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Abstract -In the present work, a perturbation of the model
presented by Feng, Castillo-Chavez and Capurro (2000) will be
carried out, where the dynamics of tuberculosis transmission
will be described, where recovery from the disease will be
incorporated. The model will include four epidemiological
populations: Susceptible (S), Exposed (E), Infected (I) and
Infected with treatment (T). This will allow to know how the
interaction that exists with the infected can cause the
permanence of the individuals with the disease. For which, its
qualitative behavior will be analyzed as its evolution in time of
the epidemiological populations for the model by the ordinary
differential equations (ODE) and its perturbation to the dalay
differential equations (DDE). In this way, it will allow us to
know how the parameters influence the spread of the disease at
the point free of infection and with a computational extension
to evaluate an endemic situation.

Keywords—Epidemiology Mathematical. Tuberculosis.
Ordinary Differential Equations. Delay Differential Equations.
Computational Simulation.

Introduction

A perturbation will be made to the Model presented by Feng
et al. [1], as was also done by Palafox[2]. From these
starting points, an introduction can begin with new
guidelines on how the health system has introduced different
forms of prevention and control so that the disease advances
within society. Tuberculosis bacteria are known to spread
from person to person through the air [3].

Copyrights @ Roman Science Publications Inc.

People who are nearby can inhale these bacteria and
become infected. This is the central point of the dynamics
that will represent the mathematical model in the section 11
and 111 of our research[4].

Therefore, we are going to consider the exogenous
reinfection of tuberculosis where it can occur in a previously
infected subject, who, when infected again by another
individual, can in turn become ill again, developing
tuberculosis of the “adult™ type, as express Directorate for
Prevention and Control of Tuberculosis [5], and also
Zuluaga [6]. The prevalence of the different forms of “adult”
tuberculosis depends largely on the prevalence of sources of
infection [7].

In addition, in communities with a high prevalence of
infection, the most frequent types are post-primary
tuberculosis and exogenous reinfection [3]. On the contrary,
in communities with low prevalence, tuberculosis is more
frequent due to endogenous reactivation, as stated by the
institutions Centers for Disease Control and Prevention
(CNE), the Ministry of Health of Peru (MINSA), and
additionally the work of Tincopa and Sénchez [8].

The different forms of “adult” tuberculosis is clinically
and radiologically in distinguishable. Given this fact, a
mathematical model should be proposed that can be
considered the best way to represent the dynamics and how
it can be addressed in an adequate epidemiological
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intervention to reduce the prevalence and spread of
tuberculosis[9].

Mathematical Model Without Delay

We consider the functions S,E,I,T € C1([0;+)).These
functions are non-negative and represent the following
epidemiological populations: Susceptible (S), Exposed (E),
Infected (I) and Infected with Treatment (T). We also
consider the total epidemiological population N), that is,
N =S+E+1+T. In addition, in our model, we consider
parameters that represent epidemiological rates, so their
values are always positive. With these considerations we
propose the model (1). In Section 4, we will present
computational simulations of the Feng et al. model [1].
These simulations will make it possible to generate
interpretations with an epidemiological meaning, and draw
conclusions about how the disease affects both people and
society[10].

As stated in section I, the contagion of tuberculosis
occurs through contact between the infected person and a
susceptible person and that at the same time there may be a
reinfection of the disease (exogenous) that through contact
of an Infected in treatment (T) with another infected (I) can
generate the transition to the exposed population (E) so that
it goes through the disease process again, which we call a
latent period to be able to infect to other people.

In addition, it can currently be considered that there is a
recovery from the disease through the dosage schedules for
the treatment of tuberculosis disease have an initial phase of
two months, followed by the continuation phase in which
several treatment options are chosen, with a duration of 4 or
7 months (for a total of six to nine months of treatment).

According to the hypotheses that have been mentioned,
as expressed by the national institutions[3]-[4] and
international institutions [6], and at the same time, as
evidenced by the works of Alarcon et al. [10], Ibarguen-
Mondragén and Esteva[11], Raimundo and Yang [12], and
finally Ziegler[7], we can perform a diagramming of our
behavioural model of the dynamics of tuberculosis
transmission.

