International Journal of Applied Engineering & Technology

NEUTROSOPHIC FUZZY TRANSLATIONS OF COMMUTATIVE IDEALS
AND NEUTROSOPHIC FUZZY TRANSLATIONS OF N-FOLD (H AND
IMPLICATIVE) IDEALS OF BCK-ALGEBRA

Bhuvaneswari Dhanala, Anjaneyulu Naik Kalavath, Satyanarayana Bavanari*

Department of Mathematics, Acharya Nagarjuna University, Guntur, Andhra Pradesh, India-522510

Abstract:

This paper explores the application of Neutrosophic fuzzy translation to Neutrosophic fuzzy commutative ideals
in BCK-algebras, examining various properties associated with these translations. Builds on Jun et.al., work on
fuzzy translations (FT) and introduces neutrosophic fuzzy translations (NFT) as a new concept of neutrosophic
fuzzy translations of n-fold H-ideal and neutrosophic fuzzy translations of n-fold implicative ideal in BCK-
algebra, examining their properties and potential applications.
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1. Introduction

BCK-algebras developed by Imai et. al., in 966 [3, 4] and Iseki and Tanaka introduced an ideal theory of BCK-
algebras. Numerous researchers are doing work on this area. In 1965 Zadeh [24] introduced fuzzy set which is
generalization of Crisp set and also which contains truth membership degree. In 1991, Xi’s [23] introduced fuzzy
(ideals) BCK-algebras. Mostafa and Jun et. al.,[8, 12, 13] applied fuzzy set theory to implicative ideals in BCK-
algebras. Atanassov [1] introduced a novel concept of intuitionistic fuzzy set which is generalization of ordinary
fuzzy sets. In [9] Jun et.al., studied an intuitionistic fuzzy ideals of BCK-algebras in 2000. Satyanarayana et.al.,
[15] generalized some results on intuitionistic fuzzy ideals of BCK-algebras. In 2009, Lee et.al.,[11] develops a
concept of fuzzy translations and fuzzy multiplications of BCK/BCl-algebras. In [10] Jun, introduced a new
concept of fuzzy which is a Translations of fuzzy ideals in BCK/BCl-algebras. Zhan and Tan [6], introduced the
novel concepts characterisations of doubt fuzzy H-ideals in BCK-algebras. Satyanarayana et.al., [19] introduced
the notion of an intuitionistic fuzzy H-ideals of BCK-algebras after that Senapati et.al., [21, 22] study the concept
of fuzzy translations of fuzzy H-ideals and generalizing this concept to Atanassov’s intuitionistic fuzzy
translations of intuitionistic fuzzy H-ideals in BCK/BCl-algebras. Hung and Chen [2] introduced the concepts of
n-fold (implicative, (weak), commutative, positive implicative) ideals. Jun et.al.,[7], introduced the notions of n-
fold fuzzy positive implicative ideals in BCK-algebras and some results are investigated. Satyanarayana et.al.,
[14, 18] introduced the notion of foldness of intuitionistic fuzzy H-ideals in BCK-algebras, and also studied
foldness of intuitionistic fuzzy (implicative & commutative) ideals of BCK-algebras and their properties are
discussed. Authors [17] are generalized to neutrosophic fuzzy n-fold H-ideal within the BCK-algebras. Recently,
Satyanarayana et.al., [16, 20] studied on intuitionistic Fuzzy translations of implicative ideals and intuitionistic
fuzzy translations of n-fold H-ideals of BCK-algebras and also their properties are discussed. In this research we
are generalizing to neutrosophic fuzzy translations of commutative ideal and neutrosophic fuzzy translations of
n-fold (H & Implicative) ideals of BCK-algebra. For the purpose of this paper, we define the following terms
and abbreviations:

> G : BCK-algebra
> FHI : Fuzzy H-ideal
> FeI : Fuzzy Commutative Ideal
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> : Fuzzy Subalgebra

> nHI . n- fold H-ideal

> NFs . Neutrosophic fuzzy set

> NFnHI . Neutrosophic fuzzy n-fold H-ideal

> NF B T : Neutrosophic fuzzy B translation

> NFCT : Neutrosophic Fuzzy Commutative Ideal
> NFHI : Neutrosophic fuzzy H-ideal

> NFSA : Neutrosophic fuzzy subalgebra

> nll : n-fold implicative-ideal

> NFI : Neutrosophic fuzzy ideal

> NEH : Neutrosophic fuzzy implicative -ideal
> NFnll : Neutrosophic fuzzy n-fold implicative ideal
> NPT : Neutrosophic fuzzy translation

2. Preliminaries

Definition 2.1. ABGH

if it adheres to the subsequent principles,
(ﬂ€ﬂ4)U£*UU*(h*?H*(v*m}=ﬂ

(Bﬁﬂ_a{h*(hﬁmnﬁup:ﬂ

(BEK 3 5x5=0

3

(BEK 4 0%5=0

4)
BCK 5y Bxrwm =0 pqu*35=0m)jes B =1
o

We have the ability to establish a binary relation = on G py ®=W = B*w =

(6= Constitutes a partially ordered set featuring a minimal member ﬂ. Furthermore,
it adheres to the following rules v BwyeG

g (Grw=G)sGrw

i {h* (b= u,l}} =u

iy =%
V) JE'E'u’land'u“l-i:JE'impIiesi‘"'=IL1L v BWYEG

G is distinguished by the following attributes:

(Gx,0)

-Algebra is categorized as an al(?ebraic system characterized by a (2, 0) type specification

ﬂ. Under those circumstances

constitutes a G iff



(:P-3) (Bxuwly=(bxy)*y
P Ery)Eluzy)= G

(T_S)'E*{'h*{:'hﬁu{}} =bxy

(:]5"_6)1".5m:ahﬁyimﬁyandyﬁmiyﬁh
(:P_7)’E.i¢u,15f=~’s.ﬁy£u,1 vEuwyeEG.

