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ABSTRACT

In this paper, we deduce some differential subordination and strong differential subordination of subclasses of
multivalent functions subordination outcomes involving the generalized differential operator we have introduced
new classes by using subordination and we have obtained coefficient estimates and properties which contains
Distortion and Growth theorems, radius of starlikeness and radius of convexity, and other related results for
KEM(A B, 6,p)and M(A, B, a,d,p) for certain multivalent analytic functions in the open unit disk. These
outcomes are applied to obtain differential sandwich theorems.
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INTRODUCTION
LetD o denoted the class of functions of the form
f(z) =z + E;Tz?,ﬂ a,z" (pmEN={12,.0)z €U (1.1)

For the function f € D, givenby (1.1)and g € D, defined by

g(z) = zP + E;C=*p+1bn z",

The Hadamard product (or convolution) of f and g is given by

(f = g)(2) = 28+ Eispsra, 2™ = (g = f)(2) (1.2)
Motivated essentially by M. K. Aouf [6], Shams et al. [3] introduced the operator I;: @p—> @p as follows:

pt+l

I;[f[z:]) =zF + 2, (m)“‘ sz P, @ER (1.3)

Using the above definition relation, it is easy verify that the operator becomes an integral operator
_ (p#1)® o= =
() =15 [, (l0g7)% as,z* +p f(8)dt, fora >0 (1.4)

I5(f(2)) = f(z), for a=0,

and, moreover

(p + DLf(2) = 2572 f(2)) + LTH(f(2)) for a e R

We mention that the one- parameter family of integral operator I* = I{* was defined by Salagean [4].

DEFINITION (1.1.1):

Letlbeasetin Candg € @y N u[0,p] and A = —p. The class of admissible functions # [{1,q] consists of
those functions @: €% X U X T — ( that satisfy the admissibility condition:

Copyrights @ Roman Science Publications Ins. Vol. 5 No.2, June, 2023
International Journal of Applied Engineering & Technology

212


mailto:nagalaxminakeertha@gmail.com

Vol. 5 No.2, June, 2023
International Journal of Applied Engineering & Technology

Ou,v; z,&) € 0, (1.5)
Wheneveru = gq(§),v = p + 1,
and

(p+ Mlp+1)— 2v + ul—=v — 3u} {:}'qrr(:}j }
Re { PEET— } = k Re TR + 1, (1.6)
zE€ UEE JU\NE(qg),& € Uandk>p.
THEOREM (1.1.1):
Let @ € €,.[0,q]. If f € Dp satisfies
@IF2f(2) 15 f(zsze WEETU} 0, (1.7)
Then
() < a(2).
PROOF: By using (1.5
we get the equivalent relation
- _ =T + BT
I (f(z))= e (1.8)
a1 _ =z ) +I5F()
I (f(2) = e (1.9)

z [ E[ (g i 77 E[ (g I

(!:—1)(:[:2:] :]f — -.‘!-,_.f-. :':' + -.-'!-,_.f-. :':' (110)

pt+l
Assume that F(z) = I, f ().

z(F'iz)+ Flz))

-1 —
Then I; " f(z) = w1 D

Therefore

- i - ¢
- _ =z ((gr=) +20Fr=) z(GF=)) +IF(=)
LfE) =0 { Pt 1) + r+1)
Then we have by (1.8)

-z (F'(2)+(z+1) =z F (=) +F (=) (F'(z)+F(z)
f; f[:Z:] __= {z sl+iz+1l=F (= = } = = E

(p+1) (p+1) (p+1)
= - 1 {EEI:F”':E}'F':-'B"FIJEF“:B’:'-FFI:E:I:I} (1.11)
(p+1) (p+1)
Let
s+ t+(z+1)s+r
u=r,v=———m>w = o
(p + 1) r(p + 1)°

Assume that

Y(r,s zé) = 0(wv; z,¢) = O (r,

T t+(z+1)s+r
(p+1) " rip+1)®

; z,8). (1.12)
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By using (1.8) and (1.9), we obtain

W(F(2),zF' (2),2°F"(2); 2, &) =0 (IS f(2). 15 F (2. 1573 f (2); z.&} (1.13)
Therefore, by making use (1.7), we get
W(F(z),zF' (2),z*F"(z); z, &) € Q. (1.14)

Also, by using

_[t+ (z+ 1)s + 1)
W r(p+1)2
and by simple calculations, we get

((p+ 1 (p+1)— 2v +ul—zvr — Juliz—1)))
((p+ 1)2v — 5u)

(1.15)

and the admissibility condition for @ € #[f, q] is equivalent to the admissibility condition for 1’ then,
F(z) < q(2).

Hence, we get

IF2f(2) < q(2).

