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ABSTRACT

In this paper, we have obtained a characterization result via linear regression of order statistics from
overlapping samples for a general form of distribution which includes the triplet of Power function, Pareto and
Exponential distributions. Product moments of the two non-adjacent order statistics from overlapping samples for
a general form of distribution are also obtained.
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1. INTRODUCTION
Let Xq,X,,.., are independently and identically distributed random variables. Further suppose that

Xin £ Xop £...< X, denote the order statistics for the sample of size n>1. In this paper we have characterize a
general form of continuous distribution functions

F(x) =1-[ax+b]° (1.1)
through the linear regression of order statistics from overlapping samples i.e. using the linear regression
E[Xgm | Xpn =X]=agx+by, 1<s<m, 1<r<n, s2r, m<r. (1.2)

The distribution (1.1) contains the triplet of Power, Pareto and Exponential distributions. We have also obtained
the product moments E[X 2, Xd,] for the distribution (1.1).

For the case m=n, many characterization results have been obtained by different researchers for both adjacent
and non-adjacent order statistics. References may be made to Fisz [10], Rogers [21], Ferguson [8], Ferguson [9]
Ahsanullah and Wesolowski [1], Dembinska and Wesolowski [5] Lépez-Blazquez and Moreno-Rebollo [16] and
many more. Dembinska and Wesolowski [6], characterized the triplet of exponential, Pareto and Power
distributions for m=n. For m=n Khan and Abu-Saleh [15] have characterized a general form of distribution by
the adjacent order statistics which was further obtained for non-adjacent order statistics by Khan and Abouammoh
[13].

For the case m=n, a less work have been done yet. Ahsanullah and Nevzorov [2] characterized the triplet of
Power, Pareto and Exponential distributions for r =s=1 and m<n. Wesotowski and Gupta [22] considered only
a special case s=m=1. Dotegowski and Wesotowski [7] have shown that for s>r, m<n, the linearity of
regression (1.2) holds for the triplet of Power, Pareto and Exponential distributions. They have shown that for
Power distribution a <1, for Pareto distribution a>1 and for Exponential distribution a=1.

In Section 2 of this paper, we have given a unified approach for the characterization of all the triplet of Power,
Pareto and Exponential distributions through the linear regression (1.2) in one result by just characterizing the
distribution function (1.1). For this we have exploited the very useful result of Dotggowski and Wesotowski [7]
which is given as:
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Let Xy, X,,..X,; be n independently identically distributed continuous random variables, thus for any m<neN,
1<s<m, 1<r<n, s2>r,

(I —1J(n -1 j
EX e Xpml= | 3 S AM Ve Xl (13)

=)

Further , the product moments of two order statistics from overlapping samples are also obtained in Section 3.
2. CHARACTERIZATION THEOREM
Theorem 2.1. Let X4, X,,..., be a sequence of independently and identically distributed continuous random

variables with df F(x) and pdf f(x) with support (a,B), where a, p may be finite or infinite. Then for 1<r <n,
1<s<m r<s and m<n,

ElXsm [Xpn =X]=aix+by (2.1)
if and only if
F(x) =[ax+b]® where a=0, c#0, xe(ap), F(X)=1-F(x) (2.2)

[k—l}(n—k}

n-m+s{g_1 m=g|k=r-1 c(n—r—j)
Where a; = -

' gs (m] jI:IO c(n—r—j)+1

(il

C sl rd{s-1fm-s 1 L c(n-1+s+1)

h= = Z:O (n] c(n—l+j+1)i1:£c(n—l+s+1)+l'
m

Proof. First we will prove that (2.2) implies (2.1). From khan and Abouammoh [13], we have for the df given in
(1.1)

I-r-1 i I-r-1 i 1.
ElXim [ Xpn :X]:[ Il MJX—E[ > L 11 cin—l+i+d) (2.3)

j=0 cn-r—j)+1 al oo cin=1+j+1),gcn-1+i+1)+1

Substituting (2.3) in (1.3), the relationship (2.1) is established.

We have used Rao and Shanbhag [20] result and Lépez-Blazquez et al. [17] result to show that (2.1) implies (2.2).
For the sake of completeness, we present here these results.

