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Abstract: This paper explores the application of Neutrosophic fuzzy translation to Neutrosophic fuzzy
commutative ideals in BCK-algebras, examining various properties associated with these translations. Builds
on Jun et.al., work on fuzzy translations (FT) and introduces neutrosophic fuzzy translations (NFT) as a new
concept of neutrosophic fuzzy translations of n-fold H-ideal and neutrosophic fuzzy translations of n-fold
implicative ideal in BCK-algebra, examining their properties and potential applications.
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1. Introduction

BCK-algebras developed by Imai et. al., in 966 [3, 4] and Iseki and Tanaka introduced an ideal theory of BCK-
algebras. Numerous researchers are doing work on this area. In 1965 Zadeh [24] introduced fuzzy set which is
generalization of Crisp set and also which contains truth membership degree. In 1991, Xi’s [23] introduced
fuzzy (ideals) BCK-algebras. Mostafa and Jun et. al.,[8, 12, 13] applied fuzzy set theory to implicative ideals in
BCK-algebras. Atanassov [1] introduced a novel concept of intuitionistic fuzzy set which is generalization of
ordinary fuzzy sets. In [9] Jun et.al., studied an intuitionistic fuzzy ideals of BCK-algebras in 2000.
Satyanarayana et.al., [15] generalized some results on intuitionistic fuzzy ideals of BCK-algebras. In 2009, Lee
et.al.,[11] develops a concept of fuzzy translations and fuzzy multiplications of BCK/BClI-algebras. In [10] Jun,
introduced a new concept of fuzzy which is a Translations of fuzzy ideals in BCK/BCI-algebras. Zhan and Tan
[6], introduced the novel concepts characterisations of doubt fuzzy H-ideals in BCK-algebras. Satyanarayana
et.al., [19] introduced the notion of an intuitionistic fuzzy H-ideals of BCK-algebras after that Senapati et.al.,
[21, 22] study the concept of fuzzy translations of fuzzy H-ideals and generalizing this concept to Atanassov’s
intuitionistic fuzzy translations of intuitionistic fuzzy H-ideals in BCK/BCl-algebras. Hung and Chen [2]
introduced the concepts of n-fold (implicative, (weak), commutative, positive implicative) ideals. Jun et.al.,[7],
introduced the notions of n-fold fuzzy positive implicative ideals in BCK-algebras and some results are
investigated. Satyanarayana et.al., [14, 18] introduced the notion of foldness of intuitionistic fuzzy H-ideals in
BCK-algebras, and also studied foldness of intuitionistic fuzzy (implicative & commutative) ideals of BCK-
algebras and their properties are discussed. Authors [17] are generalized to neutrosophic fuzzy n-fold H-ideal
within the BCK-algebras. Recently, Satyanarayana et.al., [16, 20] studied on intuitionistic Fuzzy translations of
implicative ideals and intuitionistic fuzzy translations of n-fold H-ideals of BCK-algebras and also their
properties are discussed. In this research we are generalizing to neutrosophic fuzzy translations of commutative
ideal and neutrosophic fuzzy translations of n-fold (H & Implicative) ideals of BCK-algebra. For the purpose
of this paper, we define the following terms and abbreviations:

> G : BCK-algebra

> FHI : Fuzzy H-ideal

> FeI : Fuzzy Commutative Ideal
> FsA : Fuzzy Subalgebra

> nHI : n- fold H-ideal
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> NFS : Neutrosophic fuzzy set
> NFnHI : Neutrosophic fuzzy n-fold H-ideal
y
> NF B T : Neutrosophic fuzzy B translation
> NFCI : Neutrosophic Fuzzy Commutative Ideal
> NFHI : Neutrosophic fuzzy H-ideal
> NFSA : Neutrosophic fuzzy subalgebra
» ol . n- fold implicative-ideal
> NFI : Neutrosophic fuzzy ideal
> NFI : Neutrosophic fuzzy implicative -ideal
> NFnll : Neutrosophic fuzzy n-fold implicative ideal
> NFT : Neutrosophic fuzzy translation

