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set if S—D' has no strong edge dominating set of cardinality |D '| where S is the set of all strong arcs of
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1. INTRODUCTION

The fuzzy graph was introduced by Rosenfeld A[7] using fuzzy relation, introduced by Zedah[1], represents
the relationship between the objects by particularly indicating the level of the relationship between the
objects of the given set. Also he coined many fuzzy related graph theoretic concepts like bridge, cut vertex
and tree. Fuzzy graphs have many more applications in modeling real time systems where the level of
information inherent in the system varies with different levels of precision. It is quite well known that
graphs are simply models of relations. A graph is a suitable way of representing information involving
relationship between objects. The study of fuzzy graphs further studied by Kaufmann [2]. The study of
domination in graphs was developed in the late 1950s and 1960s. Claude Berge [13] wrote a book on graph
theory where he introduced the coefficient of external stability, which is known as the domination number
of a graph. In 1962, Oystein Ore[6] introduced the terms, dominating set and domination number in his
book on graph theory. A. Somasundaram and S. Somasundaram present the concept of domination in fuzzy
graphs [5]. K.R. Bhutani and A. Rosenfeld introduced the concept of strong arcs in fuzzy graphs [10]. O.T.
Manjusha and Sunitha discussed some concepts in domination and total domination in fuzzy graphs using
strong arcs [4]. As an anology to vertex domination, the concept of edge domination was introduced by
S.Mitchell and S.T. Hedetniemi[14] . In 1987, S.R. Jayaram refered edge domination as line domination in
graphs and studied some properties. Later S. Arumugam and S. Velammal,[16] developed the concept of
edge domination. Since the publication of these papers, the edge domination in graphs has been studied
extensively by many researchers and several papers have been published on this topic.

The accurate domination in graphs was introduced by kulli and kattimani [12]. In this paper, we present the
concept of accurate edge domination in fuzzy graphs using strong arcs. For graph-theoretic terminology,
we refer to Harary, 1969 [8].

2. PRELIMINARIES
Fuzzy graph G =(o,u) is a pair of function o:V —[0,1] and w:VxV —][0,1] such that
wu(u,v) <o(u)Ao(v) forallu, vin V. The fuzzy graph H (7, p) is called a fuzzy sub graph of G = (o, 1)
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if 7(u)<o(u)foralluinVand p(u,v) < u(u,v) forall u, v in V. The underlying crisp graph of a fuzzy
graph G=(o,u) is denoted  byG =(c",u"), where " = {u eV/ou)> O} and
= {(u, vyeVxV/ u(u,v)> 0} . A fuzzy graph G = (o, 1) is said to be bipartite if the node-set V can
be partitioned into two non-empty sets Vi and Vs such that u(v,,v,) =0if v,,v, €V, orv,,v, € V,. Further
if u(v,,v,)>0forall v, €V, and v, €V, then G is called a complete bipartite graph. A complete bipartite
graph on 'n' vertices is denoted by (K, ). An arc (u, v) of a fuzzy graph G = (o, 1) is called an effective
edge if wu(u,v)=ocw)ro(v) and effective edge neighborhood of wuel s
N,(u)= {v eV /edge(u,v) is eﬁective} . Apath p ina fuzzy graph G = (o, 1) is a sequence of distinct
nodes v,,V,,V,,.....v, suchthat £(v, ,v,) >0 where 1 <i<n andnis called the length of p. The strength
of the path p is defined to be A7_, u(v, ,,v;) . A single vertex considers as a path of length zero. The
strongest path joining any two nodes u, v is a path corresponding to maximum strength between u and v.
The strength of the strongest path is denoted by (u,v) and it is defined by
L1 (u,v) = sup{y" (u,v)/ k= 1,2,3,...00} . An arc (u, v) of a fuzzy graph G = (o, 1) is called a strong
arc if ¢ (u,v) = u(u,v), otherwise it is called a non-strong arc. A fuzzy graph G = (o, 1) is said to be a
strong fuzzy graph if it contains no non-strong arcs. Let G = (o, 1) be a fuzzy graph and u, v be two nodes
of G. We say that u dominates v if the arc (u, v) is strong. A subset D of V is called a strong dominating set

of G = (o, u)if foreveryvelV —D , there exists u € D such that u dominates v. A strong dominating set

D is called a minimal strong dominating set if no proper subset of D is a strong dominating set. The
minimum cardinality taken over all minimal strong dominating set is called strong domination number,

denoted by 7, (G) and the corresponding dominating set is called minimum strong dominating set. Let
G = (o, u)be a fuzzy graph. Let e, and e, be two edges of G. We say that e, dominates e, if e; is a

strong arc and e; is adjacent to e;. A subset D' of E(G) is called strong edge dominating set if for every e; €
E(G) — D’ there exist e; € D’ such that e; dominates e;. The smallest number of edges in any strong edge

dominating set of G is called its edge domination number and its denoted by y, '(G) . An edge dominating

set D' of G such that |D'| =y'(G) is called minimum edge dominating set.