Rao and Shanbhag [20] proved that:
Let IR G(u+Vv)u(du)y=G(v)+c" ae [L] for ueR, =[0,:0), where G:R, —»R=(-wx,) is locally integrable Borel

measurable function and p is a o—finite measure on R, with u({0}) <1, then
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-e"%] ae[L] if 2.4
G(x) = y+a.[ el ae[L]if n=0 ( )Where
Y+B X aefL] if n=0 (2.5)
o, B, y are constantand n is such that
jR eMu(dx) =1 (2.6)

And Lopez-Blazquez et al. [17] have given the conditional pdf of order statistics from overlapping samples as

k-1)'n-k
STEMs—-1 ) \m-s

fxs:mlxr:mzx(y): z fok:nlxr:n_x(y) ' (27)
k=s
m

To prove (2.1) implies (2.2), we have
E[Xs:m [Xp:n =X]=a9x+by
= [P xe, (Ddy=ax+by (2.8)
Using (2.7) in (2.8), we have
[k —1)(n - kj
p StIM(s-1) \m-s

[y > (n] Fx Xy ox (Y)Y = 81X+ by
m

k=s

k-1Yn-k
= jﬁywzm[uj[m_sj (=Nt [F(y)-FEI - Fr™

f(y)dy =
s (nj (k—r—-1)I(n—K)! L Foor (y)dy =ayx+by

n-k
m( J(m] (n-r)! sz(ﬁ(y)J”‘k[l_E(y)J fy

- U (k=r=Dn- )P AF 0 Fo0)  Foo T

Setting F(x)=e™" and F(y) =e “*") we have

3oy
s+tn-m| g_1 - -n! 0 =_1c —(U+V CUaK—r-1 —(n—k+Du _ 1
§ | (nrjn ol F I e 0 g e oy

m

Setting G(v) = F *(e™") and consequently G(u+v) = F (e *Y)), we have

ISOG(U +v)u(du)=c;(v)+ﬁ
&
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(n kj(k 1]
where p(du) = ailslim m _En js -1 i r(i;)lr()r: - k)'[l_ e UKTTe-(—keDugy 2.9)
=S H -
m

For n=0, we have
G(x)=y+a [1-e™]
or  G\)=y+a[l-e"]

or eV =F[y+a(@1-em)]

- ATV
Let y+al-eMV]=z = - l=1-e"=1-(e")" = e :{1——(Z ,Y)} =F(2)
(04 o

= eV =[az+Db]°, where a=—i,, b=1+-L c=—l
o a n

Now, to see the relationship amongst a;, b; and a, b, c, we have from (2.6) and (2.9)

jgoe””u(du)zl

(n kj[k 1j

i8+n—m m-sjis-1 (n—=r)! (—ks1om)u 1.

> & kz=:s [”j (k-r-2)!(n- k)l.f € Pi-e™) du=1
m

Lete V=t = du——%

Thus we have,

(n kj(k 1]
1s+nm sls—1 (n—r)! J‘ nkn(l t)k r1gt =
a2 (n (k=r=Din-k)o

m

(n kj[ ] -
s+n Mim-s (n—r)! S+nm[m_
Z (nj -k koD =y

m

For by, we have from Rao and Shanbhag [20] at v=0, G(0)=vy, at n=0

k (k—lj

sN\s—1)kL e(n—r—j)
[ J jl:[o c(hn—r—j)+1
m

Also [, G(u)u(du)=G(0) +;i
’ i

Copyrights @ Roman Science Publications Ins. Vol. 4 No.3, December, 2022
International Journal of Applied Engineering & Technology

360



International Journal of Applied Engineering & Technology

i“”z‘m[?“_—g(::ﬂ (n—r)! i

a = (n) (k—r—=2!(n—k)!

m

SOF_l(e_u)(l— e—u)k—r—le—(n+k+1)udu =7+ %
1

or

[n—k](k—lJ
15 M {m-s\s-1 (n—r)! o i atinket—1 (kD b
ay kZ::s (nj (k—r—l)!(n—k)![-[o [y +o @-e"™)]a-e™) e du} v+

a1
m

Setting eV =t , we get

s
1SthMim—-s)s-1 (n=r)! 1 kg kerd
" [nJ (k_r‘l)’(n—k)!UO(Y+°‘)t (L-f7 "t

m

_ Ila'tnfk*n (1_t)kfr71dt:| -y ﬂ
0 q

£ iy
is+nfm m-sfis—1 (n—r)! (,Y+(x')B(n_k+]_,|(_r)—(xlB(n—|(—T]+1,k—r)