G bx(wsd)=w=(dsu (bweG

is considered to be commutative when
# Anideal of ©if (1-) O €D (1-2) B¥ M and M € Y implies BEY v EWEC
o ABCK gpif (1), (1-3) BFWFY 4 VED

XS A subset p of a BCX -algebra G qualifies as a H-ideal if it meets the following criteria: (HI-1)
(HI-2) B (w#y) EY pqUED=BxyED, yBWyE G.

G is termed an impli_cative ideal if it satisfies,
YEVD= 59 yBwyeG

implies = '['-Ll #(y* Y}} £9, for any B,u,y € G.

0ED

% Anon-empty subset ¥ of (r-1y0ey (-2

(Bx(m=))=yeD

BCK G B=%b=x(w=t) y Bwed

* A is said to be an implicative BCX -algebra if it satisfies,

XS (i) A non-empty subset L ofa G is called n-fold Be}f—ideal of G if (I-1) and (1-4) and there exists a fixed
nEGg ohthat BFW ) FYED 1 VEY= BEw €Y B WYEG

-algebra

- ;I; " . . - -
(ii) For any elements 5 and M of G B*w denotes { ""{U‘"‘ *uy) * ”‘1} Sl } =™ in which <™ occurs ™
-times.

pL BCX -algebra G is termed as nHI of G, if

Definition 2.2: A non empty subset *' of a

(HI-) 09

BwyyeG

- " - ?!
(nHI-2) For all there exists a fixed ™ € € such that B* (W * ¥ €9

WEY = bxy" €Y

Definition 2.3: A non empty subset 2 of a 0 G is termed as ™ of & if

(:rJH_l) 0y

-algebra

ML) Forall WY E G n € G geh that (B=(ux3M))xyeD and

vEN= %]

there exists a fixed

P. G

Definition 2.4: A fuzzy set = in ~ qualifies as a fuzzy commutative ideal if it adheres to

(FCIy) PF(0) = P(%)



(FGJ-Z) P (']’:‘.. # (u = (y *}Y}}) = min{P((b# up) # Y},IF"{:‘,{}}’ yBwyeC

G={0,g.kp,r
Example 2.5: Let 080 kg1, )

in which ™ is defined in the following table.

# |0 |8 | kg |1,
0 0 |0 0

Bz |B2 |0 |0 Ea

r, |m | | |0
Then (G:*,0) isa BCX -algebra.
Define a FS T in G by Fa(0) =20, Pa(l) =3y, Pa(2) = Pa(3) = =, where X0 X2 € [01] o i
®o = ® 2 E2 A routine calculation gives that FisaTC of G.
Definition 2.6: A fuzzy set Pin G is called ¥ 2 (fuzzy subalgebra) of G, if

P(t #u) = min {P(E),P(w)} vBwWeEG

P ipq BEX G

Definition 2.7: A fuzzy subset = in
following properties:

P(0) = P(%)

-algebra = qualifies as a Fuzzy H-Ideal (FHI) if it satisfies the

(FHI-1)
(FHI-2) P(t #y) = min{P(b* (w#y)),P(w)} ybwyed

Definition 2.8: A fuzzy set P ina BCK G FIl

following properties:
(FH F(0) = P(%)

-algebra ~ qualifies as a Fuzzy Implicative ideal (" ") if it satisfies the

-1)

(F”-Z) P(:) = mz‘n{IF’{{h #(uy=h))= y), ]P"[:",f}]’ vBWyeG

Definition 2.9: A fuzzy subset P ina BCX -algebra G characterized as a FnHI of G if it fulfills the following
properties:
(FnHI-1) F(0) = P(%)

neG

(FnHI-2) There exists a fixed such that
P( #y") = min{P(* (w=y™),Pw)}, v 5 wye G

Definition 2.10: A fuzzy subset T ina BC¥ G characterized asa T of @

properties:
(Fnilg) B(0) = F(%)

-algebra if it fulfills the following

-1)



(FﬂH dm £0G

-2) There exists a fixe such that

P(:) = min {]P‘(I['L".* (my #87)) = ‘a’): IF"[:‘.;’}}; vBwyeG

Definition 2.11: An Intuitionistic fuzzy set A=(C Pal) in G

(IFnHI) of G if it fulfills the designated criteria:
(IFnHI-l) Pﬁ{:ﬂ} = Pﬁ{:t) and 1:};%{[]} = t!:_a,{'h]

is deemed an Intuitionistic Fuzzy n H-1deal

(IFnHI-2)There exists a fixed ™ = G such that
Pa(b#y") = min{Ps(B# (w2 y™)),Pslup}
(IFnHI-3) (B *v") = max{ (5= (w=y"), L} yBwyed

Definition 2.12: An Intuitionistic fuzzy set’™ = (G, Pa, L) in G

ideal (F™7) of  if it fulfills the designated criteria:
(JFnl 4, P2(0) = Pa(®) ;g Hal(0) = La(®) oo exists a fixed ™ € © such that

is deemed an Intuitionistic Fuzzy n Implicative-

(Fnll Pa(3) = min {Pﬁs (= =) =y), Pg{ﬁ‘.f}}

(Fnll g o(s) = max{ (52w =) 2 v), L) v B yEC.

