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ABSTRACT

This paper investigates invariant submanifolds within (LCS),-manifolds, subject to the conditions:
CX,¥).h=0 and C(X,Y).Th=0; CXY).h=0 andC(X,¥).Th=0; B(XY).h=0 and
B(X,Y).Vh =0, alongside the constraint P(&,X)5 =0 where P,5,C,C,B and h denote the Projective
curvature tensor, Ricci tensor, Conformal curvature tensor, Conharmonic curvature tensor, C-Bochner curvature
tensor, and the second fundamental form, respectively.
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INTRODUCTION

The concept of Lorentzian concircular structure manifolds, denoted as (LCS),-manifolds, was introduced by
Shaikh [1] in 2003, extending the framework of LP-Sasakian manifolds initially presented by Matsumoto [26] and
further developed by Mihai and Rosca [23]. Subsequent investigations into the properties of (LCS),-manifolds
have been conducted by numerous researchers, including Atceken [31], Narain and Yadav [19], Prakasha [18],
Shaikh [2], Shaikh et al. [9, 10], Shaikh and Binh [8], and Sreenivasa et al. [20], among others.

The study of submanifold geometry holds significant implications in various branches of applied mathematics
[38] and theoretical physics [38], particularly in the context of geodesic submanifolds which play a crucial role in
the theory of relativity [27]. Bejancu and Papaghuic [5] introduced the concept of invariant submanifolds, which
has since been extensively investigated by several researchers [14, 15, 34, 33, 21, 22, 32, 24, 25, 6, 29].

l'jzgﬂar and Murathan [16] have examined semiparallel and 2-semiparallel invariant submanifolds of LP-
Sasakian manifolds. In their work, A. A. Shaikh et al. [11] analyzed invariant submanifolds of odd-dimensional
(LCS)n-manifolds, while Siddesha and Bagewadi explored invariant submanifolds of (k, u)-Contact manifolds
[35].

This paper explores invariant submanifolds of (LCS),-manifolds of odd dimension that satisfy the condition
P(¢,X)5 =0, where P and S denote the Projective curvature tensor and Ricci tensor, respectively. The
organization of the paper is as follows:

Section 2: Provides fundamental conditions concerning (LCS),-manifolds.
Section 3: Presents properties related to invariant submanifolds of (LCS),-manifolds.

Sections 4, 5, and 6: Discuss totally geodesic manifolds of invariant submanifolds of (LCS),-manifolds under the
conditions:

e C(X,Y).h=0andC(X,Y).Vh=0
e C(X,Y).h=0and C(X,Y).Vh=0
e B(X,Y).h=0and B(X,Y).Vh=0.
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Here, C,C,B and h represent the Conformal curvature tensor, Conharmonic curvature tensor, C-Bochner
curvature tensor, and the second fundamental form, respectively.

The Weyl Conformal curvature tensor C (n > 3) is given by
1 [S(V,Z2)X —5(X,Z2)Y +
n-2 (YJZ)QX_g(XJ*Z)QY

[g(Y.2)X — g(X,Z2)Y]

(1.1)C(X,Y)Z =R(X,Y)Z —

Tm—Dhm-2)

The Conharmonic curvature tensor C is given by

(1.2)

C(X,V)Z =

R(X,Y)Z —

= [S(V,Z2)X — S(X,Z)Y + g (V,Z) QX — 9(X,2)QY],

where R is the Riemann curvature tensor, S is the Ricci tensor of type (0, 2), Q is the Ricci operator and r is
the scalar curvature.