3. ACCURATE EDGE DOMINATION BY STRONG ARCS

Definition 3.1. Let G = (o, 1) be a fuzzy graph and let S be the set of all strong arcs of G = (o, 1z) . The
subset D' S is said to be accurate edge dominating setif D' is a strong edge dominating set and S — D'
contains no strong edge dominating set of same cardinality as |D '| .

Definition 3.2. The accurate edge domination number is the minimum cardinality of an accurate edge
dominating set and it is denoted by ', (G)

Definition 3.3. The upper edge domination number I'' (G) of G = (o, 1) is the maximum cardinality of
an accurate edge dominating set
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Example 3.4. In the fuzzy graph represented in figure 3.1, the set D'={(a,b),(c,d)}is an accurate edge

dominating set since |S — D'| =1.

a(.5) 0.4 d(.6)
L »
0.5 0.3
L 9
b(.7) 0.2 c(.3)

Fig. 3.1 Fuzzy Graph
Remark 3.5.

1. For any fuzzy graph G = (o, 1), 7' . (G) < y' (G).
2. A minimal strong edge dominating set of a fuzzy graph G = (o, ) may or may not be an

accurate edge dominating set and vice versa.
Definition 3.6. Let u be a vertex in a fuzzy graphG = (o, ). The neighborhood of u el is

N(u) = {V eV/u(u,v)>0 }.The degree of the vertex u is is defined to be d(u) = [N(u)|

Definition 3.7. Let u be a vertex in a fuzzy graph G = (o, ). The strong neighborhood of u €V is
N (u)= {v eV /arc(u,v) is Strong}. N [u]= N (u)U{u} is the closed neighborhood of u. A vertex u
in a fuzzy graph G = (o, 1) is said to be isolated ifd (1) =0.

Theorem 3.8. For every non isolated vertex u in a fuzzy graph G = (o, 1), N (u) # ¢ .

Proof: Let u be any vertex inG=(o,u). Since u is non isolated, we haved(u)>0. Let
N(u)={u,,u,,u;,....u,} . Select the vertex u, such that z£(u,u,) > p(u,u,) for alll <k <n. Suppose the
edge (u,u,) is not a strong arc then there exist a u —u; path pin G such thatS > u(u,u,). This path p
must contain an edge of the form(u,u,), k#i&1<k<n. Alsou(u,u,)< pu(u,u;). This implies
S, < u(u,u;) . This is a contradiction and hence the edge (u,u,) is a strong arc. Therefore N (u) # ¢ .

Theorem 3.9. Let G = (o, 1) be a fuzzy graph having no isolated vertices. The set of all strong arcs of
G = (o, 1) form a strong edge dominating set of G .
Proof: Let S be the set of all strong arcs of G =(o,u) and let(u,v) € E(G)—.S . By theorem 3.8,

N (u) # ¢ and hence there exist a strong arc say (u, w) in G. Since it is a strong arc, (u, W) € S . Therefore

the edge (u, V) is dominated by the edge (u, W) € S . Therefore the set of all strong arcs of G = (o, 1)

form a strong edge dominating set.
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Corollary 3.10. Let G = (o, 1) be a fuzzy graph having no isolated vertices. The set of all strong arcs of
G = (o, p) is an accurate edge dominating set.
Corollary 3.11. Let G = (o, 1) be a fuzzy graph having no isolated vertices. Then y',(G) < |S | where S

is the set of all strong arcs of G.

Remark 3.12.
1. Throughout this paper S denote the set of all strong arcs of a fuzzy graph G = (o, 1) .

2. If a fuzzy graph G = (o, 1) has no isolated vertices then l'g"‘ < |S | <nC,, n is the number of

vertices in G = (o, 1)

Definition 3.13. A subset / . is said to be independent edge set if any two edges of I are not adjacent.
An independent edge set M is said to be maximal edge independent set if there does not exist an independent
set /'such that M — /' S . The minimum number of edges in a maximal edge independent set is called
independence number and it is denoted by ',

Remark 3.14.
1. For a fuzzy graph, maximal edge independent set is not unique.
2. A maximal edge independent set of a fuzzy graph need not be an strong edge dominating set
3. A maximal edge independent set of a fuzzy graph need not be an accurate edge dominating set

Example 3.15.

