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ODD HARMONIOUS LABELING OF LINE AND DISJOINT
UNION OF GRAPHS

S. PHILO AND P. JEYANTHI*

ABSTRACT. A graph G(p,q) is said to be odd harmonious if there exists
an injection f : V(G) — {0,1,2,---,2q — 1} such that the induced function
f* 1 BE(G) —{1,3, - ,2¢ — 1} defined by f*(uv) = f(u)+ f(v) is a bijection.
In this paper we prove that disjoint union of C4UCy,,, Cr, UPs(n = 0(mod 4)),
CrUSm(n = 0(mod 4)), CUKp q(n = 0(mod 4)), C UHm,m(n = 0(mod 4)),
Km,n UKp g, line graph of P,, Cn(n = 0(mod 4)), K2 n, Cya, H2,2 are odd
harmonious. Also the line graph of K n(m > 2,n > 2), Hy n(n > 2) and
Cpn(n > 2) are not odd harmonious.

1. Introduction

Throughout this paper by a graph we mean a finite, simple and undirected one.
For standard terminology and notation we follow Harary [4]. A graph G = (V, E)
with p vertices and ¢ edges is called a (p,q) — graph. The graph labeling is an
assignment of integers to the set of vertices or edges or both, subject to certain con-
ditions. An extensive survey of various graph labeling problems is available in [2].
Labeled graphs serve as useful mathematical models for many applications such as
coding theory, including the design of good radar type codes, synch-set codes, mis-
sile guidance codes and convolution codes with optimal autocorrelation properties.
They facilitate the optimal nonstandard encoding of integers. Graham and Sloane
[3] introduced harmonious labeling during their study of modular versions of ad-
ditive bases problems stemming from error correcting codes. A graph G is said to
be harmonious if there exists an injection f : V(G) — Z, such that the induced
function f* : E(G) — Z, defined by f*(uv) = (f(u) + f(v)) (mod q) is a bijec-
tion and f is called harmonious labeling of G. The concept of an odd harmonious
labeling was due to Liang and Bai [15]. A graph G is said to be odd harmonious
if there exists an injection f : V(G) — {0,1,2,---,2¢ — 1} such that the induced
function f* : E(G) — {1,3,---,2q — 1} defined by f*(uwv) = f(u) + f(v) is a bi-
jection. If f(V(G)) ={0,1,2,--- ,q} then f is called as strongly odd harmonious
labeling and G is called as strongly odd harmonious graph.The odd harmonious-
ness of graph is useful for the solution of undetermined equations. Several results
have been published on odd harmonious labeling and an interested reader can refer
to [5] to [19].
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We use the following definitions in the subsequent section.

Definition 1.1. The graph H, , has the vertex set V(H,, ) = {v1,v2, -+ , U, u1,
Ug,- -+, Uy} and the edge set E(Hy ) = {viu; : 1 <i<n,n—1i+1<j<n}

Definition 1.2. Let G be a graph on p vertices vy, v, -+ ,v, and Hy, Ha, -+ , H,
be p graphs isomorphic to a graph H with n vertices. The corona graph G ® H is
obtained by joining each vertex v; of G with every vertex of H; for 1 <17 < p and

1 < j <n. The comb graph P,, ® K; denoted by C,,.

)

Definition 1.3. Given a graph G, its line graph L(G) is a graph such that (i) each
vertex of L(G) represent an edge of G and (i7) two vertices of L(G) are adjacent
if and only if their corresponding edges share a common end point in G, that is ,
it is the intersection graph of the edge of G, representing each edge by the set of
its two end points.

2. Main Results

In this section, we prove that disjoint union of CyUC},,, C,,U P3(n = 0(mod 4)),
C, U Sy (n = 0(mod 4)), Cp, UK 4(n = 0(mod 4)), Cp, U Hp, o (n = 0(mod 4)),
K UK, g, line graph of P, C,,(n = 0(mod 4)), K2, Cya, Ha o are odd harmo-
nious. Also, the line graph of S,,(n > 3), Kyn(m > 2,n > 2), H, ,(n > 2) and
Chn(n > 2) are not odd harmonious.

Theorem 2.1. The graph C4 U Cyy, is odd harmonious.

Proof. Let vy,v9,v3,v4 be the vertices of the cycle Cy and let uy,us, -+ ,u, and
wy,Ws, - -+ , Wy be the vertices of the comb Cy,,.

Then |V(G)| =4+ 2n and |E(G)| = 3 + 2n.