D. E. Blair [17] explored the geometric significance of the Bochner curvature tensor. Utilizing the fibration
method introduced by Boothby-Wang [37], M. Matsumoto and G. Chuman [36] developed the C-Bochner
curvature tensor, derived from the original Bochner curvature tensor. The C-Bochner curvature tensor is
given by
(1.3)
B(X,Y),Z =R(X,Y)Z + —[S(X,2)Y — S(¥,Z)X + g(X,Z)QY — g(¥,Z)QX + S(¢X,Z)$Y —
g(@Y.Z)QpX — S(@Y.Z)¢pX + g(pX.Z)Q@Y + 25(pX,Y)PZ + zgitﬁlX,Ythi’Z -

+n—
S(X, Z)n(V)E + SV, Z2I(X)E —n(D)n(2)QY + n(¥In(2)QX] — 221 [g(¢X,2)pY —
9@V, 2)¢X + 29 (¢X,N$Z] — 2 [9(X,2)Y - g (¥, 2)X] + 75 [9(X, n(V)§ —
gV, Z2mX)§+nX)n(2)Y — n(Y)n(2)X]

Where S is the Ricci tensor of type (0, 2), Q is the Ricci operator defined by g(QX,¥) = S(X,¥) and

_ nir—1
p=

1 T being the scalar curvature of the manifold.

2. SOME BASIC AND USEFUL PROPERTIES OF (LCS), -MANIFOLDS

Here some necessary formulas about (LCS),-manifolds are given and these are used throughout in this
paper.

An n-dimensional Lorentzian manifold M is a smooth, connected, paracompact, and Hausdorff manifold equipped
with a Lorentzian metric &. This means that M admits a smooth symmetric tensor field & of type (0, 2) such that
for every point ® € M, the tensor g, : T, M X T, M — IR defines a non-degenerate inner product of signature,
(= + -+, +) where T;, M denotes the tangent space of M at p and R represents the real number space. A non-zero
vector P € T, M is categorized as time-like (respectively, non-space-like, null, space-like) if it satisfies
g, (v, v) < 0 (respectively <0, = 0, > 0) [12].

Definition 2.1. In a Lorentzian manifold (M,d), a vector field P is considered concircular if it satisfies the
condition:
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2.1 g(Xx,P)=A(X)

for any X € T'(TM), where I'(TM) denotes the set of all differentiable vector fields on M. Here, A is a 1-form.
A concircular vector field P further obeys the equation:

22) (Vi,AY =a[g(X,Y)+ w(X)A(Y)]

Where "f"'urepresents the covariant differentiation operator of M with respect to the Lorentzian metric &, ¢ isa
closed 1-form and a is a non-zero scalar function.

Given a Lorentzian manifold M with a unit time-like concircular vector field €, known as the characteristic vector
field of the manifold, it follows that:

23 g(£é)=-1

Let € be the unit concircular vector field. Then there exists a non-zero 1-form 1 such that for all X, ¥ € T'(TM ),
the inner product of X with € is equal to the evaluation of 7} on X, expressed as

2.4) gX,§) =n(x).

Moreover, the covariant derivative V =1 of 1} with respect to the Lorentzian metric tensor g is given by
@25 (Vin) =alg(x,V) + n(On(¥V)],

Where « is a non-zero scalar function and X, ¥ € T'(TM ).

They satisfy the following relation

2.6) Vya= (Xa) = pn(X)

where p is a scalar function and it is given by p = —(&a). Let us take

27 Vxi=a

Given equations (2.5) and (2.7), we obtain the expression:

(2.8) X = X +n(X)¢,

where @ represents a (1, 1) symmetric tensor. Consequently, the Lorentzian manifold M equipped with the unit

time-like concircular vector field &, its corresponding 1-form 1, and the (1, 1) tensor field @ is termed a
Lorentzian concircular structure manifold, denoted briefly as an (LCS),-manifold. In an (LCS),-manifold, the
following mathematical relations are established [8]:

29 ¢* =I+n®@&n(&) =—1,¢& =0,n09 =0,
(2.10) g(@X,¢Y) = g(X,Y) + n(X)n(Y),

QI N(R(X,Y)Z) = (a® — p)[g(¥,ZIn(X) — g(X, Z)n(¥)],
2.12)R(X, )¢ = (a® — p)[n(Y)X — n(X)Y],

QI3 R V)X = (a® —p)[g(Y.X)¢ —n(X)Y],

2.14)  (Vx0)Y = a[g(X,Y)¢ + 2n(X)n(¥)E + n(Y)X],
(2.15)5(X, &) = (n — 1)(a® — p)n(X),
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(2.16) S(¢X, ¢Y) = S(X,Y) + (n — 1)(a® — p)n(X)n(Y)
forany X,Y,Z € [(TM), where R, S denote Riemannian curvature and Ricci tensor respectively.