Definition 2.13: A VTS & = (Pa, I, L) (( NFSA G,

(j"'-'" FSA .\ Pal(bxu) = min{Ps(s), Palw)}

if it satisfies

-1)

NFSA Fs(B# wp) = min {da(B), da(w)}

(NLFSA_S) o, (B #u) = max { (k) t!:.a,{:ul}}, vBWEG

G= {{], Ea Hp, :"},}

Example 2.14: Let in which ™ is defined in the following table.

# 10 |Ba|bp |y
0 |0 |0 |0 |O
Bz |B2 |0 |0 Ea
kg kg L 0 kg
r, |r, |, | |0
Then (G:*,0) isa BCK -algebra.
Define a VTS &= (Pa, Ga, %) i, G p Pa(0) = Palga) = Pa(kg) = 008, Pa(r,) = 0.04

ﬂFﬁ{ﬂ} = C'Fﬁ{g:r} = CFﬁ{kE} = ﬂﬂg: Cﬁﬁ{r}-’} = 0.04 and t{ﬁ{ﬂ} = t{g{gﬁ} = t{g{kﬁ} = 0031



Definition 2.15: AV FS &= (Pa, T, %) in G is called 7 77 (Neutrosophic fuzzy ideal) of G if it satisfies:

NFI_py Pa(0) 2 Pa(®) d2(0) 2 du(B) g %a(0) < Zu(B)
(NVFT ) Pals) 2 min{Pa(s * w), Pa(w)
NFIg) da(B) = min {Fs(bx w), dalw)}

NFIy L (8) € max (b w), L(w)) vEBuweG.

Definition 2.16: A V' FS &= (Pa, Fa ) in G is called 7V FCI (Neutrosophic fuzzy Commutative ideal) of G

if it satisfies:
NVFCT 1) Fal0) 2 Pa(B), a(0)2 da(®) oy Ll0) < Lu(B)

(N;F@j_z) Py (']':'. -3 {u_l = [y ® ']':'.}}) = TlliTl{Pﬁ{{:t* uy) # Y:}J IPA{:Y}}

(N;FCJ‘_3) ;;Fﬁ(t. # (g (uy = h}}) = min{di((®B=u) 2y), &)}

NFCI g s (‘E- * (w=(w = ‘E-}}) = max{Z((Bxw) *v), %W} s uyyed.

G=1{0%w,o} be a BCK

Example 2.17: Let -algebra with the given table.

Then =0 is ch}f -algebra. Define a NFS&j, G by

P, (0) = 0.08, P4(f) = 0.06, Ps(m) = Py(n) = 0.03 &4(0) = 0.08, dald) =006, & (w) = &4 (o) = 0.03
and H(0) =003 <L®=006 Ulw)=2%(c)=0.08 0.03, 0.06 and 0.08 £ [0,1]
0.08 = 0.06 = 0.03, and 0.03 =< 0.06 < 0.08.

i NFCT ¢ G.

where and

By usual calculations one can easily check that # = (Fa da %)

Definition 2.18: A Neutrosophic Fuzzy set #=(Fs Far ) in G is deemed a Neutrosophic Fuzzy n H-1deal
(NFnHI) of G if it fulfills certain requirements:

F.(0) = Pi(k), &5(0) = &Filh) and L.(0) = neg

(NFnHI-1) L () there exists a fixed

(NFnHI-2) Py(bxy™) = ?rliil{Pﬁ{h # (g = g”}}JIPﬁ{:u_q}}

such that

(NFnHI-3) s (B2 y") = min{ s (b = (w =v™)), & (w)}

(NFrHI-4) B ® 2y = ma{ (32 (= y™), LW} yBwyed



NFS&=(Ps dada) G (VR o

Definition 2.19: A
G if it fulfills the designated criteria:
(NF:uH_l) F.(0) = ]P‘,.a,{_t.}, o (0) = da () and Z(0) = L(®) 4000 exists a fixed ™ G such that

is deemed a Neutrosophic Fuzzy n Implicative-ldeal

(NFH”_Z) Pﬁ{:h} = min {Pﬁ ((']‘:‘. ¥ {'-ll # 'h”}} ¥ Y:]J Pﬁ{:y}}
(NFTIH_g) &i(B) = T.'rll".rl{rfﬁ({'h # (g = ']':'..”]I} ~:r:|e1|ﬂr:]J GFA{:?}]
(NFnll 4y u(k) = max{Z, (22w =t") #v), L) v BuLyeC.