We define a labeling f: V(G) — {0,1,2,--- ,2(3 + 2n) — 1} as follows:

f(vi):i—lforlgigg;
i+ 1 ifiisodd n .

;) = — <1< n.;
f(os) {il if i is oven, 73 T 1S UST
f(u;) = 2i for integers 1 <i <n and if ¢ is odd;
f(u;) =3+ 2¢ for integers 1 < i < n and if 7 is even.

Case 1. n is even.
flw))=2i+Tfor1<i<n-—1ifiis odd;
flw))=2i+4for 1 <i<n-—2ifiis even;
flw,) =2n+ 2.

Case 2. n is odd.

flw)) =2+ 7Tfor 1 <i<n-—2ifiis odd;
flw;))=2i+4for1 <i<n-—1if1iis even;
f(wy) =2n+5.

The induced edge labels are
[r(viv2) = 1
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v vz+1)—22+11f7<z<n—1
fr(vivg) =

f* (uwz)—4z+71f1<z<n—1
fH(upwy) =4n + 5.

In view of the above defined labeling pattern, we therefore know that Cy U Cp,,
is an odd harmonious graph. (Il

An odd harmonious labeling of Cy U Cy3 is shown in Figure 1.

v
V1 Vo 1 (%) U3

V4 V3 ’ Uy Us

Figure 1 An odd harmonious labeling of Cy U Cp3

Theorem 2.2. The graph C, U P3 is odd harmonious.

Proof. Let vi,v9,--- ,v, be the vertices of the cycle C), and let ui,us,us be the
vertices of the path P;. Then |[V(G)| =n+ 3 and |E(G)| =n + 2.
We define a labeling f : V(G) — {O, 1,2,--+,2(n+2) — 1} as follows:

f(vi) =1 —1 for integers 1 <3 <

2
i+1 ifiisodd n
f(wi) {i—l ifz’iseven.’2+1_ N
f(ui):2n+i—gf0”:1’3;
n

fluz) = 9

The induced edge labels are
f*(vivig1) = 20 — 1 for integers 1 < ¢ < g —1;

f*(vivie1) = 2i + 1 for integers % <i<n-—1;
fr(vivy) =n —1;
f*(uug) =2n+i for i =1, 3.

In view of the above defined labeling pattern, we know that C,, U P5 is an odd
harmonious graph. O
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An odd harmonious labeling of Cs U P53 is shown in Figure 2.

U3 V4
@
9 3 13 4 15
{4 L 2 ®
U1 U2 us
5
° 6
Vg Us

Figure 2 An odd harmonious labeling of Cg U P

Theorem 2.3. The graph C, U K, 4 is odd harmonious.

Proof. Let vqi,v2, -+ ,v, be the vertices of the cycle C, and let uq,uz, - ,u,
and wq,ws, -+ ,wy be the vertices of the complete bipartite graph K, ,. Then

[V(G)|=n+p+qand |[E(G)| =n+ pq.
We define a labeling f: V(G) — {0,1,2,--- ,2(n + pq) — 1} as follows:

f(v;) =i—1 for integers 1 < i < g;

i1+1 if¢isodd n .
f(vi)_{i—l ifiiseven, © g TLSESM

flug) = g + (i — 1)2q for integers 1 < < p;

f(w;) :2n+1—%+2(i7 1) for integers 1 < i < gq.
The induced edge labels are

f*(vivie1) = 2i — 1 for integers 1 < ¢ < g —1;

f*(vivig1) = 2i + 1 for integers g <i<n-—1;

[*(ujw;) = (1 —1)2¢+2n+1+2(j — 1) for integers 1 <i<pand 1 <j <gq.

Thus, C), U K, 4 is an odd harmonious graph.

An odd harmonious labeling of Cg U K5 4 is shown in Figure 3.