If we assume that 1 # Cis a simply connected domain. So, £ = h{U), for some conformal mapping h of L
onto £1. Assume the class is written as ®[h, q]. Therefore, we conclude immediately the following theorem.

THEOREM (1.1.2):

Let® € @[h,q].If f € D, satisfies

@I f(@. 177 f(2): I7f(2): z € U.E } << h(2), (1.16)

then Iy £ (2) < a(2).

The next result is an extension of Theorem (1.1.1) to the case where the behavior of g on @1 is not known.
COROLLARY (1.1.1):

Let R C, g be univalent in U and q(0) =0. Let @ € ¥[,q,] for some p € (0,1), where
q,(z) = q(pz).If f € D, satisfies

BT F(2) 5 (2) f(2); 28} << Q (1.17)

then

I;7f(2) < a(2).

THEOREM (1.1.3):

Let h and q be univalent in U, with g(0) =0 and set q,(z) = g(pz) and h,(z) = h(pz). Let
@: C* x U x T — Csatisfy one of the following conditions:

()@ € #[0,q,]forsomep € (0,1)or
(2) there exists pg € (0,1) suchthat @ € @[h,.q,] forallp € (p,.1).
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If f € Dsatisfies (1.16), then

152 (2) < a(2).

PROOF:

Case (1): By using Theorem (1.1.1), we get

I;_‘f[z:] < q,

Since

q,D < q(Z)a

then we get the result.

Case (2):

Assume that F(z) = I7f(z) and Fp(z) = F(pz). So,
O(Fp(z).zE, (2). 2°F," (2).pz) = O( F(pz).zF'(pz),z* F"(pz),pz) € hp(W).
By using Theorem (1.1.1) with associated

@( F(z),zF' (z:],z2 F'),w(z)) € 0, where w is any function mapping from U onto U, with w(z) = pz, we
obtain F(z) < q,(z) for o € (pg.1).

By letting 2 — 1, we get
;72 (2) < < q(2).
The next theorem gives the best dominant of the differential subordination (1.13).
THEOREM (1.1.4):
Let h be univalent in U and @: €% X U X T — €. Suppose that the differential equation

e’ @)ralz) 1 [F(e"D+Ha+0:0'(400)

has a solution g with g{0) = 0 and satisfy one of the following conditions:

(g € Qpand @ € @, [h.q].

(1.18)

(2) g is univalentin U and @ € P, [h,q,] for some p € (0,1).

(3) q is univalent in U and there exists /5 € (0,1) such that @ € ¥.[h,.q,] , for all p € (py,1). If
f € D, satisfies (1.16), then f;_zf(z] < g(z) and q is the best dominant.
PROOF: By using theorem (1.12) and theorem (1.13), we get that q is a dominant of (1.16). since q satisfies

(1.18), it is also a solution of (1.16) and therefore by the help of (1.16) q will be dominant by all dominants of
(1.16). Hence, q is the best dominant.

DEFINITION (1.1.2):

Let 2 be a set in © and M = 0. The class of admissible functions #; [{},M] consists of those functions
@: €% x U x T — Csuch that
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if |:k+1:h'-’:|'9[6
0 (Me o z¢) € 0 (1.19)

wheneverz € U, & € U k= 1.

COROLLARY (1.1.2):
Let® € 2[AM].If f € Aand f € D,satisfies that

L O(I87Yf (2 ),15F (2 ); z.8) € Q. then IS 1f(z) < Mz,

IL O(IE f(2)15f(z); z.€)  then IS f(z) < M

COROLLARY (1.1.3):
Let M = 0, and Let C(£) be an analytic function in U with Re{¢C({)} = Ofor ¢ € AU If f € D,

satisfies

0((p + DIFF(2)-FIEf(2)+CE) | < M,
Then

I F(z)| < M.

PROOF:
From Corollary (1.1.2) by taking @(w,v,z, &) = (p + 1)v — A"u + C()and 1 = h(U),

where h(z) = Mz. By using Corollary (1.1.2), we need to show that
@ € [0, M], that is, the admissible condition (1.19) is satisfied. We get

g (k4 1M
@ (Me ot i 2,¢)

=|(k + 1) Me™ — W*Me® + C(&)
=|(k — ) Me® + C(&)| = (k — 2*) M + Ref{ke—i6} + Re {C({)e —if} = AM> .

Hence by Corollary (1.1.3), we get the result.