G={0mu0006), . BEK

Example 2.20: Let be a -algebra with the following Cayley table

# |0 Wy | B | @ | Cr
0 g, | Cr
wy |, |0 | &y | ¢ | oo,
By [P |[&, |0 0. | O
0. | o, |o, o, |0 |0
Cr | &r 2y | Sr wy | 0

Define a V7S % = (Pa da ) G by

P,(0) = 0.08, Bs(wm,) = Palc) = 0.06,P4(2) = P5(p,) = 0.05

CFI-E{G} = {]5.! C'Fﬁ{ml"] = C'Fﬁ{g[] = ﬂil-_, ‘-_"Fﬁ{z} = Pﬁ(gt} =03 and

Then & = (Pa, &, %) ; NFnll G.

of

For brevity, we represent a Neutrosophic Fuzzy Set (N F '5) # as &= (CPs s ) or’g’E = (Fa T, t{ﬁ}. In

this paper, we adopt the convention € = if {L(B)BEC) gy any VFS &= (Pa, da ) o G

3. Neutrosophic Fuzzy Translations of Commutative Ideal of -BER-AIgebra

In this phase, we introduce and practice the idea of Fuzzy Translations (FT) to Neutrosophic fuzzy commutative

BCH

ideals in -algebras and few properties are examined.

Definition 3.1: Let = (P G ) be a VTP of G t pelocl An object having the form

T _ : T r T r T
%E B {_{'IP"“‘}E’ {'cfﬁjg A qﬁ_}g ) is called a NFf —T (Neutrosophic ~ fuzzy B translation) of * if
(Pa)p(B) = Pa(B) + 8, (da)p(B) = da(B) + 8 and (La)p(k) = L(B)—p v BEC

and le

To maintain simplicity, we adopt the symbol notation &= (Fs o ).



_ B _ mal _ T T T
Theorem 3.2 1f % = (Pa, Fa, L) j NFCT ofdJ then the NF® —T#g {{Fﬁ}ﬁ‘{dﬁ}ﬁ’{{*}ﬂ of #jsq vV FCT

Gy B e [ocCl

NFCI G and B € [0,c].

isa
of

Proof: Let “bea
Now ()8 (Bx(w* b)) =Ps(5* (wx(=s))+p

=min{Ps((52w) 2y),Pa(y)}+ 5

=min{Ps((3*w) #y) + B, Pa(y) + 5}

= min{(P)E((2* w) * v),(P2)F ()}

(@)h (5% (w=(w=n))=da(s*(w=w=2))+5
=min{da((3xw) #y), du(y)}+8

=min{ds((B*w) =y)+ B, & (y) + §}

= min{(d)z ((B=up) #y),(F)p ()] and

(L) (3 # (wx =)= & (5x (wx(u=s))-p
< max [ L((Brw) =y), L)} -4

= max { t{ﬁ{{h # ) ® Y} — B, Zaly) — }9}
= ?rlax{{t{g}g{(h* up) ‘a’}:(t{ﬁ];(‘f}]

Therefore, {:PA}E (t #(w* (= t]}:] = ma’n{{:IPﬁ}E{{:t.ﬁ up) = y), '[:PA}E'[:Y}]

(@) (5= (w= (= »)) = min{(Fp((= W) =¥) (FWF @}

{QA}E (']5 #(w = (= 'L"-]'}:] = mﬂx{{tfa}ﬁ((h* up) # Y}:{qﬁ}g‘:‘a’}} v BWYEG

G

NEF - Tﬁg of A is NFCI of =

Hence, the :

FF — T4}
2 i B g g NFCT G B E[0,C] NFI G

'llhil'
Theorem 3.3. If the ! thenitis a

T
Proof: Let #g of “bea

We get
{]F‘A}E{h} =Ps (']’:‘.. % I[I:] # (0% ‘5}}) = 1111‘11{]13‘3{{15. #0) a-:ﬂl,r}, Fﬁ{y}} =min{Ps(E*y), Ps(y)}

NFCT o G py W =00 NFCI -2,3and 4

{CFA}E{L".} = GFA(']':'. % {[] (0= 'h}}) = min{rfﬁ{{h #0) &Y}, cFﬁ{f}} =min{ds(B #vy), FKly)] and

(LE®) = % (8% (0% (0% ) ) = max{L((5% 0) xy), PaW)} = max{ (a2 v), % V)

T
Therefore, A isa? T of G.



Remark 3.4. Converse of the theorem is no longer be genuine it’s far proven within example.

G ={0,% w,o} be a BCK

Example 3.5. Let -algebra with the given table.

# (0 |F |wm oD

0(0 |0 (DO
F|E |0 |F |O
wm| w | m [0 |0
o |0 |o |o |0

Let A bea NFs of G.

F.(0) = 042, Fo(f) = 0.33, Fa(w) = 0.22,F.(0) = 0.12
da(0) = 0.32, A4 (D) = 0.21, da(w) = 0.20, (o) = 0.10
. (0) = 022, L (F) = 042, f(w) = 0.50, £ (o) = 0.65.

H : . E - = =
A NFT Gand NFF —T o4 C=02 0.20 £ [0, C]

Then 2 and we take B
{:Pg}ﬂiﬁﬂ} = 0.62, {:Pg]ﬂiﬂ =0.53, {:Pa}E{:m} =042, {:IF’a}E{:n} =0.32

where is given as follows

(2)p(0) = 052, (FR)R(D) = 041, (d)f(w) = 040, (Fa)f(0) =030,

()3 (0) = 0.02, (L) (®) = 022, (L) (w) = 0.30, ()} (0) = 0.40

NFEI .G

Clearly it is not a of =, because

(B} (w = (0% (0% w))) = 042 < 0.62 = min{(Pa)f((w= 0) » 0), (P} (0)}

(d)f(w# (0 (02 w)) =040 < 0.52 = min{(d)j((w*0) ¥ 0), ()} (0)]
an

(L)% (m #(ox (o m}}) = 0.30 > 0.02 = max{(L)((w= o) = 0), (L)} (0)}

T .
Corollary 3.6. Every A NFCT of G must be a NFsA of G.

