (3.8)

This is anextremely quick way of gaining the transformation methods for electric and the magnetic fields for
instance. If we usage the full wavefunction, which includesdata about these particle density.g. and also
thisf factor, and use it to revolve a specified fixed Clifford unitfor instance the ¥ and 13 considered overhead, then
we get the physical density for approximately quantity. For instance, the rotation angular momentum density for
this Dirac particle is the bivector 5 hio,. (Note the groupingy ... conserves grade for these objects of grade 1,

2 and 3) Such words can usually be inscribedhomogeneously as bilinear covariants in straight Dirac theory
notation for instance, pv = ¥¥,¥, the Dirac current, would be on paperunoriginally as j* = {(¥1#* &) - but in the
STA form the meaning of the appearance is typically much clearer. We reference this point, subsequently it will
emerge that many of these quantities of position for the 2-spinors and the twistors numbers to be bilinear
covariants of the directly above kind, which could consequently in principle also be interpreted into the Dirac
notation, but once more, look franker in our version.

As the final comment, we should deliberate the way in which exact Clifford elements for instancey;and iozenter
terms such as pv = ¥, ¥, and why the general Lorentz covariance is not conceded by this. What is trendy is that
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the wavefunction w'is an order to swivelfromapproximately fixed set of the multivectors tothe shapeessential at
approximatelyassumed spacetime point. If we wish the final configurations to be alternated an additional amount
R, then we must usage a novel wavefunction ¥" = Ryr. This obviouslyclarifies the usual spinor alteration law under
the global spin of space, but also displays us why we do notneed to rotate these elements we ongoing from as well.
Thus,universal covariance and invariance under the global Lorentz revolutions is guaranteed if all quantities
looking to the leftof this wavefunction make no mention of exact axes, directions etc., though those to thisrightare
permitted to do so, but must continue fixed under such a revolution.

As a balancingworkout, one might choose to spin the elements (for instanceyy,igs, etc.) we twitch from, by Rsay,
leaving the finalpattern fixed. In this situation we have ' = Hwy. This is what occurs under analteration of ‘phase’
for instance, where |y} — e/ |y). Here this STA equivalent enduresy — e, which thus parallels to a spin of
starting orientation over2fradians about this fiducial s,dir". The deed of jitself is accordingly a rotation
overmabout thisgzaxis. Note mostly that first one copy of the real spacetime is essential to signify what is working
on in this process.

4. THE 2-SPINORS

Here the explicit around our translation of the quantum Dirac and Pauli spinors, Now the position to startthe
translation of the 2-spinor theory. For this latter we accept the system and conventions of this standard exposition,
[7,12].

The elementary translation is as tracks. In the 2-spinor theory, a spinor could be inscribed either as the abstract
index objectx™. or as a complex turn vector in spin-space &. We place a 2-spinor x*in the 1-1 connection with the
Clifford spinor xvia

ke k(1 + 02) 4.1

whereverxis the Clifford Pauli spinor in one-to-one association with this column spinor k. The function of this
“fiducial projector’ (1 + @3 )connects to what occurs under the ‘spin transformation’ signified by arandom complex
the spin matrix . The novel spin vector is Exand has merely 4 real degrees of the freedom, while an arbitrary
Lorentz rotation stated by the Clifford Ruseful to the Clifford xpresents the quantity Rx, which comprises 8
degrees of the freedom. Nevertheless, put onfito x(1 + o3} limits these degrees of the freedom back to 4 once
more, in conformism with what occurs in this 2-spinor formulation.

Here the complex conjugate spinor ol goes to the reverse ideal under this action of the projector (1 + o3},
7 o —xioy(1— 63). 4.2)

This clarifies why x*and, its complex conjugate has to be preserved as fitting to dissimilar ‘modules’ in this
Penrose and Rindler theory. Note that in more conformist quantum representation our projectors {1 + o3} would
agree to the chirality operators (1 + j#:1. or in the system of the adjunct of [12], to IIand fT . We do not usage these
substitute notations as it is a dynamic part of what we are doing that the prognosis operators should be made from
the ordinary spacetime objects.

The most vital quantities related with the single 2-spinor x* are its “flag-pole”K* = 4, and the flagplane
resolute by the bivector P22 = xx% 45 4+ 4574 %  Here we usage the Penrose symbolization in which a is a
‘lumped index’ on behalf of the spinor directoriesA4" etc. Now with the purpose of get anexact translation for
these quantities like x*&*, or x*x%e# % | it is essential to grow ‘multiparticle STA’ [15]. This still includes real
spacetime, but with a distinct copy for every particle. We have approved this out and, so,start the STA generations
of 2-spinor outer product languages. However, we have also visible a mapping from this spin—%space of theonly

spinor to this spin-1 space of universal complex world vectors, which useful in oppositeallows us to find
‘spin—%’equals for the lumped index terms. It is these parallels we give now, and appropriate proofs are confined

in [4].
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Initially, if we inscribeyr = x({1 + o3), the flagpole of this 2-spinor x*is fair the Dirac current related with this
wavefunction i,

K= %‘n'!"}’nﬂ“: = xiyy + 13 )% (4.3)
We realize that the projector {1 + o3)has shaped a nullcurrent.