2. Preliminaries

Definition 2.1. A BCX -Algebra is categorized as an algebraic system characterized by a (2, 0) type
specification if it adheres to the subsequent principles, ¥ buyeG
BEK ) (Brw) = (B2y))* (yxw) =0
(BCK ) (b= (5xw) xw =0
(‘BEH_S)hﬁh= 0
(‘Btfj‘f_")[]*h: 0
(‘BEEC_S)hﬁu,{: 0 andm‘ﬁh: 0 impliesh: M

0 )
. Under those circumstances

Gby'h-illlq'h%ul= .
(G,%,0)

We have the ability to establish a binary relation = on

(G.<) Constitutes a partially ordered set featuring a minimal member ﬂ. Furthermore, constitutes a

iff it adheres to the following rules V BwyeG

p  (Erw=Gp)siEw
(BxBru)) =y

E=%

0=%

V) B=w,  w=h b=u, ybuyveGQG

implies

G is distinguished by the following attributes:

*-2
(T_3) EBEzu)zy=(Bzy)zy

Bxuy =%
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Ppy BFV = (xy) = B xw)
Pst® (B=(bzu)) =b=uy
(5'5'_6)1".5 w=hxy= m&yandyﬁmiy&h

(T_7)hﬁu4£y:hﬁy£mvh,u1,ye G.

< G is considered to be commutative when
& Anidealof Cif(1-1) 0 €D (1) BF W g W E
o ABCK cripqiy), 3y BFWEY g VED

R4 A subset D ofa BCK -algebra G qualifies as a H-ideal if it meets the following criteria: (HI-1)
(H1-2) bx(w=y) €Y wWEY=B2yEY yBwyeEG

Bx(wxd)=w=(bzxwy (BwWeG
i;"r'implieshEiﬂ_‘v’h‘"LlE G. _
i‘-*(m*{.m*ﬂ}eﬂforanyauwe G

0ED

implies

< Anon-empty subset kL of G is termed an implicative ideal if it satisfies, ur - l) 0€E ir', ur-= 2)
(B*(w=t))*y€ED_ VED= €Y yBwyYEC

X A BCX -algebra G is said to be an implicative BCX -algebra if it satisfies, E=bx(y*b) v

£ 1 £ G

X (i) A non-empty subset kL ofa G is called n-fold Be}f-ideal of G if (I-1) and (I-4) and there exists a
fixed " = Gsuchthat By *yeY and“"rE D=3%*w el yBuwye G

(i1) For any elements b and "1 ofd’ BEy denotes ( ""({'JE' =) * '-Ll} il } = Win which <™ occurs
™ _times.
Definition 2.2: A non empty subset 9 ofa BCX -algebra G is termed as nHI of G if

(nH1-1) 0 €9

i e il
(nHI-2) For all 5uyEG there exists a fixed " = G such that == (W*Y )ED and
WweE = txy"e?

Y p, BCK G nffofd i

Definition 2.3: A non empty subset -algebra  is termed as

(ﬂff_l) 0ed

- " . ;Iz -
(ML) poran BWYEG qn €@ (3= (uxsm)*yeD

YEN= 1D

there exists a fixe such that

Definition 2.4: A fuzzy set Fin G qualifies as a fuzzy commutative ideal if it adheres to
FC11yP(0) = P(%)

LF(?J‘_z) P (h # (w = (i *y}}) = min{B((5* w) # v),P(y)} vBuyEG.

G= {CI, Eq g, :"},}

(

Example 2.5: Let in which * is defined in the following table.

# |0 |8x|kp |1y
0 |0 |0 |0 |O

8z [Ba |0 |0 |Ea
kg kg Z.| 0 kg
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I, |Ty |y [T, |0

Then (G,0) isa BCX -algebra.

G by Ps(0) = =p,Ps(1) ==, Pa(2) = Pa(3) = =,

of &

Define a FS T in Xg, X, %z € [0,1]

®o > ®1 > X2 A routine calculation gives that PisaTCd

where such that

Definition 2.6: A fuzzy set P_in G is called FsA (fuzzy subalgebra) of G if
P(k =w) = min {P(s),P(w)} BweG

Definition 2.7: A fuzzy subset P in a BCX

following properties:
L1 PO = P3)

(FH12) PB#9) Zmm {P(s = (w #y)), P} B wyeG

-algebra G qualifies as a Fuzzy H-Ideal (FHI) if it satisfies the

Definition 2.8: A fuzzy set B ina BCX

following properties:
(F11_1 P(0) = P(%)

(FH 2 P(t) = min {]F‘({h =(u=h)) = Y)J]F'(ﬂ]’ B wWyeG.