From (1.1), (1.2) and (1.3), we get

r—(n-1{e®—p)
Q17 C(§,V)Z = 2228

mn-1){n—-2)

()¢ +¥] — S [an(v) + ¥] — s ov.

[g(Y,Z)¢ —n(Z)

2.18) C(E.Y)¢ =

(n— l}ln 2)

<z.19>c‘(f,mz=—'ﬂ“—[ (v,2)¢ —n(2)¥] 5 [S(r, 2)E —n(Z)ev],

220 € V)¢ =~ P [n(v)E +¥] — 2o 0.

(2p—ai+a(a®
221 B(,V)Z == “,::j;-}  [9(v,2)¢ — n(@)¥] - Z5 [S(.2)¢ - n(2)e¥]
_ (2p-4)+4(a"-p) (2p-4)-2(n—3)(a"—5)
222 B(§,Y)E = (n+3) Y+ (n+3)

3. SOME BASIC PROPERTIES OF INVARIANT SUBMANIFOLD OF (LCS),,-MANIFOLDS

Let g be the induced metric of the manifold N of a (LCS),-manifold M. Denote TN and T~ N as the sets

of all vector fields tangent to N and normal to N respectively. Let ¥V and Y represent the Levi-Civita
connections of N and M respectively. Then, the Gauss and Weingarten formulas are given by [13]:

BV, Y=V, Y+ h(X,Y) forall X,¥Y € ['(TN)
(32) V¥ =—A, X+ ViVforall X,Y ET(TN)and V ET(T*N)

Where h, Ay and V- denote the second fundamental form, the shape operator and the normal
connection respectively.

Definition 3.1. [5] An invariant submanifold N of a (LCS),-manifold M is defined as follows:

the structure vector field ¢ is tangent to N at every point and for any vector field X tangent to N at each
point, the Lie derivative of the symplectic form ¢ along X is also tangent to N, that is, ¢(TN) c TN at
every point on N.

Definition 3.2. [5] A submanifold N of a (LCS),-manifold M is deemed totally geodesic if its second
fundamental form h satisfies h = 0.

Relation Between Second Fundamental Form and Shape Operator:[28] The interplay between the
second fundamental form h and the shape operator Ay is encapsulated by the equation:

where g is the metric tensor on M and X, ¥ € TM with V being a vector orthogonal to N.
Covariant Derivative of the Second Fundamental Form: The covariant derivative of

h with respect to a vector field X is given by:

34) (Vy)(Y,Z2) = VE(h(X, V) — h(V4Y, Z) — h(Y,V,2),
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Where V signifies the Vander-Waerden-Bortolotti connection on M and ?# denotes the component of the
covariant derivative normal to N. Here, X, Y, Z are vector fields belonging to the tangent space TN of N.

Normal Bundle Valued Tensor and Third Fundamental Form: The tensor ﬁh, arising from the
covariant derivative of the second fundamental form, is a tensor of type (0,3) that values in the normal
bundle. It is referred to as the third fundamental form of

N. These reformulated conditions encapsulate the geometric properties of an invariant submanifold within a
(LCS),-manifold, highlighting the interrelations between the second and third fundamental forms, the shape
operator and the geometrical construct of being totally geodesic.

In an invariant submanifold N of a (LCS),-manifold M the following conditions hold [11]:
(3.5) h(X,§) =0,

3.6) R(X,Y)¢ = (a® — p)[n(Y)X — n(X)Y],

315X, &) = (n—1)(a® - p)n(X),ie.,Qf = (n—1)(a® —p)¢,

(3.8) (Vx @)Y = a{g(X, V)& + 2n(X)n(Y)E + n(¥)X},

(3.9) h(X,¢Y) = ¢h(X,Y),

(3.10) V& = apX.