Fé—Thy & NFCI Gy Be0C]

N
Corollary 3.7. Let the ! , then we have the following

< 8 impties BB = (PF@) (ED = (GF(0), (WFD = (W@, y o€

G

T
" then g is a7V FEI G

of of = iff
(BDE (B (W= (w*5)) = (PDFE*w) (d)f (2 (wxw=1)) = (> w) .

T ..
Theorem 3.8. Let g beal" 77

{ﬁtfa}ﬂ(h # (w = (w = h}}) =(d E{h*'-lﬂ' v BweEG



NFI .G NFCI . G.

T T .
Proof: Let #g be a of ™ Assume that % isa of & put ¥ = 0 j NFCI -2,3and 4

We get (B} (3 = (w = (=) ) = min{(P)F((5 = w) = 0), (P)(0)}

= min{(P2)} (3% w), (P2)5(0)}
= (B (5= w)
(G5 (3% (w = (=) = minf(G5((= w) = 0), (G5 (0))
= min{(dw)f (b= ), ()} (0)}
= (Ghrw)
(L)% (5 = (w* (w * 5)) ) = max{(L)F((B* w) * 0), (£L)F(0)]
= max{(L)5(5 = w), (L)5(0)}
= (L= w)

®DE (5= (w=(w=5)) = (PIE (B> w)

Therefore,

(G (5% (wx w=®)) = (GhG=w

(D) (5= (ux (=) = (LFGE=w | 5 ued.
Conversely, consider

(®DF (5= (w=(w=5)) = PE (= w) = min{(PF((5* w) = v), (P}

(0‘3}5 (h # (g # (g = ‘5}}) = {CFA}E{-E* w) = 1111?1{(0‘3}5{(15.* uy) # y},{c@i]g(ﬂ] and

(L)p (h # (= (= h}}) = (L)E(B= w) = max{(LIF((B* wp) *v), (L] (W)}

T T
yBUWYEG Thus, A jg o NFCT ¢ C.

o, B X (3 (ux (ux9)) = (8 (5= (ax =)

[oy P-3]
= (u{ﬁ (e ']':‘.}} 1Y by P-3]
=(mu)(y=s)=0

Therefore,{ w) = (3 (= }}),vh:UAEG-

Plp(bxw) = (Byp (b= (= (w=t
By Theorem 3-8,Wehave( aJp(Bxw) (3}5‘( (= (y }'})

(Gfsxuw) = (Wf (5% (u= (=)

(EExw = (RE(s# (= w=w)) _sued



B _ TaTl (P )b (Bzw) = (Py)X (% # = (w=s)))
Theorem 3.9, A NE T T8 gp & o o NFCT (G et aJp(Bxw) = ( A}'E( = (w = (u = }})

(FpE=w) = {:ﬂ‘ﬁ}ﬁ(h # (u = (y = h}}:l and (L)p(exw) = (L)} (h # (= (= h}})

\v4 'h,Ll{EG..

4. Neutrosophic Fuzzy Translations of n-Fold H-ideal of BCK-Algebra

G

= . . B _ .
Theorem 4.1: Whenever * = (Fa T2, L) isa NFnHI of -, its N T given by

T _ : T 7 T i T .
A = (P2 (R, (BE) necessarily inherits the NFnHI property ¥ # in [0 ¢

Proof: Assume * = (Pa o ) is a NFnHI of G and Bin [0, c1.

" Timy — g . o Tr
Accordingly (P4)p(0) = P4 (0) + 8 = Pa(B) + § = (Pa)p(B)

(F2)5(0) = G (0)+ B = Fa(B) + B = (Fa)p(B) and

()3(0) = L(0) - 8 = L(B)— = (L)p(B)

Meanwhile, {Pﬁ}g{h* Y )=Palbzy")+8

= min{Pys (5 % (w #y")), Pa(w)} + 8

= min{Pys (5 = (w #y™)) + B, Ps(w) + 5}

= min{(P)5(2% (w = y™)), (PG (w)
(Fa)p(B2y™) = Falbxy™) + B

= min{dy(b* (= y™),Fa(u)} + 6

= min{da(5# (= y™) + B, &a(w) + £}
= min{(d)p (5 % (w #y™), (Fa)p(up)] and
(L) (Bxy™) = Llbzy™) —p

= max{ (k= (w #y™), T(w)} -8

= max{ (% * (y #y™) — B, Lu(w) — B}
= max{ () p(5* (w=y™), (L) () v Bwye G

= (P)5,(d)5.(%)3) G

. g _ . Ap .
As a direct consequence, the NET T of A is given by g is indeed a NFnHI of *.

a T

B _
such that its NF

Z) be a Neutrosophic Fuzzy subset of
T )
}E}’ is a NFnHI of G for some B in [0.c1. Then = = (Fa . %) is necessarily a

Theorem 4.2: Let %:{:Pm T,
a} = (PR (G} (%

NFnHI of G.