%:A—cﬁ1%+r1E+r21+r3T—uS 5(0) =S,
dE SI EI IT
d_:=Cﬁ1E_PﬁZE_(e‘FH)E_ﬂE"'U&_ » E() =E,
= PPy o+ O — (k+ 7, + dy) —ul 1 =1
%:k[—(r3+d2)T—uT—Uﬁ3% , T =T,
0<cpBy,BaBs0,pko,u,1,1,13,dy,dy <1

A>0

First, we will show the existence of solutions of the
system of ordinary differential equations [1]. Then, since the
system (1) models the dynamics of epidemiological species,
we also show the positivity of the solutions [13]. With these
justifications, the hypotheses of the epidemiological
phenomenon among the four populations that interact in
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society for the proper definition of the Ziegler model will be
guaranteed [7].

On the other hand, we note that the proposed
mathematical model expressed in (1) is non-
homogeneous[14].

Theorem 1.Let function G:R% - R%, where G(X) =
(G, (X), G, (X), G3(X), G, (X))~ with X = (x;, %3, X3,%,),
associated to the system (1), are continuous functions and

aG; . . — .
there are a—if continuous in R%,Vj = 1,4. Then, the function
J

G is locally lipschitz continuous on R%.

Theorem 2. Let functionG: R} —» R} locally lipschitz
continues in Vj = 1,4and satisfice G;(X) =0 for any
x € R}, x; = 0. Then, for each x, € R}, there is a unique
solution X' = G(X) with X(0) = X, € RY where is defined
on some interval [0, b] with b € (0; +0)

Theorem 3. All solutions of the system (1) are bounded in
the long time.

The result obtained with theorems 1, 2 and 3 indicate
that the solution of the system (1) is bounded in the long
time. This means that the feasible region of the system is
obtained.

A
(Z={(S,E,I,T):S+E+I+TS; ; $S20,E=20,1=20,T =0}

I. Qualitative Analysis

After having presented the existence and uniqueness, and
also positivity of solutions in Theorem 1 and 2, and in a
complementary way that the solutions of the system (1) are
bounded according to the theorem 3. We will proceed to
carry out the qualitative analysis of the mathematical model
(1) that allows us to know how its behavior is in a long term
of time [15]. Therefore, the critical points in the steady state
of the model will be determined to evaluate its stability in
the long term[1].

The equilibrium points (2) associated with system (1) in
its steady state are as follows

w; =(%; 0;0;0)
w,=(S"; E*; I";T")

Two critical points of the equation have been obtained
that give the possibility of local stability associated with the
system (1). First, it must be justified that the critical points
must be non-negative since the functions represent
populations of the epidemiological populations [16]. In this
sense, the existence of the critical points (2) will be
determined according to the restrictions provided in each
coordinate of the point must be positive[15].

After obtaining the equilibrium points (2), we will
proceed to determine the Jacobian matrix J(S,E,I,T)

associated with the mathematical model (1). The Jacobian
matrix represents a linear system, associated to the non-
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linear model, in the neighborhood of an equilibrium point
[2].We will focus on the infection-free point(w; ).

cfiA
u n uN ) 3
A cfA
—;0; 0;0) =lo —( = 0
](Il @+u+n) N
0 ) —k—p—-1,—d, 0
Lo 0 k —u—1y—dy)

Having the Jacobian matrix associated with the system
(1) at the infection-free point. The characteristic polynomial
will be determined to analyze the sign of the eigen values of
the matrix, and thus determine the local stability of the
infection-free point [1]; there are other methods to determine
local stability as given in Pino[15]-[17].

P =QA+pQA+u+dy+r)A+u+0+r)A+u+k+mn+d)

As all parameters of the system (1) are positive
quantities. It is easy to see that the signs of the eigen values
are negative.

A
A3

—HU Ay =—(u++d; +713)
_(‘u++9+r1) A4=_(#+k+rz+d1)

Therefore,the infection-free poin tw, = (3 ;0;0;0)
associated with the system (1) is locally stable [15]-[16].

I1. Basic Reproduction Number(R,)

The Basic Reproduction Number (R, )represents the average
number of new cases that a given case generates, throughout
an infectious period [18]. To determine the Basic
Reproduction Number, we will use the Next Generation
Matrix ~ method[19]-[20].To  determine the  Basic
Reproduction Number (R,)we will define some matrices for
the construction of the Next Generation Matrix. We will
apply the method associated with the infection-free point to
determine the evolution of the tuberculosis epidemic.