An invariant submanifold N of a (LCS),-manifold M is also a (LCS),-manifold [11].

A (LCS),-manifold satisfying P(&,X)5 = 0 is Einstein manifold [30].

So, an invariant submanifold of a (LCS),-manifold satisfying P(E,X)5=0 is also an Einstein manifold.
The following conditions also hold in this class of submanifold:

(3.11) QX = (n — 1)(a® — p)X,
(3.12)(Vh)(Z,&,U) = —ah(pZ,U).

4. INVARIANT SUBMANIFOLDS OF (LCS),-MANIFOLDS SATISFYING C(X,Y).h =0 AND

C {X,Y].ﬁh =0 WITH THE CONDITION THAT THE AMBIENT MANIFOLD SATISFYING
P(£X)S=0

This section deals with invariant submanifolds of (LCS),-manifold satisfying C(X,¥).h =10 and
C(X,Y).Vh = 0 with the condition that the ambient manifold satisfying P(&,X)5 = 0.

Theorem 4.1. Let N be an invariant submanifold of a (LCS),-manifold M with the condition that the ambient
manifold satisfying P(&,X)S = 0. Then C(X,¥).h = 0 holds on N if and only if N is totally geodesic
provided = n(n — 1) (a® — p).

Proof. Let N be an invariant submanifold of a (LCS),-manifold satisfying C(X,¥).h =0  such that
r = n(n — 1) (a* — p) with the condition that the ambient manifold satisfying P(&,X)5 = 0. Then we get

@.1) RH(X,Y)h(Z,U) — h(C(X,¥)Z,U) — h(Z,C (X, Y)U) = 0.
Now setting X = U = & in (4.1) and using (2.17) and (3.5), we get
42)h(Z,C(E,Y)E) =0.
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By virtue of (2.18), it follows from (4.2) that

h(Z,m(¥)E +Y)

(e®-p)
(n

(4.3)mh(2,n(1’)f+ ¥) — __ﬂ

1
oD h(Z,QY) = 0.

Using (3.5) and (3.11) in (4.3), it follows that

r—n':n—i}l::n:"“ -

o) —
o HE) =0

which gives h(Z,¥) =0, provided T = nin—1) {fx: — p). Hence the manifold N is totally geodesic provided
rznln—1) {fx: — p). The converse statement is trivial and therefore the theorem is proved.

(4.4)

Theorem 4.2. Let N be an invariant submanifold of a (LCS),-manifold M with the condition that the ambient
manifold satisfying P(&,X)5 = 0. Then C(X,¥).Vh = 0 holds on N if and only if N is totally geodesic
provided 1 # ]’i'.{]'?. — 1) {rx‘ — p:l.

Proof. Let N be an invariant submanifold of a (LCS),-manifold satisfying C(X,¥).Vh = 0 such that
r = n(n — 1) (a® — p) with the condition that the ambient manifold satisfying P(&, X)5 = 0. Then we get
—(Vh)(Z,c(X,Y)U, W) — (VR)(Z, U, C(X, V)W) = 0.

Putting X = U = £ in (4.5), we get

(4.6)

RE(EY)(VR)(Z,E, W) — (VR)(C(E, V)Z,E, W) — (VR)(Z.C(E V)&, W) — (VR)(Z,¢, Cc(E, )W) = 0.
By virtue of (3.4), (2.17), (2.18) and (3.5), we get

4.7
(VR)(C(E,Y)Z,E W) = [ﬁcié’,r}zh)(fr W) = Vienh(§ W) - h[?dar}zf’ W) —h(g ?CEEY}ZW) =

~ah(pC(E)Z,W) = a = EDE Ly () h(pr, W) — (D R(pey W),

g

(mn—2)

4.8)
[ﬁh] (Z,C [:E;'-, Y:] f: W:] = [ﬁzh] [:C[:E;'-, Y:] f: W:] = ?Eh(c(& Yj ‘f-r W:] - h(?zc(& Yj fr W:] -
R(C(E 7)E, VW) = .