Furthermore, the flagplane bivector is a spunform of this fiducial bivector &y
1 e ﬂ.
P = ;#‘.ﬂltl'!‘. = K{'}’L-"ﬂ"{'}’ﬂ + J}’!:]}x (44)
Since o, anticommutes with theigs, althoughy, commutes, Preplies at double rate to phase spinsx — xe'%%, whereas
the flagpole is unpretentious. A suitable spacelike vector L, vertical to the flagpole and fillingF = LAK, is
1
L = (k&) 2xy, &, i.e., just this ‘body’ 1-dir".
In this 2-spinor theory, a ‘spin-frame’ is typicallyinscribedo®. ¢, but for notational reasons, and to lure out the

similar with twistors, we favor to write these in place ofw®, m#. In our version, a spin-frame w® m%is
packedcollected to form the CliffordDirac spinor gvia

¢ = m%{l + crg:] —':I'E:'Er:%{l — 04 4.5)
Now
q;.;ﬁ = %x{l + r.r!]:'cr:c? + reverse = 4 + iu (4.6)

If one here and nowcomputes the 2-spinor inner product for thissimilar spin-frame one finds
{wm} =wym® =—(1 + ju) 4.7)

Consequently, this complex 2-spinor inner product is actually a camouflagedform of the quantity ¢¢. The
‘disguise’ contains of on behalf ofsomewhat that is in fact the pseudoscalar (the iin 4 + iu) by way of an
uninterpreted scalar j. The state for the spin frame to be regularized, wy@* = 1, is in our tactic the condition for
¢to be the Lorentz transformation, that is ¢¢@ =1. We can accordingly say “a normalizedspin edge is
correspondent to the Lorentz transformation”.

The orthonormal actual tetrad, %, x%,¥%, =%, resolute by such a spin-frame[7], is in fact the similar as this frame of
‘body axes’ g, = ¢, gwhich we sketchedcare to in standard Dirac theory, even as the null tetrad is just a switched
version of a convinced ‘fiducial’ null tetrad as results:

12 = %(t“ +29) = w'@? o alyyt1:)d (4.8)
n® = =% - 2%) =77 9l -1)d (4.9)
m@ :%{xc — ) = w7 e —gly, i, )P (4.10)
M = —(x® + jy®) = m4a? e —ply,—11,)é (4.11)

Note that thisx or ¥ axis is overturned w.r.t. the world vector equals, which is a feature that happensthrough our
translation of the 2-spinor theory. Note similarly that y;—iy; and ¥, +iyzinclude trivector mechanisms. This is in
what way complex world vectors in this Penrose & Rindler formalism seem when translated down to equal objects
in the single-particle STA space.
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5. THE VALENCE-1 TWISTORS

On page no. 47 of [12] the writers state ‘Any temptation to classify a twistor with a Dirac spinor should be
resisted. However, there is a sure formal resemblance at one point, the vital twistor need on position has no place
in this Dirac formalism.” We contend on the conflicting that a twistor is the Dirac spinor, by a specific dependence
on position forced. Our central translation is

Z=g —T:;b}*nicr!%{l + a3, 5.1

wherevergis an arbitrary constant of relativistic STA spinor, and r = x*y,is the 4-D position vector. To start
contacting the Penrose notation, we crumble the Dirac spinor Z, quite usually, as

Z=w (l+0)—mo (1 -0) (5.2)

Then these pair of Pauli spinors wand mare the conversions of the 2-spinors w®and 74'seeming in the normal
Penrose picture

Z% = (wf, myr) (5.3)
In (5.3) m4is the constant and c«*is intended to have the vital twistor need on position
w = wf —j.r"t""rnﬁr 5.4

where w{'is the constant. We thus realize that the arbitrary constant spinor ¢in the (5.1) is
p=wi(l+o)-wiog;(1-0) (5.5
We note this is indistinguishable to this STA picture of the spin-frame.