U1 v2 U3 V4 . g 12
[ ® 4
0 1 2 3
8
v w1y Wa w3
Vg 7 Vg (%

Figure 3 An odd harmonious labeling of Cg U K3 4

Theorem 2.4. The graph C,, U Hy, 1, M > g + 1 is odd harmonious.
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Proof. Let vy,vs,- - ,v, be the vertices of the cycle C,, and let uy,us,--- ,uy, and
Wi, Wa, -+ , Wy, be the vertices of the graph Hy, . Then |V(G)| = n 4 2m and
1
IE(G)| = n + %
1
We define a labeling f : V(G) — {O, 1,2,---,2(n+ %) — 1} as follows:
f(v;) =i —1 for integers 1 < i < 5
_Ji+1 ifiisodd n ) )
f(”i)_{ i—1 ifiiseven '3 1 SCS
flu) = Dy (m—1i)(m+i—1) for integers 1 <i < m — 1;

2
flw)=2n+1- % +2(i — 1) for integers 1 < i < m.
The induced edge labels are
f*(vvip1) = 2i — 1 for integers 1 < i < g —1;
f*(vivig1) = 2i + 1 for integers g <i<n-—1,
ffluwj)) = (m—i)m+i—1]+2n+1+2(j — 1) for integers 1 <4,j < m.
Therefore, C,, U Hy, p, is an odd harmonious graph. O

An odd harmonious labeling of Cg U Hy 4 is shown in Figure 4.

U1 Uy

V2 V3 V4 u Us us
g ®
0 1 9 3 16 14 10 4
8 5
7 . 6 19 17 15 13
U7 Vg Vs Wy w3 wa

Ug w1

Figure 4 An odd harmonious labeling of C's U Hy 4

Theorem 2.5. The graph K, , U K, 4 s odd harmonious.

Proof. Let vi,v, -+ ,Vm; U1, U2, -+ , Uy be the vertices of K, ,, and let ¢1,%2, -,
tp; w1, W, -+ ,wq be the vertices of Kp 4. Then |V(G)] = m+n+p+ ¢ and
[E(G)| = mn + pq.

We define a labeling f : V(G) — {0,1,2,--- ,2(mn + pq) — 1} as follows:

f(v;) = 2n(i — 1) for integers 1 < i < m;

fu;) =14+2(i — 1) for integers 1 < i < n;

f(ti) =2m + 2q(i — 1) for integers 1 < i < p;

fw;)) =2m(n—1)+142(i — 1) for integers 1 <i < q.
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The induced edge labels are

[*(viu;) =2n(i — 1) +1+2(j — 1) for integers 1 <i <mand 1 < j <m;

fftiw;) =2m+2q(i —1)+2m(n—1)+142(j — 1) for integers 1 < i < p and
1<j<gq

By definition, K, , U K, 4 is an odd harmonious graph. O

An odd harmonious labeling of K3 U K3 3 is shown in Figure 5.

o Vo t1
0 6 4 IR
1 5 9 ! 11'
Uy U2 us w1

13
Wa w3
Figure 5 An odd harmonious labeling of K3 U K33
Theorem 2.6. The graph C,, U S,, is odd harmonious.
Proof. Let v1,vq,--- ,v, be the vertices of C,, and let ug,uy,us,- -+ ,u, be the

vertices of Sy,. Then |V(G)|=n+m+1 and |E(G)| =n+ m.
We define a labeling f: V(G) — {0,1,2,--- ,2(n+m) — 1} as follows:

f(v;) =i —1 for integers 1 <1i < g;
i+1 ifiisodd n )

) = —4+1<i<n.;

fwi) {i—l ifiiseven. '2 T L =TS
n

f(uo) = X
fu;) :2n+1—%+2(i— 1) for integers 1 <i < m.
The induced edge labels are

f*(vivig1) = 2i — 1 for integers 1 < i < g - 1;

f*(vivip1) = 2i + 1 for integers % <i<n-1;

f*(uou;) = 2n 4+ 2i — 1 for integers 1 <i < m.
In view of the above defined labeling pattern, C,, U S,, is an odd harmonious
graph. O

An odd harmonious labeling of Cs U S5 is shown in Figure 6.
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vy V2 U3 Vg
e ®
0 1 2 3
8 5
7 ° . 6
Vg v7 Vg Vs

Ugq

19

Figure 6 An odd harmonious labeling of Cg U S5

Theorem 2.7. The line graph of path P,, Cy(n = 0(mod 4)), K22, Cha and Ha o
are odd harmonious.

Proof. Since L(P,) = P,—1 , L(C,) = Cp,(n = 0(mod 4)), L(Cp) = Pa,
L(Hs2) = P, and L(K32) = C4 and hence they are odd harmonious. O

Theorem 2.8. The line graph of Ky, n, m,n > 2, Hy,,, and Chy,, n > 2 are not
odd harmonious.

Proof. Since the line graphs L(K,, ), L(H,,,) and L(C},) contain at least one
odd cycle and hence they are not odd harmonious. (Il

10.

11.

12.

13.
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