oo Vzh (W) — h(V,(n(Y) + V), W) — h(Y, V,W)] = T— = [Vz (Y, W) — h(V, (nn(Y)$ +

P]r W:] - h[:}", IIFZ];""""r]] - m [?Eh(QY, W:] - h[?ZQY:Wj - h(QPr?ZW:]]

and
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(4.9)
(VR(Z.E,cE.VIW) = (VR)(E CEYIW) = Vzh(E CEYVIW) —h(V L C(E V)W) —

B(E, V,C(E VW) = —h(V,8,C(, V)W) = —ah(9Z,C(EVIW) = a0y (yryn(gz, v) -
——1(W)h($Z,QY).

Taking account of (3.12), (3.5) and (4.7) — (4.9), we get from (4.6) that

(4.10)

—aR* (£ Y)R($Z,W) — a =" ff n(2)h(eY,W) + —=n(Z2)h(¢QY, W) —

m[v h(Z,W) — h(vz(nn(ifijr Y),W) — h(i’,?ZW]]—i-

s - 2 [VEh(Y, W) — k(T (n(V)E +¥), W) — (Y, 7, W)] + =5 [VEh(QY, W) — h(V,QY, W) —
QY. 7w Tl e (Wh(ez,¥) +; ﬂ}n(WJh[qbz Qv) = 0.

Putting W = ¢ in (4.10) and using (3.5) and (3.10), we get
r—(n- 1}[:{

Putting (3.11) in (4.11), we get
4.12) 2a %h(? $Z) =0,

which implies that
(4.13) h(¥,¢Z) =0,

provided T # n(n — 1){a® — p), since @ # 0. Replacing Z by @Z in (4.12) and using (2.8) and (3.5) get
h(¥,Z) =0, provided T * nin—1) {Gﬂ: — p), since @ = 0. This gives that N is totally geodesic. The
converse part of this theorem is obvious. Therefore, the proof is complete.

5. INVARIANT SUBMANIFOLDS OF (LCS),-MANIFOLDS SATISFYING C(X,¥).h =0 AND
C(X,Y).¥h =0 WITH THE CONDITION THAT THE AMBIENT MANIFOLD SATISFYING
P((X)5=0

This section deals with invariant submanifolds of (LCS),-manifold satisfying C(X,¥).h =0 and
C(X,Y).Vh = 0 with the condition that the ambient manifold satisfying P(£,X)5 = 0.

Theorem 5.1. Let N be an invariant submanifold of a (LCS),-manifold M with the condition that the ambient
manifold satisfying P(&,X)S = 0. Then C(X,¥).h = 0 holds on N if and only if N is totally geodesic
provided a’ = p.

Proof. Let N be an invariant submanifold of a (LCS),-manifold satisfying C(X,¥).h =0 such that
a® # p with the condition that the ambient manifold satisfying P(&, X)S = 0. Then we get

(5.1) RE(X, VIR(Z,U) — h(C(X,¥)Z, U) — h(Z,C (X, Y)U) = 0.
Setting X = U = & in (5.1) and using (2.19) and (3.5), we get
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(52)h(Z,C(¢,Y)E) =0.
By virtue of (2.20), it follows from (5.2) that

5. 3) h(z ¥)+n

"}
By virtue of (3.5) and (3.11) in (5.3), it follows that

(5.4) n—

:ﬂr

which gives h(Z,¥) = 0, provided @® # p, since n # 0. Hence the submanifold N is totally geodesic provided
a® # p. The converse statement is trivial and therefore the theorem is proved.

Theorem 5.2. Let N be an invariant subman_ifold of a (LCS),-manifold M with the condition that the ambient
manifold satisfying P(&,X)5 = 0. Then € (X,¥).Vh = 0 holds on N if and only if N is totally geodesic
provided at = p.

Proof. Let N be an invariant submanifold of a (LCS),-manifold satisfying C(X,¥).Vh =0 such that
a® £ p with the condition that the ambient manifold satisfying P(£, X)5 = 0. Then we get

(5.5)

RL (X, Y)(Vh) (Z,U, W) — (Th) (C(X,V)Z,U,W) — (Vh) (Z,C(X,Y)U, W) —
(VR)(Z,U,C(X,Y)W) = 0.

