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ABSTRACT 

For a graph , the Degree Splitting Graph  is obtained from  by adding a new vertex  for each 

partition of  that contains atleast two vertices and joining   to each vertex of . 

If there is an injective function   such that an induced edge function 

 defined by  or  is bijective, then a graph 

 with  vertices and  edges is called a square harmonic labeling. A graph which admits a square 

harmonic mean labeling is called a square harmonic mean graph. In this paper we prove the Degree Splitting of 

Square Harmonic Mean graphs. 
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1. INTRODUCTION 
All graphs considered here are simple, finite, connected and undirected graph. A graph labeling is an assignment 

of integers to the vertices or edges or both based on certain conditions. The concept of square harmonic mean 

labeling was introduced by L. S. Bebisha Lenin,              M. Jaslin Melbha
 
[1]. We adhere to Harary’s [3] 

conventions for all other terms and notations. Sandhya S.S, E. Ebin Raja Merly and Deepa [4] introduced Degree 

Splitting of Heronian Mean Graphs. The aforementioned studies served as our inspiration as we introduced a 

Square Harmonic Mean Labeling for Degree Splitting of special graphs. 

Definition 1.1. The Fork graph is a tree with 5 vertices and 4 edges. It is also called Chair graph. 

Definition 1.2. The Bull graph is a planar undirected graph with 5 vertices and 5 edges in the form of a triangle 

with two disjoint pendant edges attached to disjoint vertices. 

Definition 1.3. The Fish graph is a planar undirected graph with 6 vertices and 7 edges in the form of cycles  

and  adjoined by a common vertex. 

Definition 1.4. The Butterfly graph is a planar undirected graph with 5 vertices and 6 edges and can be 

constructed by joining 2 copies of the cycle graph  with a common vertex. 

Definition 1.5. The Cricket graph is a planar undirected graph with 5 vertices and 5 edges in the form of a 

triangle with two disjoint pendant vertices attached to same vertex. 

Definition 1.6. The Eiffel Tower graph is a planar undirected tree with 7 vertices and 7 edges. 

2. Main Results 

Theorem 2.1. Degree splitting of Eiffel Tower graph admits a square harmonic mean graph. 

Proof. The degree splitting of Eiffel tower graph is shown below. 
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Let  be an Eiffel tower graph. Let  be the vertices of cycle  and  be the pendant vertices. Let 

 be the path  joined in cycle . Let  be the common vertex of  and . Identify  and  as . 

Let  be the newly added vertices that contains atleast two vertices to form the same degree. Then 

 and          

. A function                      

 is defined by , ,  , 

, , . The corresponding induced edge labels are 

, , , , 

, , , , . 

Thus  is bijective. Therefore, degree splitting of Eiffel tower graph admits a square harmonic mean graph. 

Illustration 2.2. The image below displays a square harmonic mean labeling for degree splitting of Eiffel tower 

graph. 

 
Figure I. Degree splitting of Eiffel Tower graph 
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Theorem 2.3. Degree splitting of fork graph admits a square harmonic mean graph. 

Proof. The degree splitting of fork graph is shown below. 

 

Let  be the vertices and  be the newly added vertex that contains atleast two vertices to form the 

same degree. Let  and                    

. A function                       

 is defined by , . The corresponding induced 

edge labels are , ,      , . 

Thus  is bijective. Therefore, degree splitting of fork graph admits a square harmonic mean graph. 

Illustration 2.4. The image below displays a square harmonic mean labeling for degree splitting of fork graph. 

 
Figure II. Degree splitting of Fork graph 

Theorem 2.5. Degree splitting of Bull graph admits a square harmonic mean graph. 

Proof. The degree splitting of bull graph is shown below. 
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Let  be the vertices of . Let  be the pendant vertices attaching to any two vertices of  

and  be the newly added vertices that contains atleast two vertices to form the same degree. Let 

 and                  

. A function                       

 is defined by , , 

. The corresponding induced edge labels are       , 

, , , 

. Thus  is bijective. Therefore, degree splitting of bull graph admits a square 

harmonic mean graph. 

Illustration 2.6. The image below displays a square harmonic mean labeling for degree splitting of bull graph. 

 
Figure III. Degree splitting of Bull graph 

Theorem 2.7. Degree splitting of fish graph admits a square harmonic mean graph. 
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Proof. The degree splitting of fish graph is shown below. 

 

Let  be a fish graph. Let  be the vertices of cycle  and  be the vertices of cycle . Let 

 be the common vertex of  and . Identify  and  as . Let  be the newly added vertex that contains 

atleast two vertices to form the same degree. Then  and 

 . A function 

 is defined by , , , 

. The corresponding induced edge labels are , , 

, , , ,                 

. Thus  is bijective. Therefore, degree splitting of fish graph admits a square 

harmonic mean graph. 

Illustration 2.8. The image below displays a square harmonic mean labeling for degree splitting of fish graph. 

 
Figure IV. Degree splitting of Fish graph 

Theorem 2.9. Degree splitting of Cricket graph admits a square harmonic mean graph. 

Proof. The degree splitting of cricket graph is shown below. 
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Let  be a cricket graph. Let  be the vertices of triangle and   be the two disjoint pendant vertices 

attached to the same vertex . Identify  as . Let  be the newly added vertices that contains atleast two 

vertices to form the same degree. Then        and 

.             A function  is defined 

by ,   ,        , . The 

corresponding induced edge labels are , , 

,              , . Thus  is 

bijective. Therefore, degree splitting of cricket graph admits a square harmonic mean graph. 

Illustration 2.10. The image below displays a square harmonic mean labeling for degree splitting of cricket 

graph. 

 
Figure V. Degree splitting of Cricket graph 

Theorem 2.11. Degree splitting of Butterfly graph admits a square harmonic mean graph. 

Proof. The degree splitting of butterfly graph is shown below. 
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Let  be a butterfly graph. Let  and  be the vertices of 2 copies of cycle  and  be the common 

vertex of . Let   be the newly added vertex that contains atleast two vertices to form the same degree. Then 

 and                          .  A 

function  is defined by , , 

, . The corresponding induced edge labels are , 

, , , 

,                  . Thus  is bijective. Therefore, 

degree splitting of butterfly graph admits a square harmonic mean graph. 

Illustration 2.12. The image below displays a square harmonic mean labeling for degree splitting of butterfly 

graph. 

 
Figure VI. Degree splitting of Butterfly graph 

CONCLUSION 
Here we have investigated the behaviour of degree splitting of some graphs like Fork graph, Bull graph, Fish 

graph, Butterfly graph, Cricket graph, Eiffel Tower graph are square harmonic mean labeling. 
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