A 0 Cﬁl 0
F(—;0;0;0)= 0 0 Ol
# 0 0 0
A u+0+nr 0 0
V(—;O;O;0>= -0 ut+tk+r+d; 0
H 0 -k u+r;+d,

With the matrices obtained, the Basic Reproduction
Number(R,)can be determined, where the parameter
obtained is similar to that obtained by Feng et al. [1]-[19].
This helps us to confirm the results obtained by these
authors as expressed in Palafox [2]; but at the same time, it
is different due to some additional considerations that were
introduced to the model (1), so that it can consider the reality
currently faced by tuberculosis disease [3]-[5].

i) e

u+k+d +r/\0+u+n
The Basic Reproduction Number (R, )is made up of the
product of two epidemiological terms [1].
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The first term (ﬁ) represents the product of the
172

average number of Susceptible infected by an Infected
during his effective infectious period [4]-[5], and the second

term (9+y+r1) represents the fraction of the population that

survives the latent period [3]. Therefore, this indicator(R,)
gives us the number of secondary infectious cases produced
by an infected individual during its effective infectious
period in a susceptible population as expressed by the works
mentioned in section 1 both the mathematical references and
the epidemiological references related to tuberculosis
disease [19]-[20].

Mathematical Model With Delay

An important consideration contained in the model
expressed in section 2, through the equation (1), is the
hypothesis of exogenous reinfection that occurs in the
interaction between those infected with treatment (T) with
the infected (1) as expressed in the research of Feng et al.
[1]. This transition is made immediately, that is, as soon as
they come into contact with the probability of contagion and
infection, they are considered in the population of the
Exposed (E) [3]. But this consideration would be better
modeled by a delay coefficient because there is a latent
period for this transition to happen where the collection of
individuals requires time to analyze their impact [4].

Therefore, the term will be introduced with the discrete
delay in the rate of change of the population of the Exposed
due to the fact that a latent period must pass[10]; It must be
taken into account that the SEIT mathematical model
considers a latent period from the population of the
Susceptible (S) to the population of the Exposed (E) so that
they can be placed in the population of the Infected (I) so
they can spread the disease [15]-[21].

On the other hand, a mathematical model has been
considered omitting the population of the Exposed (E) by
means of differential equations with delay, for greater detail
Hal Smith's book can be reviewed, where the period will be
included latent; but this consideration is not good because it
is important to consider the population of individuals who
have the disease but are not yet actively contagious [12].

Therefore, this consideration would generate a factor
that allows better analysis of how exogenous reinfection
affects the transmission dynamics of tuberculosis and can be
better addressed for the good of society [6]-[10].
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s =S,
100) = 1,

E(0) = E,(t):[~7,0] - [0; +00)
TO0)=T,

0 < ¢,B1,B2 B3 0,p. k,0,1,11,15,13,dy,d, < 1
AT>0

In order to analyze in greater detail, the theorems of
existence and uniqueness of solutions of the system (3), it is
presented in detail in chapter 3 (page 25) and specifically in
section 3.1, 3.2 and 3.3 of Hall Smith's book [21]. There you
can follow in a structured and detailed way how the
formalities of our model are guaranteed[15]-[17].

I. Qualitative Analysis

Similarly, to what was done for the model (1) in section 2,
the qualitative analysis (steady state of the system) will be
done for our model [1]. Where the equilibrium points
associated with our model without delay (1) will be
determined to describe the behavior of the long-term
solutions. The critics points of the model with delay (3), will
be determined in a similar way to the model (1) as indicated
by Smith [21]. Therefore, the equilibrium points determined
will be the critical points for our model and to analyze the
stability in its steady state.

After having obtained the critical points (2) associated
with the system (3), we will proceed to determine the
Jacobian matrix without delay (J(S, E, I, T)), as the Jacobian
matrix with delay (J,(S,E,I,T)) associated to the
mathematical model (3). These matrices represent a linear
system associated with the nonlinear model at an
equilibrium point where the steady state associated with the
system is found.

The Jacobian matrix without delay associated with the
system (3) would be the following:

cfriA
|r—ﬂ n TN tr T3 ]|
A | By '
](;JOJOJO)=|O —@+u+mn) 511\] 0 I
| o 6 —k—pu—r,—d; 0 |
|.0 0 k —u—r3—dzJ

0 0 0 O

A 1o o 0 o0

]’(;7’0’0’0)_ 0000

0 0 0 O

The Jacobian matrices associated with the system (3) at
the infection-free point (w,), will proceed to determine the
characteristic polynomial to analyze the sign of the
eigenvalues it possesses to determine if it is locally stable.

p(A) =det(2-1d —] — J,-e™*") =0

The characteristic polynomial obtained for the
associated system without delay will be equivalent to the
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characteristic polynomial obtained for the associated system
with delay at the infection-free point for the steady state of
the model [21].