= ((B)5,(d)5, (%)) G fi

ngl'-
Proof: Assume that =~ * in

[0, C].

possesses the property of being a NFnHI of = for some



Observe that P(0)+5 = {Pﬂjgm] = (FaJ'E*Ch} =Pa(B) +8
F2(0)+ f = (d)j(0) = ()p(B) = (B +6

2 (0) — B = (L)3(0) = (L)p(B) = Lu(d) -8
This yields F4(0) = Pa(®)
s (0) = Fa(®) oy
% (0) = (k)
Presently, we observe
Pa(bzy™)+ 8 = (B)f(k 2 y™) = min{(P)} (2 (w=y™), ()] (w)]
=min{Pa(5 % (w £y™)) + 5, Balw) + 5}
= min{Ps(b = (w *y")), Ps(w)} + 8
Fa(bxy™) + B = (Fa)p(B# y™) = min{(d)} (B = (w #y™), () g (w)}
= min{da(B# (w #y")) + 6, Falw) + 5}
= min{dy(5% (w=y™), @} +8
Lu(Bxy") — f = (L)p(E =y = max{(L)5 (5= (w = y™)), (L) (w)}
= max{ (b % (w 2y") — B, Llu) — §)
= max{ (b= (w =y™), Lw}-4
This leads to F2B*Y") = min{Pa(®* (w *y")),Palup)
(b= y") = min{ (b * (w #y™)), & (w)}

L(B#y") = max{L(b* (w=y"), L(w}y BuwyeG

Therefore, we can deduce that A= (Pa da L) is a NFnHI of G.

T _ T T T
Theorem 4.3: If the NE* — T 7% = (P25 (F0)h.(B5)

induced by’g'f is a NFnHI of Gyh in [0 Cltpen it
must be a ¥ F7 of G.

P e z
Proof: Assume the N defmed as E {{ “"‘}E{ “"‘}'E I|:tf“'h‘}g}of’g'fformsaNFnHI of d

Sequently, we obtain (Pa)g (b= y™) = min{(B2)5(5= (w = y™)), (Pa) § (w)}

() =y™) = minf(Gp(5= (w=yM).(Fpw}

(L)p (b= y™) = max{(LIp(5% (w=y™), (L) | 3,wyeG

50 bx0" =%,

Given any thus with the setting of v=0 we attain

{Pa}ﬁih} = 111111{{1[3’3}5{‘5& (g = {]”}}, {Pﬁ}g{m}}

= min{(P,)p(E* wp), (Ps)p(w)}



(d)5(8) = min{(F)F (3= (w = 0M), () (w))
= min{(d)f (5= w), (G}

()5 () < max{(L)5(5 % (w = 0m), (L5 ()
= max{(£)p (5 = wp), (L)j ()}

& = (PR (R (RE)  NFT

Accordingly,

. B _ _ AL
Proposition 4.4: For any B between ° and C ifthe N I —T of # given by “F
NFnHI of , then it necessarily follows that it is also a NFsA of G.

Theorem 4.5: Let A= (Ps da a) be a NFs such that the NFE -T

Al = ((PL)E ()b (L)
i '['[. g},r_e:{. 3]..31{_‘{3}3J of Fis a NFnHI of Gy B in [0, C]then the sets

B = {3t € Gand (P5) (k) = (P2);(0) ] ¢ ={8|5€ Gand (d)p(E) = () (0) ]

D = {83 € Gand (L)5(E) = (L)50) ] G

are nHI of ~.

= (P25 ()5, (2)5) G

constitutesa NFnHI of ™
G.

gl"
Proof: Assume that =

- AT (% T - T
n (Fa) ’{'cFﬁ}'E and {'E{'&‘]'E become FnHI’s of

GEEB‘GEEandGEE.

The

It is evident that

Thus%iﬁ,@;&ﬁandﬁiﬁ-

Assume any " € G

Bx(wxy)eB  weB= (Pa)p(sx (wey™) = (PR(0) = (Pa)f (w)
We now turm to {:Pﬁ}gi:'hie yi= mi“.rl{'[:IF’ﬁ}E{h* (g = ‘.,’”}}J'[:Pﬁ}g'[:“&}}
= TIliTl{{:Pﬁ}E{:ﬂ}J '[:]13'3}5{:[]}}

= (P4)(0)

B
Which entails 208 (3% ¥) 2 (Fa)p (0)

This shows that T2 (B *¥™) + 5 = Fa(0)+ 5 (or) Fa( #y") = Pa(0).

b=y € B, v']';‘..Jl_lL‘ﬂi'E G.

Thus B is nHI of G.

In order that

G

Using a similar approach, we can prove that ¢ isnHI of ™

A

' Tt 5 -1 ' T P R 1 - Tl
Moving on, consider () (3% y™) = max{(L) (5= (= y™).(L)p ()

g EX@Ey)ED  wED= (L )p(B = (w = y™) = (LIp(0) = (L) (wp)

= (PR (Gp (W) .,

and



= max{(£)5(0), (L)5(0)}
= (5)3(0)
Which results in ({*}E{t* v < {qﬁ}g{m

This means that “2®*¥") + 5 = L0+ 5 oy LB=y") = £4(0).
Insofaras E* V" €9 v BWYEG.

