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ABSTRACT

Spectral graph theory provides a bridge between graph theory and linear algebra, utilizing matrices such as the
adjacency matrix and the Laplacian matrix to explore the structural and combinatorial properties of graphs. By
examining the eigenvalues of these matrices, spectral methods offer profound insights into connectivity,
isomorphism, and random walks on graphs. Notable applications include network analysis, graph partitioning,
and expander graphs, with implications across computer science, physics, and communication networks. This
work delves into algebraic constructs like Cayley graphs, demonstrating their rich interplay with group theory
and their utility in representing symmetrical structures. The study also highlights future directions, including
hypergraphs and spectral clustering, positioning spectral graph theory as an indispensable tool for advancing
mathematical and computational research.
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INTRODUCTION

Spectral graph theory begins by associating matrices with graphs, primarily the adjacency matrix and the
Laplacian matrix. The central theme involves calculating or estimating the eigenvalues of these matrices and
connecting these eigenvalues to the structural properties of graphs. Spectral methods have proven to be powerful
tools in graph theory, often offering elegant solutions to seemingly complex problems. One noteworthy example
of spectral graph theory’s utility is its application to the Friendship Theorem. The theorem states that in a group of
people where every pair of individual’s shares exactly one mutual friend, there must be one person who is a friend
to everyone. Such applications demonstrate the intersection of graph theory and linear algebra, forming the
foundation of spectral graph theory.

This text serves as an introduction to spectral graph theory and an invitation to algebraic graph theory. On one
side, it leverages linear algebra to explore spectral ideas, while on the other, many examples draw from graphs of
algebraic origin. Together, these aspects highlight the beauty and depth of spectral graph theory.

Key Matrices in Spectral Graph Theory

Adjacency Matrix (A):
For a graph with vertices, the adjacency matrix is an matrix where if there is an edge between vertices and , and
otherwise. The eigenvalues of offer insights into the graph’s connectivity and structure.

Laplacian Matrix (L):

The Laplacian matrix is defined as, where is the degree matrix (a diagonal matrix where represents the degree of
vertex). The eigenvalues of are non-negative, and the smallest eigenvalue is always zero. The multiplicity of the
zero eigenvalue corresponds to the number of connected components in the graph.

Normalized Laplacian Matrix:
Defined as, the normalized Laplacian accounts for variations in vertex degrees, making it particularly useful in
analyzing graphs with varying connectivity.

Eigen values and Their Graph-Theoretic Implications
The eigenvalues of matrices associated with graphs reveal several structural and combinatorial properties:
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Spectral Gap:
The difference between the smallest non-zero eigenvalue of and zero is known as the spectral gap. A larger
spectral gap implies better connectivity in the graph.

Graph Isomorphism:
Two graphs are isomorphic if their adjacency matrices have the same eigenvalues, though the converse is not
necessarily true.

Random Walks:
Eigenvalues of the transition matrix derived from the adjacency matrix govern the behavior of random walks on
graphs.

Algebraic Approach
Many examples in spectral graph theory are derived from algebraic structures. For instance:

Cayley Graphs
Cayley graphs are a special class of graphs that are intimately linked to group theory. They are defined as follows:

Definition: A Cayley graph is associated with a group and a generating set , where is the identity element of . The
graph is constructed as follows:

v' Each vertex corresponds to an element of the group.
v An edge connects two vertices and if and only if there exists such that (or equivalently).
Adjacency Matrix: The adjacency matrix of a Cayley graph captures the group structure. Specifically:

Spectra and Group Representations: The eigenvalues of the adjacency matrix of a Cayley graph are closely
related to the irreducible representations of the group . Specifically, for each irreducible representation of , the
spectrum of for contributes to the eigenvalues of .

Example: Consider the group (integers modulo) with generating set. The resulting Cayley graph is a cycle graph,
and its adjacency matrix has eigenvalues for. Cayley graphs offer a rich interplay between algebra and graph
theory, making them valuable in studying both fields. Their applications include modeling communication
networks, constructing expander graphs, and understanding symmetry in mathematical structures.

The Cayley graph of G with respect to S an |S|-regular graph of size |G|. The assumptions on G and S reflect our
standing convention that graphs should be finite, connected, and simple.

Example 1. The Cayley graph of a group G with respect to the set of non-identity elements of G is the complete
graph on n = |G| vertices.

Example 2. The Cayley graph of Zn with respect to {+1} is the cycle graph Cn.

Example 3. The Cayley graph of (Z,)" with respect to {ei = (0,...,0,1,0,...,0):i=1,...,n}is the cube graph
Qn.

Example 4. The halved cube graph %2 Qn is defined as follows: its vertices are those binary strings of length n
that have an even weight, and edges connect two such strings when they differ in precisely two slots. This is the
Cayley graph of the subgroup v € (Z,)": Pvi = 02 with respect to {ei + e j: 1 <i<j<n}.

Example 5. (The twins) Here we consider two Cayley graphs coming from the same group, Zs xZ4. The two
symmetric generating sets are as follows:

S1={%(1,0),%(0,1), (2,0), (0,2)}
S2 ={#(1,0), £(0,1), #(1,1)}
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The corresponding Cayley graphs are 6-regular graphs on 16 vertices. It is not hard to recognize the Cayley graph
with respect to S1 as the product K4xK4. The second Cayley graph, with respect to S2, is known as the
Shrikhande graph. Both are depicted in Figure 11. An amusing puzzle, left to the reader, is to check the pictures
by finding an appropriate Z4 xZ4 labeling. The more interesting one is, of course, the Shrikhande graph. An
amusing puzzle, left to the reader, is to check the pictures by finding an appropriate Z4 xZ4 labeling. The more
interesting one is, of course, the Shrikhande graph.