DEFINITION (1.1.3):
Let 2 beasetin Cand g € [0,p] with g'(2) # 0. The class of admissible functions @' [£1,4] consists of those
functions @: €2 X U X T — C that satisfy the admissibility condition:

O(ww; {,&) € Q (1.20)
B _ Zzar(m +ala)
whenever u = g(z),v = EEErTT—
and
(p+ {lp+1)— 2v + ul—zv — 3u) } 1 { ' }
Re{ T = 2 Re{Z 2 41 (1.21)
zE€ U{ € IUNE(q),& € U andm = p.
THEOREM (1.1.4):
Let® € @ [hq]l.If f € D,IF f(z) € Qpand
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O f(z )5 f(z ) 2.8)

is univalent in L,

Then

Q € QU (2 ) IEF (2 )i 2.8)

implies that

a(2) < IEHF(2).

PROOF:

By (1.13)and @ © {@(IF ' f(z ), I5f(2)} (z € WE € W),
we have O © {Y(F(z),zF'(z),z,&)(z € U, & € U)}.

(s++)
(p+1)
condition for y. Hence, ¥ € ¥'[f,q] and so we have

q(z) < IF7f(2).
The following Theorem is an immediate consequence of Theorem (1.1.5).

THEOREM (1.1.5):
Let g €Eu[0,p], h be analytic in U and @ € ®,[hg] Iff € :Dp,f;_lf[Z] € @y: and
{El[f,f_lf[z VIgf(z )i z € U & € U} is univalentin U,

then

h(z) << {@(I;_lf[z :],I;f(z:]; z € UE € U} (1.22)
implies that

q(z) < I577f(z).

THEOREM (1.1.7):
Let h be analytic in U and @: €2 x U X 71 — C. Suppose that the differential equation

0(q(=), D 2 8) = h(z), hasasolution g € Qo .1f € #i[hal.f € D, f(z) € Q

and {O(I;~ f(z ).I;f (2 ); z.&)is univalentin U,
then h(z) << O(I1Z71f (2 ),18f(z ); z,€) (1.23)
implies that q(z) < I~ 1f(z ), and q is the best dominant.

PROOF:
The proof of this Theorem is the same of proof Theorem (1.1.4). Theorem (1.1.2) and Theorem (1.1.5), we
obtained the following Theorem.

Fromu =1, v = we see that the admissibility for @ € @',.[Q,q] is equivalent to admissibility

THEOREM (1.1.8):
Let h; and q; be analytic functions in U, h, be a univalent function in U, g, € Q, with g1(0) = g,(0) = 0 and
0 € @, [hyq,] N 2, [hy,q4] If f eD, f;_lﬂiz] € ul[0,p] N @y and

@U:_lf(g :J;f;f[ﬁ ); z,&) is univalent in U,
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Then

hy(z) << OIS f(z2)I5f (2 ) z.€&) << hy(2), (1.24)

implies that

g,(z) < [;‘1_;"(2) < q,(2).

Some Applications of Differential Subordination Involving Hadamard Product
Let© » denoted the class of functions of the form

flz)=2F + E7oya,,,2"7 (a,20p E N ={12,..) z€U (129
For the function f € D, givenby (1.1)and g € D, defined by

g(z) = 2% + Z bnﬂ, Z™FP
n=1
The Hadamard product (or convolution) of f and g is given by
(f * Q’:][:Z:] = zP + E::=1 ﬂ':"z+';:l'E'1":'2+';:|‘E"”-HtJ (126)

Let A, B, o and ¢, §, 7 be fixed real numbers. f(z) € ©(p,1) Contained in
1424z

Lese A B gives L, 5. .(f) < 2 €U (1.27)
ptp—1 H,'.H*p—l
— B v
Lopep() = [1 = o]+ 0 =

Where
- = Mu+p+mn)
HM?: 1 = zF 4 Z e N—
» Sz wet T(utpiml

ty = 0n = 0m =00 =y =1,

+n
a, +pzP

Hence from above relation, we have been obtain

Z(HEPT (@) = (u + p)HEP f(2) — pHETPT F(2) (1.28)

This work is due to the [8] and [5]. Where we have used the techniques of differential subordination to obtain
several interesting properties. A holomorphic function f is said to be close-to-convex of order ¢ (0 < a < 1)
if there exists a convex function b € D (1,1) and a real 8 such that

(=)
RE(m) = ﬂffOTE e U,

THEOREM 1.2.1:
Let the function f(z) € © (p,1). Then

2(2PHLTF(D) = 0+ DETHET f@) — (k + p) EPHLTT ()
(1.29)
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PROOF: we know that

2(HEPEF(D) = (n + p— D) HEPT F(2) - pHETTF(2)

since

ZFHEPE D+ QR -p)HEPT fF@ = (A p-DHEPTIF @D+ (2 - p +
p) ' PHLETPT? f(2)

But owing to
—s ' 2 2— —3 r

(7047772 £(2)) + (2 — DHLT2f(2) = 2P (22 PHETT? f(2)
We obtain
(22723277 £(2) = (v + 0~ D (2273777 f(2)) +@ -+ p) (Z7PHLTT £(2))
Differentiating both sides of above equation we get