G

Thus we can conclude that B isnHI of =

Proposition 4.6: Suppose A= (Pa g ) is a NFnHI of G. Then it is straightforward to see that
Py(bzy™) = IPA'['L"'* (0 *‘a’”}} da(Bxy") = CFA'[JE'* (0 *‘a’”}} and d(bxy") < t{%{h*m *'-!’”}J v
5 veEG

T _ T T T
Lemma 4.7: Let the I\FE ~T#H = {{Fﬁ}ﬁi{dﬁ}ﬁi{qﬁ}ﬁj of ® be a NFnHI of GyB in 19 €1 Then for any
B2 E Gyye pave: (Fadp(B)2 {Pﬁ}.'l?rﬁ? (Fadp(®) = (da)p®,q (L)p(B) = {%}E{f? whenever & =%
Proof: Suppose =¥ € G satisfy =¥ then B*E=0.

consider BVR®) = (BE (= 0) = min{(®)} (5= (2 0M), (P} )]
= min{(P,)} (5= %), (P,)5 ()}

= min{(P,)5(0), (P)}(®)

= (P

= (Pu)p(3) = (PL)3 ()

Analogously, (Fa)(s) = (F)f (5% 0) 2 min{(R)f (5% (£ 0M), ()30
= min{(d)f (5D, (d)p ()

= min{(2)}(0),(d2)} (D)

= ()@

= (d)p(8) = (5@

A (f)p () = (L) (B 0) = max{(L)G(= (2 07), (L))

= max{(L)5 (5 # 9, (L)F®}

= max{(£)5(0), (L)F®)

= (L

= (£)5(8) = (L)

(Ba) (T e of order-reversing, while (%)

T
Therefore, # is order-preserving.



5. Neutrosophic Fuzzy Translations of n-Fold Implicative Ideal of BCK-Algebra

T _ T T T
o NFull G FP —Tag = ((Pa)p.(da)p. (L)} (&, NFnll (G y

Theorem 5.1. If s " then the N
gelo.cC]
Proof: Let® bea NP1 of G gng B € [0.C]

hen (Pa)2(0) = Pa(0) + B = P4 () + 8 = (Pa)p(3)

(2)p(0) = (0 +B = du(k) + 5 = (du)p(B)

ang C@)e(0) = L(0) - = g (5) - = (L)p(E)
Now, (Pa)e(®) =Pa(s) + 8
= mm{uﬁﬁ ((t = (u = 8")) *".f): IF’A('..’}}+ B
= min{Py (5= (= 3M) xv) + 5, Pa(¥) + 6}
= min{(P)F (3% w =3m) 2v), PDF W)
(F)p(k) = KB+ 8
> :rm‘n{ﬂ‘ﬁ ({h * (= 8")) = ‘.f:L CFa(‘a’]'}"‘ B
= min{di (5% *¥7) 2 y) + 5, () + 5]
= min{(da)f (5= (= 7) =y), ()FW)]
Ang (Bp(B) = (B -
= max{d (5% (u=2") *v), B} -8
= max{ L (5% (w=2") 2y) - 6, %(y) - 8}
=max{(L)F (5% (w=+7) *v),(WEW} , buyed

FF—T & = ((Pa)p(d)p (B)E) &, NFIl (G

Hence N of =™

F—Tap = ((Pa)p. (Fa)p. ()p) &, NFnll (G BE[0,C]

F
Theorem 5.2. If the N then it must be a

NFI o G.

G,

B —Tal = ((Pa)5. ()5 (L5
5= ((P)5.(da)f (qﬁ}ﬁjof’*isawﬁl”o " then we have

F
Proof: Let the N f

{]F‘A}E (8) = min {{Pﬁ}g ({‘E. #(u #8")) = Y), {]F'g},r_l;":".g’}}J

(@) = min{(c (5% (m=m) #v), (RFW}



(%) () = max{(G)p( (3= (u=5m) 2 v),(WFW} |3 wyed
Since for any ® € G, Bx(0=%) =
Therefore by setting ™ = @ and ¥ = " we get
(BF(5) = min{(P)F (52 (02 2™) = w), (Pa)f (w))
= min{(P4)(E* up), (Ps) 5w}
()3 (@) = min{(G)f ((2 % (0% M) xw), (d)f (w)]
= min{(Ja)f (3% w), (da)f (w)}
ang CBB® < max{(LF((5%(0%57)  w), (G (w)]
= max{(L)F (5 *w), (L)F(w)

={{PA}EJ{GF3},EJ(1:I3}E]- NFI _.G.

E'JEI—
Therefore, ¢ is a of

AL FP —TAL = ((P1)5,(Fs)E, T .
Theorem 5.3. Let “ 8 be a ¥ 77 of G.Then N 7= (P} (G (L)) of Fis g NFnIT ¢ G v
gelocle

(Pa)p(®) = (P (5= (w * 3, (F)p () = () (B = (w * 7)) and

it satisfies the conditions

(f)p(®) = (L)E(B*(w=5")) y 5,wed,

= ((P)E (F)p (L)E) . is g NFnIl

Proof: Suppose A5 = G.

(PR (E) = min{(Pa)F (5 (W =57) =v),(PDFW)}
(Gwh(e) 2 min{()f (6% (wx M) #v), (WFW}
(LE®) = max {(LF((3 % =37) = v), (LF W)}

put ¥ = %in (i), Gii), (iii)
We g o (Pa)p () = (Pa)f (5 = (w #37)

(Fa)p(®) = (Fa)p(B* (m*3"))

(tﬂﬁ}r(h}‘:(t{q} {h*(u{*h”}} E,1 € G.