Figure 1: K4 xK4 and the Shrikhande graph.

Vertex-Transitive Graphs
A graph is said to be vertex-transitive if any vertex can be taken to any other vertex by a graph automorphism.

Cayley graphs are vertex-transitive.

Proof. Consider a Cayley graph of a group G. We look for a graph automorphism taking the identity vertex to an
arbitrary vertex g € G. Left multiplication by g, namely the mapping h 7— gh, does the job.

A vertex-transitive graph is, in particular, regular. In fact, a vertex-transitive graph has the same link graph at each
vertex. This idea serves as an obstruction to vertex-transitivity. An illustration is provided by the regular graphs in
Figure 6, whose link patterns reveal that they are not vertex-transitive. Also, we may speak of the link graph of a
vertex-transitive graph, and we may read it off at any vertex. For instance, the link graph of K4 xK4 is a disjoint
union of two 3-cycles, and the link graph of the Shrikhande graph is a 6-cycle. So the twin graphs are, just as we
suspected, not isomorphic.

Bi-Cayley Graphs.

Let G be a finite group, and let S € G be a subset which need not be symmetric, or which might contain the
identity. A Cayley graph of G with respect to S can still be defined, but it will have directed edges or loops.
Subsequently passing to an simple undirected graph, by forgetting directions and erasing loops, does not reflect
the choice of S. An appropriate undirected substitute for the Cayley graph of G with respect to S can be
constructed as follows. This illustrates a general procedure of turning a graph with directed edges and loops into a
simple graph, by a bipartite construction. The bi-Cayley graph of G with respect to S is the bipartite graph on two
copies of G, Ge and Ge, in which ge is adjacent to he whenever g—1h € S. This is a regular graph, of degree |S]. It
is connected if and only if the symmetric subset S + S—1 = {st—1 : s, t € S} generates G. This is stronger than
requiring S to generate G, though equivalent if S happens to contain the identity. Connectivity of a bi-Cayley
graph may be cumbersome as a direct algebraic verification but in many cases this task is facilitated by alternate
descriptions of the graph.
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Example: The bi-Cayley graph of Z7 with respect to S = {1,2,4} is the Heawood graph, Figure 19 below. An
interesting observation is that, when computing the difference set S-S, every non-zero element of Z7 appears
exactly once. There are several observations to be made. The bi-Cayley graph of G with respect to S can also be
defined as the bipartite graph on two copies of G, in which ge is adjacent to he whenever gh € S. This adjacency
law is more symmetric, and tends to appear more often in practice. The correspondence gs «>(g—1)e, he < he
shows the equivalence of the two descriptions.

Figure 2: The Heawood Graph

In the vicinity of he whenever gh € S. This adjacency law tends to be more prevalent in practice and is more
symmetrical. The relationship ge «>(g—1)e, he <> he demonstrates how the two descriptions are equivalent. The bi-
Cayley graph of G with respect to S is its bipartite double if S is such that the Cayley graph of G with respect to S
already makes sense. According to our interpretation, the bi-Cayley graph construction is essentially a Cayley
graph construction generalisation. In many interesting circumstances, the bi-Cayley graph of G with regard to S is
a Cayley graph. Specifically, examine the semidirect product Gx{z1} provided by inversion, assuming that G is
an abelian group. In other words, we can say that we endow the set Gx {x1} with the nonabelian operation
(9,0)(h,7) = (gho ,¢7) for g,h € G and ¢,z € {x1}. If G happens to be a cyclic group, then G x{£1} is a dihedral
group. This familiar formula prompts us to deem Gx{x1} a generalized dihedral group. The merits of the
semidirect product over the direct product Gx{+1} is that now Sx{—1} is symmetric in G>{£1}, for it consists of
involutions. The Cayley graph of G>x{=}1} with respect to Sx{—1} is a bipartite graph on Gx{+1} and Gx{-1},
with (g,+1) connected to (h,—1) whenever g—1h € S. This is precisely the bi-Cayley graph of G with respect to S.

Applications of Spectral Graph Theory

Network Analysis:
Spectral methods are widely used in analyzing social networks, communication networks, and biological
networks to identify key nodes, clusters, and connectivity patterns.

Graph Partitioning:
Eigenvectors corresponding to the smallest non-zero eigenvalues of the Laplacian matrix help in partitioning
graphs into balanced, well-connected subgraphs.

Expander Graphs:
These are sparse graphs with strong connectivity properties, often studied through their spectral gap. Expander
graphs have applications in coding theory, cryptography, and network design.

Quantum Computing:
Spectral properties of graphs are instrumental in modeling and analyzing quantum systems, where the adjacency
matrix represents quantum interactions.
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CONCLUSION

Spectral graph theory serves as a powerful analytical framework, combining the principles of graph theory with
linear algebra to address complex problems in diverse domains. By leveraging the spectral properties of matrices
associated with graphs, this field unravels intricate relationships between graph structure and eigenvalues. The
exploration of Cayley graphs underscores the synergy between algebraic group theory and graph theory, offering
applications ranging from network modeling to expander graph construction. As ongoing research extends
spectral methods to hypergraphs, dynamic graphs, and clustering techniques, the potential of spectral graph theory
continues to grow, promising further breakthroughs in mathematical understanding and practical applications.
This work underscores the critical role of spectral graph theory in shaping both theoretical advancements and real-
world innovations.
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