2- -2 " - - f 2- - '
(27PHEP2 £(2) = (u+ p— D) (22PHEPT F(2)) —pE@PHETT F(2))
COROLLARY 1.2.1:

Let f(z) € © (p,1). and z 7P HY P71 £(z) is convex univalent function. Thenz R oy P71 f(2) is close-

+p-1 . - -
to-convex of order ——— with respect to Z lpgputeTl f(z).
[(utp) P

PROOF:

Since

222 PHETPTAE)) " = (n + p) (zl_?’:}f;ﬂ_l f[zj} — w (¥ PHLTPTIf(2)) . We obtain

(= Pof P p=)) P P =" 11
@ PP @) T e PR )
Since
2- +p-1
2RI ()
1s a convex function,
X {(#+*p}(sz_p5{;+p_"fu:g}} .'} _ { z(gE—FH;+F—‘- fizn™ }
CUaal P @S el P @)
p+p—2
He {—}
(1 + )
Therefore, by definition of close-to-convex we get the required result.
THEOREM 1.3

Let f1(2).f2(2) € D (p.1), L; 5,5 (f1(2)) < hy(2)and
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L. 5.0(f2(2)) < hy(z), where hi(2), hx(z) are convex univalent in U and if % =0,
p+p>=qg>=4i=0,
+p—12 . ptp oz E5F . .
then £, 5., (FC&7F " (fy * £2)) <= [t & hy(t) = hy(t)dt < hy(t) * hy(t).
PROOF:
Since
”EE,EF,U;J (fl(zjj = hl(zj and "Cz,a",r;p(fﬂ (Zj] =< h’: (Zj
then we have
L5:p(1(2)) * L 5.,(f2(2)) < hy(2) = hy(2)
and, the convolution of convex univalent functions is also the convex univalent function. Now, let
_ +p-2 .
p(Ej - ’cz,a",r;p (Hél i (fl ® ﬁlj (ij:

[1 B I:L:j [H&'.E+F—5 ,:HI;-':+F—5 .:f‘_ gfz;:l |:3:|} + }L[qu'-f+??—5 ,:5{&'-‘+p ':f-_ gfz::l {z}}

=F =F

Then p(z) is holomorphic function and p (0) = 1 in .
By using (1.2), we have

Ap J
p(z) + nip? (z)

= Losep (T2 * £)@D) 425 (Losap TR * £) @)

=(1 = 22) 22 (34777 fi(2) = HETPT (D) + 1 2R (3P f(2) < HETPTR() +

ptp
2 [(1-22) 2P (327 fi(2) * HET L) +
(2 2272 (3027772 £(2) * 3272 £2)) |
(1-22) 272772 fi(2) = 3P R(D)) + o 2P AR < HETPT (D) +
22 (12 22) (Cpzr) (272 fi(2) + HETR f(2) +

2P (AT f(2) « HEPTR(D) + 2 (- 22 P (R f(2) < HEPT () +
2P (HEPT f(2) « HEPTR A (2)]

Ap Ap WEp® - +p-2 . +p—2 P b i
Tt | O LG 5 @)+ [ -5 (- ) +

ptp pip ptp
(1—-p)| 277 (327772 fi(2) = HEPT /(D) +

72— -2 ) -2 "
2R(HETPT? fi(2) = HETT ()
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Now

Ls,é,r;p (fl [z:]:] * ’cz,a",r,*p (fz (Zj]
= l(l — :%) (z —F (:}{éH'p—E fi (z)= :‘%zl—?’ (;}{é*ﬂ:—z fi (zj)f})l ® [(z -z (qu.¢+'p—2 £ (2) *

2 e (sl (zl))lz (- 2) 2 (32272 A+ 30277 £, ) + 2 (1

ptp ptp

Z ¥
A\ A gptp-2 . ptp—2 ' Ll W e T . ptp—2 !
#+?=) #+¢=H‘T fi(2) (Hﬁ' fg[z]) + (,l_.a+-p) zm T H, fi(2) (Hq fz[z]}

(1_%)22—¢: (Hq.'.i+'ﬂ—2 fj_(E]*Hépr_: fg[zj}+ [2(1_%)21_¢, (:%)2]21_?’:}[?"'?’_2 fj_(z]*

[H§+p—: fz(zj)f + (:;iﬂ}z 2P (Hgﬂn—z fl(zj :ec:j'{;lw—ﬂ fz(zj)

Then we get

e

ZHYE o BEYE
D) + 22 (2) = Loy (i(D) * Losrs () <hi(@) » @) p(2) <5227 [JE 7 h®) » havydt
< hy(®) * ha(d).
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