Putting X = U = £ in (5.5), we get

(5.6)
5-{{;?}{?hj{2,§;ﬁ{)——{ﬁh]{ﬁ(f,Y]E,f;M{)——{?ﬁj{Z,ﬁ{X}?jf,Hf]——{ﬁhj{Z,E,ﬁ(f;YjDVj =

By virtue of (2.19), (2.20), (3.4) and (3.5), gives

(5.7)

(VR)(C(EY)Z,EW) = {ﬁ.:‘.;;f}zh){f, W) =

?a.;—mh{f W) — h{?c%zf W) = h(&Veien W) = —ah(¢CEYIZW) =
« ) DRy, W

(n

(5.8)
(VR)(Z,C(&,Y)EW) = (V) (C(E,Y)E W) = VZh(C(E,Y)E,W) — h(V,C(EVIE,W) —
h('f{f Y?f v, W) =

= [v h(Y, W) — h(V,¥Y, W) — h(Y,7,W)] +m n{}'jh{qbz W) —

5 [VzR(QY, W) — h(VoQY, W) — h(QY,V,W)]

En—!
and
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(3.9)
(VRI(Z,§,CEVIW) = (V) (E CEYIW) = Vzh(E, C(EVIW) —h{?zf ﬂ(f VIW) -
h(EVCEW) = —h(V,€, C(EYVIW) = —ah($Z,C(§, W) = H{W)h(tﬁz Y) -

0 (W)h(4Z,QY).

Taking account of (3.12), (3.10) and (5.7) — (5.9), we get from (5.6)
(5.10)
—aR-(E,Y)h(pZ, W) + a

[v R(Y, W) —
h(V,Y, W) — (Y, v W)] — na =2 n{Y“J h(Z, Wj

h(QY, V,W)] + a- = 0.

Putting W = & in (5.10) and using (3.5) and (3.10), it follows that

Ina l.ﬁ:

(5.11) P’h{Y $Z) =0,

which gives h{Y, $Z) = 0, provided & # p, since m # 0 and @ # 0. Replacing Z by ¢Z in (5.11) and
using (2.8) and (3.5) get A(¥,Z) = 0, provided &® = p, since n # 0 and & # 0. Hence the submanifold N is
totally geodesic. The converse statement is trivial and therefore the theorem is proved.

6. INVARIANT SUBMANIFOLDS OF (LCS),-MANIFOLDS SATISFYING E{X,ﬂ-h =0 AND
E{X ,}’:I.ﬁh =0 WITH THE CONDITION THAT THE AMBIENT MANIFOLD SATISFYING
P(£X)S=0

This section deals with invariant submanifolds of (LCS),-manifold satisfying B(X,¥).h =0 and
B(X,Y).Vh = 0 with the condition that the ambient manifold satisfying P(&, X)5 = 0.

Theorem 6.1. Let N be an invariant submanifold of a (LCS),-manifold M with the condition that the ambient
manifold satisfying P(&,X)S = 0. Then B(X,Y).h = 0 holds on N if and only if N is totally geodesic
provided 2(1nn — 3)(a” — p) = (2p — 4).

Proof. Let N be an invariant submanifold of a (LCS),-manifold satisfying B(X,¥).h =0 such that
2(n — 3)(a® — p) = (2p — 4) with the condition that the ambient manifold satisfying P(&, X)S = 0. Then
we get

6.1) R~ (X, Y)h(Z,U) — h(B(X,Y)Z,U)—- h(Z,B(X,Y)U) = 0.
Setting X = U = & in (6.1) and using (3.5), we get

(6.2) h(Z,B(E,Y)E) = 0.