FlI

-algebra G qualifies as a Fuzzy Implicative ideal (" ") if it satisfies the

Definition 2.9: A fuzzy subset B ina BCX G
properties:

(FnHI-1) F(0) = P(%)

(FnHI-2) There exists a fixed n€G such that
Plazy") = miﬂ{IF’{'L". = (g = y”}}, ]F"[:u,{}}, v BwyEG.

-algebra ~ characterized as a FnHI of G if it fulfills the following

Definition 2.10: A fuzzy subset P ina BEX -algebra G characterized as a Fnll of G if it fulfills the following
properties: _
(Fﬂ”_l) F(0) = P(®)

Fnll G

( -2) There exists a fixed ™ &0 Guch that
PF(t) = min {P((t* (w *£")) = ?)J]P"[.".f}}: vBwyeG.

A=(C Pah) ;G

Definition 2.11: An Intuitionistic fuzzy set
(IFnHI) of G if it fulfills the designated criteria:
arnar1)Fa (0 2 Pa(®) j L(0) = L(B)
(IFnHI-2)There exists a fixed n€c such that

Pyt 2y™) = min{Pa(b= (= y™)),Pslu)}
(IFnH1-3) L (b #y") = max L(B= (w=vy™), Llu)}, vBu,vE G

is deemed an Intuitionistic Fuzzy n H-Ideal

A=(C Pa L) G

Definition 2.12: An Intuitionistic fuzzy set

Implicative-Ideal (IFﬂ U) of G if it fulfills the designated criteria:
(IFH H-l) F4(0) = Pa(3) and % (0) = L(®) there exists a fixed * = G such that

is deemed an Intuitionistic Fuzzy n
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(Fnll, Pa(t) = min{P, (5% (w=1M)*v), Pa(y)}

(Fnll ) Lu(8) = max{ g (5% (w =) = v), L) vBhwyed

Definition 2.13: A VTS & = (Fa, I, L) j NFSA 4G,
NFSA | Ps(® = w) = min{Pa(s), Py (up}

(J"-'" FS :H_z) (b= w) = min {Fa(B), & (ug)}
(NLFA?.:H_3) L (B = max {L(E), t{%{:u,l}}, vBwEG

if it satisfies

G=1{0,g.kpr :
0.2 g F} in which ~ is defined in the following table.

= |0 |Bx|kp |1y
0 (0 (0D |0 |0

Bz |82 |0 |0 |8
kg kg B 0 kg

Example 2.14: Let

=

y [Ty | Ty [Ty |0

Then (G,0) isa BCX -algebra. _ _
Define a VFS &= (Ba, o, ) d by Ps(0) = Palg,) = Pallsg) = 0.08, Pa(r, ) = 0.04

5 (0) = Fylg,) = Fs(kg) = 0.08, Fy(r,) = 0.04 ond 2 (0) = wu(g,) = L(kg) = 0.03,
Ta(my) =006 &= (Pa i) NFSA G,

Definition 2.15: A Nfé &= {_-P"““ Fa tf"“‘} in G is called NFT (Neutrosophic fuzzy ideal) of G if it satisfies:
NFIT 1) Pa(0) 2 Pa(r) d2(0) 2 du(®) ,j %(0) < Zu(B)

VT Pa(®) = min{Ba(s = w), Pa(w)
NFI 5y Fa(®) 2 min {5(b* w), ()]
(J"-'":FLII‘_4) L (%) = max {L(b# w), L(w)) v BwEG

NFs &=

Definition 2.16: A (Pa, i, ) in G is called NFCI (Neutrosophic fuzzy Commutative ideal) of G

if it satisfies: _
NFCI | Fal0) = Fa(B), da(0)= da(B) | Ll0) = L (3)