PV =QA+pA+u+d,+r)A+u+0+r)A+u+k+n+d)

As all parameters of the system (3) are positive
quantities. It is easy to see that the signs of the eigen values
are negative.

Al =—u AZ = —(M + +d2 +T3)
Aa=—u++0+1r) A=—(u+k+nr+d)
Therefore, the infection-free pointw, = (;—‘ ;0;0;0)

associated with the system (3) is locally stable (Pino, 2017).
An important observation that has been obtained when
analyzing the model without delay(1), and the model with
delay (3) is that at the infection-free point (w,) are locally
stable [15]. Therefore, in the long run they converge to the
same steady state [1]. This leads to considering a numerical
analysis to visualize how the disease evolves in the short and
medium term to have an epidemiological perspective
according to the spread that may be generated[2]-[10].

Numerical Simulation

Within the mathematical modeling oriented to Epidemiology,
the Qualitative Analysis is carried out (section 2 (ODE) and
section 3 (DDE)) which is complemented by the Numerical
Analysis to see its evolution over time [1]; Smith, 2011). This
helps us to visualize the behavior of the approximate solutions,
through the computational simulations are complemented with
the hypotheses to guarantee the local stability of the model (1)
and (3). From here, epidemiological interpretations can be
considered in the short, medium and long term[5]-[10]. In
addition, the evolution of the curves helps us to make adequate
decisions in Public Health such as the implementation of
strategies to control the disease [3].

It would be possible to carry out the computational
simulation of the model (1) with the values of the table 1, and
deduce epidemiological interpretations of the dynamics that
presents the spread of tuberculosis disease [3]-[5].

A simulation time of 500 days will be determined, to know
the behavior of the populations, their respective evolution when
they interact with each other and the impact on society. The
values obtained are based on the parameters of the work of
Feng et al.[1],Palafox[2] and the reports of the national health
institutions.

TABLE |

TABLE OF NUMERICAL VALUES FOR THE MATHEMATICAL MODEL
Variable Description Value
S Population of Susceptible 2000

E Exposed Population 50

| Infected Population 20

T Population of Infected with treatment 0

Parameter Description Value
A Steady Recruit Rate 420
c Contact rate per capita Susceptible-Infected 0.600
B, Contagion rate of a Susceptible by an Infected 0.750
p Per-capita contact rate Exposed-Infected 0.400
B, Contagion rate of an Exposed by an Infected 0.680
2} Rate of latent period of the Exposed 0.080
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g Contact rate per capita Treated-Infected 0.500
Ba Contagion rate of a Treated by an Infected 0.920
k Treatment rate of an Infected person per capita 0.350
n Per-capita recovery rate of an Exposed 0.0045
T, Per-capita recovery rate of an Infected 0.0028
7 Recovery rate per capita of a Treaty 0.0060
u Per-capita natural mortality rate 0.0180
d, Mortality rate per capita of an Infected 0.0250
d, Per-capita mortality rate of a Treaty 0.0100
T Discrete Delay Coefficient 15

I. Computational Simulation

The computer simulation will be carried out where we can
visualize the behavior of the populations (Susceptible, Exposed,
Infected and Treated) over time. For the present simulation, the
fourth order Runge-Kutta numerical method was used with an
absolute margin of error (107¢) to have a good approximation
of the solution of the model (1) so that the generated curve can
represent the evolution of the epidemiological population [1].
For the simulation of the model (3), the Multistep numerical
method was used, which also gives us a good approximation
and has an absolute margin of error[15]-[16].

Through figure 1, it will be possible to analyze a state
where the disease does not spread with a high impact but in the
medium term it decreases considerably until it disappears. This
computational simulation presents the infection-free state w; =

(ﬁ ; 0; 0;0) where it has a Basic Reproduction Number less

than one (R, = 0.8874).

This indicator makes it possible to carry out adequate
epidemiological programs and methodologies to maintain a
favorable situation for citizens, as the health institutions state
within their epidemiological plans [3]-[4]-[5].

An increase in epidemiological rates can be considered to
be able to evaluate other scenarios where a different evolution
of the disease can be analyzed to evaluate ways of proposing
adequate strategies to not allow an uncontrolled expansion and
cause a greater impact on the health system and society. In the
figure 1, on the left side, the mathematical model (ODE)
expressed in (1) is presented, and on the right side, the
mathematical model (DDE) expressed in (3). In this way, both
models can be compared at simulation time to infer
epidemiological interpretations.