By virtue of (2.22), it follows from (6.2) that

(2p—4)+4(a® -

(6.3) —

(n+3)

Using (3.11) in (6.3), we get
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201 - 3)(a® — ) — (20— 9)
(n+3)
which gives h(¥,Z) = 0, provided 2(n — 3)(a® — p) = (2p — 4). Hence the submanifold N is totally

geodesic provided 2(n — 3)(a® — p) = (2p — 4). The converse statement is trivial and therefore the
theorem is proved.

h(Y,Z) =0,

Theorem 6.2. Let N be an invariant submanifold of a (LCS),-manifold M with the condition that the ambient
manifold satisfying P(&,X)5 = 0. Then B(X,¥).Vh = 0 holds on N if and only if N is totally geodesic
provided 2(n — 3)(a* — p) = (2p — 4).

Proof. Let N be an invariant submanifold of a (LCS),-manifold satisfying B(X,¥).Vh = 0 such that
2(n — 3)(a® — p) = (2p — 4)with the condition that the ambient manifold satisfying P(&, X)5 = 0. Then
we get

(6.4)

RY(x,Y)(VR)(Z,U, W) — (VR)(B(X,Y)Z,U, W) — (VR)(Z,B(X, " U, W) —
(Vh)(Z,U,B(X,Y)W) = 0.

Putting X = U = £ in (6.4), we get

(6.5)

g-(f,FJ(?hJ(Z,E,W) — (VR)(BEZ,EW) — (VR(Z,B(EYIEW) — (Th)(Z,§,B(E,YIW) =

By virtue of (2.21), (2.22), (3.5), (3.11) and (3.10), we get

(6.6) _

(VR(B(E,Y)Z,EW) = (Vg h)(EW) =

FEEE.F}ZMS’C’ W):I - h(vaif.r'}zfr W} - h{‘f’ vBEE.Y}zW) = —ah(¢pB(E.Y)Z, W) =
PR TP p(2)R(PY, W) — == (Z) h($QY, W),

(mn+3) (m+3)
(6.7)
{ﬁh]{zrﬂ‘{%—:na Wj = {ﬁzh]{B{%-JYj{JW] = ?Eh{g{é—: ij: Wj - h{?ZE{E: ij: Wj -
h(BEDETW) = e
LIRS P UL A(Y, W) — h(V,Y, W) — h(Y,V,W)] — a T2 (V) h(6Z, W) —
EniE} [Vzh(QY, W) — h(V,QY, W) — h(QY,V,;W)]
and
(6.8)

h(§V-B({,YIW) = —h(V;{,B(E,YIW) = —ah(¢Z, B({,VIW) =

Cp L0 L (WIR($Z, Y) — 2 n(W)R(SZ, QY).

(m+3)

(m+3)

Taking account of (2.7), (3.12) and (6.6)-(6.8), we get from (6.5)
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(6.9)
—aR=(§,Y)h(PZ, W) — «

(2p—4)+4(a®-

(2p—4)+ 4|:rx"1‘ —p

Ln@h(eY, W) + o n(DR(6QY, W) —
n(V)R(GZ, W) —

(n+3)

295 h(Y, W) — h(T,Y, W) — h(Y,7,W)] + a

[2p —4}—2(5:1—,9](?2—3}

(n+3) (n+3)
(zp-4) +4(a®-p) 2
a T E (W) h($Y,2) + — [V3h(QY, W) — h(V,QY, W) — h(QY, V,W)] +
—=n(W)h($Z,QY) = 0.

Putting W = & in (6.9) and using (3.5) and (3.10), it follows that

(Zp —4:'+4|iﬂiz_ﬂ:| [h{Y, 'i;lzj + h{‘iJY’Z)] — o [h{ti}lZ,QY) + h{QY; tiJZ]] =

(n+3)

(6.10) cx

(m+3)
Replacing Z by ¢Z and using (2.8), (3.5) and (3.11) in (6.10), we get

(2p —4}—2{5:1 —p:ll.',n -3

6.11) @

=) h(Y,Z) =10,
which gives h(Y,Z) =0, provided 2(n — 3]{0:2 —p) = (2p — 4), since & = 0. Hence the submanifold N
is totally geodesic provided 2(1n — 3){a® — p) = (2p — 4). The converse statement is trivial and therefore
the theorem is proved.
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