>
11 0.2 v

Fig. 3.2 Fuzzy Graph

In the fuzzy graph represented in figure 3.2, the maximal edge independent set M = {(x, y)} is not a strong
edge dominating set where as the maximal edge independent set M = {(u, x)} is a strong edge dominating
set.

Definition 3.16. Let D be any subset of the set of all strong arcs of a fuzzy graph G = (o, ) . The base set
of D is defined by D, = {u € V(G)/u is an end vertex of any edge in D}.
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Definition 3.17. Let D' be any subset of the set of all strong arcs of a fuzzy graph G = (o, ) . The set of
all edges dominated by D' is denoted by D', ={e, € E(G)— D"/ e,1is adjacent to some edge in D'} .

Remark 3.18.
1. For any strong edge dominating set D' we have |D '| + |DS '| =n, where n is the total number of

edges inG = (o, 1).
2. Let D' be any subset of S, the set of all strong arcs of a fuzzy graph G = (o, 1) . If
|D'| + |Dv '| <n,then D' could not be a strong edge dominating set of G.

3. The total number of edges in P, (o, ) = n—1 and the total number of edges inC, (o, 1) =n .

Theorem 3.19. Let G = (o, 1) be a fuzzy graph having no isolated vertices such that |S | = g , where n is

the number of vertices in G and if nis even then y' (G)=y' (G) = % .
Proof: Let G=(o,u) be a fuzzy graph having n vertices. Let the set of all strong arcs

. : n
S={e,e,,e,,.....e, } . Since for each vertexv,, N (v,) # ¢ and s1nce|S| =5 we have the base set of S,
2

S, =V(G). Consequently S is a strong edge dominating set of G. Let D' be any subset of S such that

D :5—1. It is clear that |D'b| =n—2. Therefore there exist two vertices say v, and v; such that

v,,v, € D", . Also we have N (v,)#¢ andN (v,)#¢, since|S| :g, there must be the strong arc

(v,,v;)in G and this arc is not dominated by any edge inD'. Consequently D' is not a strong edge
dominating set of G. Therefore the set S is the minimum strong edge dominating set and hence S is an
accurate dominating set of G. Therefore y' (G) =y' (G) = g .

Corollary 3.20. Let G = (o, 1) be a fuzzy graph having no isolated vertices such that |S | = [g—l , where

n—1

n is the number of vertices in G and if n is odd then y' (G) =y ' (G) = 2

Theorem 3.21. Let C, (o, 1) be a strong fuzzy cycle with p vertices, then ' (C,) = g +2 when n=3k

and n>3.
Proof. Let v;,v,,v;......v, be the vertices and ¢, e,,e;......e, be the edges of C, (o, 1) where

e.=,v,),i=12,..,n—1.LetS be the set of all strong arcs of C, (o, ). Since C, (o, 1) isa

strong fuzzy graph we have S = {e,, e,,e;,......e,} . LetS, = {e,¢,,e,.....e, ,};S, ={e,,e,,e.....e,_,};

S, ={e;,€,6,.....e,} . Let D' be the strong edge dominating set of C, (o, 1) . Since y '(C,) =g , We
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have D'=S, forsomei=1,2,3 andS, NS, NS, =¢. Therefore y' (C,) > g Let D', be the strong

edge dominating set of C, (o, 1) such that |D '1| = g +1.Then D' =S8, U{e,} where ¢, € S-S, for

some i. Let S, be the strong edge dominating set such that j #i ande, ¢ S, U S, . Consider the set
D',=S§,Ule;}, j#k.ltisclear that D'M D', =¢,alsoD', € S— D', and

|D'2| = ‘Sj. U {ej}‘ = g +1. Since §; itself a strong edge dominating set we conclude that D', is a strong
edge dominating set of C, (o, 1) and hence y' (C,) > g +1. Consider the set

| J—
D', ={e,e,,e;,¢,,e,.....e,_,},

D'3| = §+ 2.In C (o, u) e, is adjacent only with e, and e, only.
Therefore any edge in S — D', does not form an edge dominating set of C, (o, 1) . Therefore

n
'(CH)==+2
7'.(C,) 3

Theorem 3.22. Let C, (o, 1) be a strong fuzzy cycle with n vertices, then y' (C)) = [g—‘+l when
n#3k and n>3.
Proof. Let D' be the minimum strong edge dominating set of C, (o, ). Therefore |D '| = [g—‘ . Consider
: . e, ife,eD'
the mapping ¢: D'— S — D' such that ¢(ei) = ]
. Otherwise