% Mathematical Model of TB Transmission with Exogenous Reinfection (ODE) % Mathematical Model of the Transmission of TB with Exogenous Reiulection (DDE)

— Susceptibles
— Exposed
— Infected
— Treaties

— Susceptibles
— Exposed
— Infected
— Treaties

Populations (Thousands)
Populations (Thousands)

0 100 M 300 400 500 0 100 00 300 400 500
TIME TIME

FIGURE | Computational Simulation of the Models at the Free Point
of Infection (Table 1)
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This is the scenario that is always sought when carrying
out a study of the impact of the disease by the institutions in
charge of MINSA [1]-[4] and CDC [5]. But it is also
important to review situations where infection rates are
increasing due to contact between the infected and the
susceptible or a low level of detection of the infected [3]-[5].

In this sense, a brief reduction in the exposure rate
initially considered in Table 1, (6 = 0.25), has been
considered; and with this disturbance, a Basic Reproduction
Number greater than one (R, = 1.1874) is obtained, where
it is reflected in figure 2, generating an expectation of
implementing adequate health strategies[3]-[5].

This will make it possible to analyze the evolution in
light of the sensitivity of these parameters, since they mark
an endemic evolution in the system [4], since the latent
period is reduced, with which the infected person who
cannot infect passes in a shorter time to an active infected
capable of spreading the disease.

Mathematical Model of TB Transmission with Exogenous Reinfection (ODE) 2 Mathematical Model of the Transmission of TB with Exogenous Reintection (DDE)

%

[— Susceptibles
— Exposed
— Infected

— Susceptibles
— Exposed
— Infected
— Treaties

— Treaties

Populations (Thousands)

Populations (Thousands)

400 500 O 50 100 150 0 250 M0 WO 40 450 50

0 El
TIME TIME

Figure 11 Computational Simulation of the Models (Scenario 1)

As shown in figure 2, a slight growth of the infected is
generated in its three states (exposed, active and under
treatment) where the susceptible population has a strong
growth and then reaches a threshold, due to the interaction of
the infected where the spread can still be controlled in a
strategic and dynamic way in society [1], in such a way that
it does not reach an epidemic explosion[3], as represented by
the basic reproduction number(R, = 1.1874) and this
indicates the spread of the disease over time [4], in such a
way that an impact study is considered to reduce the spread
of tuberculosis. Given this presentation of figures 2 and 3,
the population curves are obtained over time before a
differentiation of the exposure rate 6.As a third scenario,
there will be an increase in epidemiological rates where they
will generate an explosion of the disease in a short time [3].

The model using the delay differential equations (3)
makes a significant difference in exogenous reinfection
compared to the ordinary differential equations (1) studied in
Feng et al. [1], and a good result is obtained when
considering a latent period by the coefficient of delay
introduced in the exogenous reinfection between the active
Infected and those infected in treatment[3]-[5]. This
consideration allows the impact and data collection to be
adequately evaluated and to generate a better
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epidemiological strategy, in addition to allowing a dynamic
evaluation of patients who may acquire a reinfection.

The following parameters will be considered for the
computational simulation, it will be a more critical case for
both model (1) and (3) in order to analyze this situation
(Feng et al., 2000).

Infectious contact rates between populations:c =
0.90; B, = 0.95; B, =0.85; p = 0.75 and also exogenous
reinfection: B; = 0.92; 0 = 0.60. We continue with the
treatment rates: k = 0.25 and the latent period rate: 8 =
0.38[3]. The recovery rates considered allow evaluating how
the health system within its annual strategic plan allows it to
continue evaluating the implementation of resources, for
which these rates are as follows: r, =0.002; r, =
0.0010; r; = 0.0030, and finally the natural and disease
mortality rates: u = 0.015; d, = 0.008; d, = 0.010 [10].
Where a basic reproduction number greater than one (R, =
2.9759) is obtained, indicating that the disease will spread
with considerable speed that intervention must be made to
stop the epidemic [3]-[5].