Conversely suppose that, ¥ By € G (Pa)p(s) = (Pa)f (5= (w = h”}:'
(Ga)p(®) = (Fa)p(s= (w=3m)  (L)p(E) = (L)f(b=(w = h”}}
Since A= {{Pﬁ}ﬂ’{ﬂ;ﬁ}ﬂ*{qﬁ}.ﬁj JNFT G

(Pa)p(B) = (Pa)p (b= (w = 37))

of



> min {(Ba)h (5% (= 3m) = y),{uﬂg}gm}’
CAROEICAACLICEL D)

= min {(F)p( (5= (=) #v), (R
CAHORICAACEICELY)

= max ((G)f (5% (w* M) *y), (WFWI 75wy €G.

'[":IPA},Q (ﬁa}g (tfa},ej NFnll .G

Therefore A = is a of

PR _paT _ r
Clearly N© Tah = ((Pa)j.(d)p (Bp) o4 . NFnll G

Lemma5.4. Let the N FE —Tag = ((Pa)p.(F)E {qﬁ}gj G pe g NFIl o G 7 B € [0,C] yhen we have
the following

bws (POJ) > {uaﬁ),é;(uu,
":CFA} () = {d:ﬁ} {U-L}

(L)p(®) = (tmg(m} yBWEG,

BWeEG Bau =0,

Proof: Let such that B=y implies
put ™= O ang ¥ = Wiy NFRII 5 33044,

{Fﬁ}é{h} = min {{Fﬁ}g ((-k. (g #B7)) = ‘a’); {PA}E{Y}]

Consider
= mm{(]}aﬁ}g({t #(0#87) 2 ), {FA}E{U-;[}]
= min{(Py)} (5% w), (Pa)5(w))
= min{(P4)5(0), (Pa)F(w)}
= (Pa)p(w)

Similarly, 07 #(®) = min (0 (5% Cu=2m) = v), (W)}

> min{(d)} (3% (0% 27) x w), (G5 (w)]
= min{(d)§ (b * w), ()5 (w)}

= min{(d)§(0), () F ()}

= (Fa)plw).

 (Wh®) = max{(GF( (5= (w=2) #v). (WFW]

= max{{ t{%}g ({'L". #(0=8")) = '-Ll) , {%}E{Uﬂ]

= max{(tfg}g'[t ), {‘IA}E":U&}]



_mﬂx{{t{%} (0), (La)p 2lup}
= () (w)

Hence the result.

Theorem 5.5, Let % = (Fa)b (G0 (LR}, NPT (G ppo following items hold the same meaning:
DAL . NFnll

i) (Pa)f (B) = (P} (5= (w = 37), ()p(3) = ()p (b= (w=37)

(L) = (Lp(s=@=37) v swed.

1)(Ba)F(8) = (B 5o x (w *3)), (GG = (G5G = (w *8)

(L)p(B) = (L)p(B* (W*B)VBWEG

Proof; (1= (i1

NFnll ,G.

Let ﬁg be a of
put ¥ = @ in NFnIL 5 3 and 4, we get
(PR (B) = (Pa)f (b * (w =)
(da)p(®B) = (F)p(B= (w = 3"))

(2p®) = (Lp(E=(u=+M) ¢ swed
Thus, Condition (ii) is upheld.
(ii) = (iii)
Observe that in by (ii)
(Pp(E* (= 3") = (B} (8)

GE*x(Bxzu) =3

We have
(Fa)p(B > (w=") = (ap(®)
(LG (k= (= 7)) = (LF(E)

It follows from (ii) that {Fﬁ}gih} - {P‘*}E{t * (= h”}}’

(ﬁa}g(’ﬁ} = {CFA}E{'E* (w = 15”}} and
()5 (8) = (LG (B=(w =)V u G
Thus, Condition (iii) is upheld.
(iii) = (i)

'[":Fg}g {CFA}E {tfa}gj J‘I.'"fFJ‘ G,

of
ﬁ}ﬁ{h # (g = h”‘}} = min {{]F‘ﬁ}r ({'L‘- # (uy = i‘-”‘:‘:} ® ".f) ":Pa} (y)]

Since ap =

We have



(Fa)p(B* (w=3") = min{ (d)} ({‘5 # () # £7)) *'H.f), (Fa)p(v)] and

( ti};}ﬁ(h = (w =1")) = max {( L 5({1‘. = (u =t")) = y:]J ( tf,.a,}g{y}} v BuyeEC

Combining (ii) we obtain

(P4)% (%) = min {(Ps)} ('['L". * (w * &) *‘a’): (P2)% ()}

{:cFﬁ]E{:‘E.} = min {(::-’},}E ('[1"- (=)= Y)J{:EFA}E{F}} and

{:tfﬁ}g{h} = max {( tfﬁ}g ({'h = (g =4)) *‘a’): ( tfa}g'i:‘a’}} v b,y € G.

. e
Obviously * satisties T8 (0) = BE(®) (60)5(0) 2 (F(8) | (WEO) < (RF®) v se¢

Ap = (PR ()R, (L)]) i NFnIl G,

Therefore f
6. Conclusion

This research has successfully explored the application of Neutrosophic fuzzy commutative ideal in BCK-algebra,
new lights on various related properties with these translations. This study has introduced Neutrosophic fuzzy
translations (NFT) as a novel concept. Furthermore, neutrosophic fuzzy translations of n-fold H-ideal and
neutrosophic fuzzy translations of n-fold implicative ideal in BCK-algebras, and also demonstrated the
significance and versatility of NFT in the context of BCK-algebras. The findings of this study are expected to
inspire further research in the field of neutrosophic fuzzy set theory and its applications in algebraic structures,
ultimately contributing to the advancement of mathematical knowledge and its practical applications.
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