Claim: ¢(D") is strong edge dominating set.
Suppose not then there exist an edge x € C, such that x is not dominated by ¢(D"). Let x =¢; for some

j- Therefore e, ,e;,e, & #(D"). Consequently e

e;,e,, € D' This is a contradictionto D" is a

j-12
minimum strong edge dominating set. Therefore @¢(D") is strong edge dominating set. Since ¢ is 1-1

|¢(D ')| = [g—l .Therefore D' is not an accurate edge dominating set. Therefore y', (C,) > {g—‘ .

case N (e)={e,,e,} = D' when n=3s+2 and N (¢) = D' whenn = 3s + 1. Therefore any

edges in S—D' could not dominate the edge €, . Therefore any set of edges in S—D" does not form an

edge dominating set. Consequently y' (C)) = l'g"‘ +1
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Theorem 3.23. Let P, (o, 1) be a fuzzy path with n vertices, then y' (P)) = {g—‘ when n=3k+1 and

n>3.
Proof. Let S ={e,,e,,e€;,.....e,  } be the edges of P (o, ) .In P, all the edges are strong arcs. Since

v' (P)= [g—‘ we have D'= {e,,e,ée;,.....e, ,} is the unique minimum strong edge dominating set.

Therefore S — D' contains no strong edge dominating set. In particular it contains no strong edge

dominating set of same cardinality as |D '| = [g—‘ . Consequently ' (P)) = [g—l .

Theorem 3.24. Let P, (o, 1) be a fuzzy path with n vertices, then ' (P) = g when n=3k and n>3.

Proof. Let S = {e,e,,e;,.....e,_,} be the edges of P, (o, 1) , all of its edges are strong. Consider the set of

strong arcs D'={e,,e.,e,......,e, e, ,}.Itisclearthat e € S—D' and e, _, € S—D"'. Also since

2 fi=2,3,...n—2
ds(ei):{ lfl n

1 Otherwise
e, and e does not have strong neighbor in S —D'. Therefore any strong edge dominating set in S —D'

must contain the edge e, ande, ,.Let D" be any strong edge dominating set of P, (o, 4) such that

n . -
|D "| =—. Note that ¢, and ¢, _, each dominate exactly one edge. Except the edges €, and ¢,_, remaining
3

2
edges of D" each can dominate at most 2 edges. Therefore D" can dominate 2(% -2)+2= ?n -2

n 2n

edges. Also |D"| + |D"S = 3 + 3 2=n-2<n-1= |E(Cn )| . Therefore D" could not be a strong

edge dominating set. Consequently ', (P,) = g .

Theorem 3.25. Let P (o, 1) be a fuzzy path with n vertices, then y', (P) = ’72—‘ when n=3k+2 and

3
n>3.

Proof. Let P (o, ) be a fuzzy path and S ={e,e,,e;,.....e, ,}be the edges of P (o, 1) . Let D'be a
minimum strong edge dominating set. Since y',(P,) = [g—l , we have |D '| = ’72—‘ .

Case i) When n is even and n =3k + 2. Consider the minimum strong edge dominating set

. nl .
D' ={e,,e,,e,..... e, yeere, o} Itisclear thate,e €S —D' and |D1 '| = (5—‘ . Since

.
277 2 2
e, and e, does not have the strong neighbor in S — D', any edge dominating set in S — D', must contain
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the edge e, and e,. Let D" be any strong edge dominating setin S — D', such that|D "| = (g—l .

Therefore ¢, € D" and e, € D". Consider the edges e, ande, . Note that

L L]

2 2
d(e, )={e, ,e}cD'andd (e, )=1{e, e } c D,'. Therefore the edgese, , e, €S-D'
27 27?2 2" 3 P
does not have strong neighbor inS — D', . Hence e, € D" ande, < D".The four edges of D"
—1 —+1
2 2

namely ¢ ,e, ,e, ,e, , strongly dominate exactly 5 edges of P (o, 1) . The other [31 4 edges of
npTny
2

n+1

D", each can dominate 2([ 3—‘ 4)= 2( —4) edges. Therefore D" can dominate

n+1 2n+2_ 2n

2(——4) +5= 3= 37edges A1s0|D"|+|D "|_n+1 2n=7 3” 6

3 3 3
This is a contradiction to D" be a strong sedge dominating set. Therefore if D" be any strong edge

=n—-2<n-1.

dominating setin § — D", then |D "| > [g—‘ . Consequently, 7' (P) = lrg—‘

Case ii) when n is odd.
Consider the minimum strong edge dominating set of P, (o, 1) . Let