This capability, in the STA, to set the two parts of the twistor together, and to signify the position need in
anupfront fashion, leads to roughly remarkable explanations in the twistor analysis. This put on both with respect
to linking the twistor formalism with the physical properties of the particles and to the sort of computations
essential for starting the geometry related with the given twistor.For current purposes, we restrict ourselves to
beginning the link with massless elements, and describe a set of numbers to signifynumerous properties of such
particles. These are principallyonly the bilinear covariants of this Dirac theory, modified to the massless case.
Initially, the null momentum related with this particle is

p=Z(r—v)Z (5.6)
Which is constant, since
Z(yvp —¥2)Z = ¢(vo —¥2)@ = m (1 + o3)Np (5.7)

pthus, points in this flagpole dir" of . Then, the flagpole of thistwistor itself, well-defined as the flagpole of its
major part @, is the void vector

w =20y +75)Z (5.8)

Assessed at the origin, this turn out to be

wy = @(¥p + 9208 = wp (1 + 02) &)y (5.9)

Thirdly, we describe an angular momentum bivector in the common way for Dirac theory

M= Zig,2 (5.10)

Replacing from (5.1) for Zyields (in 2 lines)

M=M, +rip (5.11)
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wherever the constant part Mjis specified by

My = chiga g (5.12)
This angular momentum overlaps with this real skew tensor field
M = o 4r8) (4B _ [ (A'nE) AR (5.13)

on page 68 of [12], who have
fl.-f':a =ﬂ_,r§i? _xﬂpa' _|_xi?:p|= (514)

The key calculation viewing that (5.10) is the right angular momentum, is to validate that the Pauli-Lubanski
vector for these massless cases is comparative to the momentum. In this STA, the Pauli-Lubanski vector is
specifiedcommonly by

S=p-(iM) (5.15)

Now p ' (iM)} = p-(iMy +irAp)andp - (ir Ap) = —i(p Ar Ap) = 0.Correspondingly
piMy = @y — v2)@igioag (5.16)

so that marksed = ¢¢ = pe'® | we have

piMy, = —pe Fp(—y; + 1)P (5.17)

and consequently

5= -—pcosfp (5.18)

The helicity =is therefore just minus this scalar part of the product ¢¢.

6. FIELD SUPERSYMMETRY GENERATORS
A communal version of this field supersymmetry generators mandatory for the Poincare super-Lie algebra usages
2-spinors @, with the Grassmann entries:

Qz=—i {Ezﬂ - :-aélargn'r 3'1] (6.1)

wherever the #%and &“are ‘Grassmann’ variables, and uis the spatial index [10, 13, 14]. A translation of the@;into
STA essentially amounts to verdict real spacetime illustrations for this#“variables. By means of 2-particle STA we
have originate such pictures, and they turn out to be two distinct copies of the complex null tetrad deliberated
above. The 2 copies get up in this natural fashion in our version of 2-spinor theory, but are tougher to spot in the
conventional method.This has a stimulating ‘single particle’ equal, by means of the 4 quantities ¥ * ¥aand
¥y £ izas active Grassmann variables, with this anticommutator {A, Elsubstituted by this symmetric product {AE}.
With

B =¥y +v2b =¥y — 72

B =1 +irg E'_: = =¥ i

it is a modestworkout to confirm that the &, gratify the essential supersymmetry algebra (with {4. B} = {iE})
{6:.65} = 18.. 85} = 0. {6285} = 2645 (6.1)

This advances interesting novelpossibilities, alike to those delineated in [11], of being capable to decrease the
arena of ‘superspace’ to the ordinary spacetime, deprived of in any way lessening its richness or attention.
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7. CONCLUSIONS

When the 2-spinors and twistors are captivated into this framework of spacetime algebra, they convert both the
informal to work and interpret, and numerous parallels are exposed with the ordinary Dirac theory. In specific the
bilinear covariants of this Dirac theory, turn out to be exactly those desired to appreciate the role of higher valence
spinors and the twistors. As a by-product of this translation we have exposed that a commutative scalar imaginary
is needless in the formulation of this 2-spinor and twistor theory. Additionally, had space allowed, we would have
offereda conversation of the mapping we have createdamongst lumped vector index languages, and spin—%equals.

This would have completed it apparent that the concept that 2-spinor or twistor space is additionalimportant than
the space of this ordinary vectors or tensors, is misdirected. In our form the spinor space the aforementioned is
instilled with all this metrical property of the spacetime, and the creation of vectors and tensors by outer products
of spinors could be exposed via our translation to usageexactly the metrical properties previouslyexisting at this
so-called spinor level.Standardized spin-frames have been revealed to be undistinguishable to Lorentz transforms,
with the spin frames in overallalike to constant Dirac spinors. Twistors themselves have been given away to be
Dirac spinors, with thespecific position necessity imposed, and these physical measurescreated from them to be
only the standard Dirac bilinear covariants. It is consequentlyclear that nearly of the claims of this ‘strong twistor’
programme, as defined in [1], must look as if in a novel light, however the full insinuationskeep on to be worked
out.
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