T A n (k—r-DI(n—k)!
m
[n—kJ(k—lJ
=y oy ammeAstd M=D' _ Bh-k+lk-1)
k=s

(nj (k—=r=DI(n-k)!

m

k—1j

(3_1 (n—=r)!

kZ::S ( j (k—r_l)!(n_k)![B(n_k+lvk_r)_B(n—k—n-i-l,k—r)]:ya1+bl
m

Thus, we get

sl
W STTMim—s \s—1 (n—n)!
by=(y+o) kgs [“J (k_r_1)!(n_k)![B(n—k+1,k—r)—B(n—k—n+1,k—r)]

m
Y ' 1
= a=-—,b=l++,c=-=- =y+a=-—,a=-—,C=——
o a a n
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(n—k}(k —1j
o= Fmm-shs-1) |

1571

Remark 2.1. For n=0 i.e. ¢ — o0, we have by Rao and Shanbhag [20] result
GW)=F ™) =v+BV
or FE(y+pv)=e’

_=v
Substituting y+pv=z, weget F(z)=¢ P

C
Therefore F(z)= {1— Bi (z- y)} as c — o
c

=[az +b]°,

where az—i,, b=1+l,.

pc Bc
(n -k J(k —1}
Thus & :Hfm—m_s st
k=s n
g

To find by, we have by putting v=0

asS C—o0.

ISOG(U)udu =G(0)+ﬂ:y+ﬁ
& q

g+ Bundu =G(O)+ L =y 2
I (y+Bu)udu—G(O)+al "

Y

o
bl_l B_‘s+n7m m=s
T w a nj (k—r—D(n—K)1o

or Y+
dq a1 d K=s (

m

Let e™ =t, we get

wue—(n—k+l)u (1_ e—u)k—r—ldu .
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[n kj[k 1j

ﬂ_l_B_ISJrn_m m-sis-1 (n—r)! 1 n—k g _pyk-r-1

y+al_a1 a X (HJ (k_r_l)!(n_k)!jo(mt)t @-t)*"du
m

(n—kj(k—lj
+ﬂ_l_[3_'5+”‘m m-s)s-1 (n—r)!
Ta Ty a & (n) (k—r-Dl(n—K)!

m

xB(—k+Lk—n)y(n—k+1) —y(n-r+1)],
where y(x) :%Inr(x) [Gradsthteyn and Ryzhik [11], P. 538].

Also from Gradsteyn and Ryzhik [11], P. 945, we have

b1
W= P) () = =2 =
j=L X K]

Therefore, we have

k — 1J
by B m[m SJ[S Yly(n—k+)—w(n—-r+1)]

rY+—==
d A k —s ( j
's+n m s—1 /K
y+ﬂ X +—
& q k S Jln—r+1 i
m

Since gy —»1 as ¢ —oo, We have
[n—kj(k—l]
,S+N—m sl\s—1 /k=r 1
by =p Z 2

n an-r+l-j
m

Remark2.2: For single sample i.e. for m=n, Theorem 2.1 reduces to the result obtained by Khan and
Abouammoh [13].

Examples

1. Power function distribution

—xe 1 0
0[] [ [ e
vV—Lu vV—u vV—Lu
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£
_s+n—m m-s/\s—1 k—r-1 e(n_r_j)
u= Es [nJ 11:[0 Bn—r—j)+1 "

2. Pareto distribution

0 0
EW)={X+8J ={ L X+ o } , U<X<oo,

w+9 w+9o nw+9o
where a:i, b—i, c=-0.
p+9
] ey ko)
s+n m k—-r-1 _ sth-mim— -1
8 = m-— o(n—r—j S1 by =8 a - Y m-s)s '
kzs n ,0 o(n-r-j)-1 s n
m m

3. Exponential distribution

F(x)=e W - x>y
C
=(1_MX_M))’ C—>o0a=-2, p=H

Cc
(n—kj[k—lj
,S+N—m s—1 k—r 1
. 2

Obviousl = )
y a =1, by =p Z an-r+l-j
m
3. Product moments

From Lépez-Blazquez et al. [17], we have the joint density of order statistics from overlapping samples

k—1)'m-Kk
SHTEM s-1 ) n-s

1:Xsmrxr:n(y'x): kz::s (mj
n

fk,j:n(yvx) (3.1)

From Arnold et. al [3] and David and Nagaraja [2004], we have
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n!