" _
D, '={e,,e,,e,..... €t >Cni1> €t > R

2 2 2

e _,}.Let D" be any strong edge dominating set in

S—D', such that|D"| [ —‘ The similar argument as above in case i, the set

D={e,e e, ., G, } < D" . The set D can dominate exactly 5 edges of P, (o, ) . The remaining

2 2
1 1
[g—‘ —4 can dominate 2(l7 3—‘ 4)= 2(” _ 4)= 2(” * )—8 edges. The total number of edges
dominated by D" = (n_-l-l) 8+5= 2(11_—0—1) 3= 2n—7 . Also |D"| +|DS "= n_+1+ 2n3—7 =

3n—6

=n—2<n—1.Therefore D" could not be a strong edge dominating set of P, (o, 1) . This is a
- n n
contradiction. Therefore |D "| > l’g"‘ and hencey',(P) = [g—l .

Theorem 3.26. Let P, (o, 1) be a fuzzy cycle with n vertices, then y' (P)) = [g—l for any n >3
Proof: Proof follows by theorem 3.23, 3.24 and 3.25

Remark 3.27.
In the following table, we present the accurate domination number of some fuzzy paths
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P(o.u) | Blo.w) | Blo.w) | Blo.w) | Bo.w) | Blo.w | Rlo.w) | Blo.w
y(P) |2 2 2 2 3 3 3

Conclusion

The concept of domination in graphs is very rich both in theoretical developments and applications. This
paper presents the accurate edge domination parameter using strong arcs. The accurate edge domination
number of fuzzy cycles and fuzzy paths are obtained. We obtained the condition that the accurate edge
domination number and the strong edge domination number of a fuzzy graph are equal. We shall work on
this accurate domination parameter in the union of fuzzy graphs and join of fuzzy graphs in our forthcoming
papers

REFERENCES

[1] L.A.Zadeh,’Fuzzy sets and control’, 8 (1965) pp. 338-353

[2] Kaufmann. A., ‘Introduction to the theory of Fuzzy Subsets’, Academic press, Newyork(1975)

[3] L.A.Zadeh, ‘Fuzzy Sets. Information and control’, No.8(1965), pp.338-353

[4] O.T. Manjusha, M.s.Sunitha, ‘Notes on domination in fuzzy graphs’, Journal of intelligent and fuzzy
systems 27(2014) 3205-3212

[5] A.Somasundaram, S.Somasundaram, ‘Domination in fuzzy graphs-I’ Pattern Recognition Letters 19
(1998) 787-791

[6] Opystein Ore., ‘Theory of Graphs’. American Mathematical Society Colloquium Publications, Vol.
XXXVIII, American Mathematical Society, Providence, R.1., 1962

[7] A.Rosenfeld, ‘Fuzzy graphs’. In: Zadeh, L.A., K.S. Fu, Shimura.M(Eds), ‘Fuzzy Sets and their
Applications’, Academic Press, Newyork (1975)

[8] Harary, E., 1969. ‘Graph Theory’. Addison Wesley, Reading, MA. McAlester, M.L.N.,1988.
Fuzzy intersection graphs. Comp. Math. Appl. 15 (10)., 871-886.

[9] Nagoorgani.A and Chandrasekaran V.T, ‘Domination in fuzzy graph’, Adv. In fuzzy set & System
Volume 1(1) 2006,page 17-26

[10] Bhutani, K.R. and Rosenfeld. A., ‘Strong arcs in fuzzy graph’, Information sciences, 152(2003), 319-
322

[11] Pradip Debnath,'Domination in interval-valued fuzzy graphs', Annals of Fuzzy Mathematics and
Informatics vol6, No.2(2013), pp.363-370

[12] V.R.Kulli and M.B.Kattimani, ‘Accurate domination in graphs’. Advances in Domination Theory I,
ed . V.R. Kulli, Vishwa International Publications, Gulbarga, India (2012) 1-8.

[13] Berge. C, Theory of graphs and its applications, Dunod Paris(1958)..

[14] Mitchell S and Hedetniemi S. T., Edge domination in trees, Congr No 19(1977), pp, 489-509.

[15] S. R. Jayaram, “Line domination in graphs,” Graphs and Combinatorics,(1987) vol. 3, no. 4, pp.
357-363,

[16] Arumugam S and velammal S, © Edge domination in graphs’, Taiwanese Journal of Mathematics
vol2, No2, (1988), pp. 173-179

Copyrights @ Roman Science Publications Ins. Vol. 5 No.4, December, 2023
International Journal of Applied Engineering & Technology

5204