. Mathematical Model of TB Transmission with Exogenous Reinfection (ODE) Mathematical Model of the Transmission of TB with Exogenows Redafection (DDE)
i ; ; T 8

— Susceptibles

— Exposed
— Infected
— Treaties

— Susceptibles

— Exposed
— Infected
— Treaties

(Thousands)

Populations (Thousands)

Populations

L L L L 0
50 100 150 200 250 00 B0 40 450 S0 ]

S0 150 00 /0 W0 W0 M0 40 50
TIME ]

TIME

Figure 111 Computational Simulation of the Models (Scenario 2)

As commented in section 3, the delay helps to consider
the data as a historical report to be able to more closely
evaluate the exogenous reinfection suffered by those
infected in treatment (T) and pass to the Exposed population
(E) to incubate. the disease again in order to be actively
infected capable of transmitting the disease [1]-[5]. An
important consideration according to historical reports
shows a slow growth and sometimes oscillating behavior [4],
which allows evaluating a more strategic way to face the
evolution of reinfection growth that has a critical impact for
society [10].

In the mathematical sense, model (2) presents us with a
slow growth with oscillations before stabilizing in the
growth in the populations that generate the expansion of the
disease (Infected and Exposed) where in time they converge
at the same level [22]-[23]-[24], but in the short term its
slow growth allows analysis and intervention so that over
time it does not grow enormously and cause a collapse in the
health system [9]. Differential equations with delay allow
the presence of oscillatory solutions in time [20], this allows

Copyrights @ Roman Science Publications Inc.

a hetter perspective on the behavior of infected populations,
especially the consideration of exogenous reinfection that is
not immediately its transition between populations [1].

Discussion And Conclusion

The mathematical model expressed in (1) adequately
represents the spread of the tuberculosis disease by the
Infected (1), in addition to the fact that this population
generates an exogenous reinfection without it being possible
to calculate it directly in order to analyze and evaluate the
necessary means to prevent and control [3]-[10]. On the
other hand, tuberculosis currently already has a cure to be
able to consider a recovery, but not in a population
distinction because there are variants of tuberculosis, the
type of tuberculosis cannot be specifically recognized [5].
According to reports from national and international
institutions, the evolution of tuberculosis has been controlled
with intervention strategies and measures [3]. In this sense,
epidemiological studies must be continued that allow
knowing the rate of exogenous reinfection and the time that
passes to present the symptoms of its latent period [4]. This
dynamic is better modelled by the discrete delay coefficient
(DDE), since it is not an immediate transition like ordinary
differential equations [6]-[21]-[25]. The short-term evolution
presented by both models (1) and (3) represent the
consideration of a delay in the introduction of the Exposed
population (E), despite the fact that in the long term both
models converge to the same steady state of free of infection
(w;) so that the disease is eradicated in the long term [1]-
[22].

Consequently, the evolution of the disease must be
analyzed in its endemic state where the coexistence of
epidemiological populations is provided [1]. And here, one
of the pillars of public health must be ensured, which is the
life of all the citizens that make up society [3]. Given this
fact, the basic reproduction number (R,)associated with
model (1) allows us to see how the disease can develop in
the short term, which allows us to guide control strategies
and measures [3]-[4].

An important consideration that has not been
incorporated in this work is the analysis of the endemic point
where the coexistence of epidemiological populations is
located, as developed in [2], but the incorporation of the
retardation coefficient is introduced to model exogenous
reinfection [15]-[21] to evaluate a better transition from the
population infected with treatment to the population exposed
by exogenous reinfection and how it affects the spread of the
disease [26].

Therefore, the following can be concluded:

e The mathematical model (1) is an extension of the
model developed by Feng, Chavez-Castillo and
Capurro[1] where it has been perturbed by introducing
a delay coefficient (2) that allowed a better
approximation of the transition of the population
infected with treatment (T) to the exposed population
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(E) as a cause of exogenous reinfection of tuberculosis

disease.
e An adequate construction of the model (1) allows an
adequate evolution of the disease over time, the
transition is immediate, where the consideration of
recovery through intervention and monitoring
strategies help reduce the spread [3]-[5], and is
expressed in the basic reproduction number as an
important epidemiological indicator to measure the
spread of tuberculosis [4].
The delay coefficient in model (3) helps to better
approximate the growth of the population of Exposed
(E) and Infected (I) because in reality there is not an
explosive growth but a progressive one, even more
oscillatory [3]- Smith, 2011). This perspective supports
a better structure of strategies for intervention, control
and prevention of the disease.
The mathematical models (1) and (2) have unique
solutions and are bounded in the long term according to
the initial condition. In addition, the stability at the

. . . A .
infection-free pointw; = (; ;0;0;0), is locally
stable for both models in the long term [1]. In this
steady state, it allows us to visualize the scenario where
the spread of the disease has been overcome, where the
basic reproduction number is less than one(R, < 1).
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