~ DT i T TR = PO = RO () (3.2)

fie,rn (¥, %)

Theorem: For 1<s<m, 1<r<n, m<n and for the distribution given in (2.2), s>r

il
Dy d 1 PG E)D+Qs+m—n P q UV s—1ln=s nl 1 0\ q
E[XfnXsm]l= (=D [a IZ:S uz‘bvg‘b( 1 [m] ot Lo v

n

N '(n+1+v/c)l'(n+1+(u+v)/c—r)
'(n+1+v/c—-nT'(n+1+(Uu+v)/c)

(3.3)

Proof: From khan et al. [14], we have

E[xrr?nxan]=<—1)p+‘*(§jp+q L ii(_l)uwb%mm

(=) =ov=o upAv

r'(n+l+v/c-=s)['(n+1+u+v)/c—r)
I'(n+1+v/c-nNI’'(n+1+@u+v)/c)

(3.4)

Now consider
EX X3l = [P[PxPyaty x, (xy)dydx (3.5)

Using (3.1) in (33), we have

[m_k]

P yd 1. n-s P yd

E[Xr:nxs:m]— kZ::S (m] = (mj E[Xl’lnxk:n] (36)
n n

Remark: For single sample i.e. for m=n, (3.3) reduces to the result obtained by Khan et al. [14].

s .
hmMis—1)n-s cenm| 51
Ic[j.[fxpyq fren(x y)dydx = >

Now using (3.4) in (3.6), we get the required result.

Examples
1. Power function distribution

0 0
E(x)z(B_xJ ={—Lx+ P j, a<x<P

B—a —-a —a
Here a=—i, b=—i, c=0 and
B-—a B-—a
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s—-1)in-s

(k —1j(m - kJ
EDX Py 0] = (DPrapPia’ St g s quivisTLAN=S)

k=s u=0v=0 m
n

L o) " (PYA\T(n+1+Vv/0—K)I(N+1+(v+u)/0-T)
-k B ulv) T(n+1+v/0—r)C(n+1+(V+u)/0)

Taking =0 and 6 =1, we get the result for U(0,p) distribution as

[k—l)[m—k]
s+tm-n p ¢ -1 _
EIX X3l = ()PP 3y UiV ST ANTS)

k=s u=0v=0 m
n

n! (p](qj I(N+1+v—K)I(N+1+u+v—r)

X(n—k)! ulv) I'(n+l+v-nNT(n+1l+u+v)

Forp = 1.4 =1 and m = n, we get the result obtained by Malik [19].
And for U(0) i.e. for p=1, we have

(k —1](m - k]
SEMs-1\n-s ) r(k+1)

P 9 71—
E[Xr:nxs:m]— kgs (m] (n+l)(n+2)

n

2. Pareto distribution

-0
E(X):(“+6je:( 1 + o J . u<x<o,

X+ p+d p+d
Here azi, b:i, c=-0 and
n+9 p+9o

ST nl T'(n+1-9/6-K)I'(n+1-(p+q)/6-r)
ks (N=K)!' T(n+1-q/0-r)(n+1-(p+q)/6)

E[Xﬁnxgm]:Hp+q

For m = n, we get the result obtained by Huang [12] and For » = 1.4 =1 and m = n, we get the result obtained
by Malik [18].
3. Exponential distribution

F(x) =[ax+b]°
A
Let az—g, b=1, then we have

lim E(x)=e .
C—o0

Copyrights @ Roman Science Publications Ins. Vol. 4 No.3, December, 2022
International Journal of Applied Engineering & Technology

366



ISSN: 2633-4828 \\VVol. 4 No.3, December, 2022

International Journal of Applied Engineering & Technology

And using the result of khan et al. [14]

stm-ns—r=1r-1"|k _1\'m—-k
E[ernxg.m]:(ljmq plg! g‘s ug'o V%Ts—lj(n—sj(krlj(rlj n!

A u v (n—K)(k—r —1)(r —1)!

y

X n! .
(=K)IK—r=DIr-D!n—r+v+D)*(n—k+u+1P+
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