(Nfej-z) Py (h # (= (y = h}}) = min{Ps((32w) = v),Pa(y)}
o R (t. # ('-Ll* (g = ‘5}}) = TIIITI{EFA({:']E- =) a:uar}J ;;Fﬁ{f}}

% (8% (w=(u=w)) < max{ L(GB=w =v), 2W} 5uyed

NVFCI )

NFCI

( 4)

G ={0,% w0} be o BCX

Example 2.17: Let -algebra with the given table.
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m | m | F |0 | w

o (o |p (o |0

Then (G%,0) isa 3{3‘% -algebra. Define a ‘T"TTE A in G by _ _ _

E.(0) = 0.08, F,(f) = 0.06, P5y(w) = P5(o) = 0.03 &(0) = 0.08, & (F) = 0.06, dfa(w) = Ful(n) = 0.03
and . (0) = 0.03, L. (¥) = 0.06, o (m) = WL(p) = 0.08 where 003, 0.06 and 0.08 € [0,1] and

0.08 = 0.06 = 0.03, and 0.03 < 0.06 < 0.08.

A= (Ps o la) NFCT G

By usual calculations one can easily check that

Definition 2.18: A Neutrosophic Fuzzy set A= (Fa da ) in G is deemed a Neutrosophic Fuzzy n H-Ideal

(NFnHI) of G if it fulfills certain requirements: _ _
(NFnHI-1) Fa(0) = Pa(®), da(0) = di(®) and Z(0) = %i(3) there exists a fixed " © G such that

(NFnHI-2) Pa(b2y") = min{Pa(B= (w = y™)),Palwy))}
(NFnHI-3) Fu (b2 y™) = min{di (b * (y #y™)), & (w))}
(NFuL4) 2 ®*v") = max{ g (52 (uxym) L@} B wyed

NFS&=(Ps o). G NFnll

Definition 2.19: A
of G if it fulfills the designated criteria: _ _
(NFHH—l) P4(0) = Pﬁ{-h}, da(0) = dx(3) and Z%(0) = %(%) there exists a fixed " € G such that

(NFnll_y, Pa(s) = min{Ps (5% (= 5Y) #v), Pay)}
NFnll 3, a(b) = min{dy (52 (=) 2v), )]

NFnll (8) = max{ G (5% (w =) 2 v), L) v BuyeC.

is deemed a Neutrosophic Fuzzy n Implicative-Ideal (

)

G = {000 %0062} be a K _algebra with the following Cayley table
= |0 Wy | By |0 | Sr

0 0 |0 g, | €
Wy | |0 |8y |6 |8,
B, |F |0, |0 g, | 2,
0. |0, | 0. |0 |0

¢ | S | Oy | S | T

Example 2.20: Let

G.

T _
Proof: Let A of # bea NFCI of G. put ™= 0 in NFCI -2,3and 4
We get

{:PA}E{-E} . (h . {ﬂ . (0 h}}) = ?IliTl{Pﬁ{{:h #0) *‘a’}: Pﬁ;{:‘a’}} =min{Ps(b=v), Ps(y)}
NFSA= {:P;.’;J L_-'ng t'{-“h} in G by
P,(0) = 0.08, P (m;) = Pals,) = 0.06,P4(2) = P4(o,) = 0.05

Define a
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F(0) = 0.5, &% (@) = Falc,) = 0.4, Fa(2) = Palg,) = 0.3

2, (0) = 0.3, L (m,) = €ulc) = 05, Lu(2) = Palo.) = 06
&= (Pa da, ) ; NFnII Ofd.

and

Then

For brevity, we represent a Neutrosophic Fuzzy Set (NTE) A as &= (G Py i ) or A= (Fa g, q:'“'}. In

this paper, we adopt the convention C=inf{(3)|5€G) for any NFs&=(Padu L) of G.

3. Neutrosophic Fuzzy Translations of Commutative Ideal of 'BE:H-Algebra
In this phase, we introduce and practice the idea of Fuzzy Translations (FT) to Neutrosophic fuzzy commutative

BCK

ideals in -algebras and few properties are examined.

Definition 3.1: Let * = (Fa T %) bea VTS of G and let pelocl An object havmg the form

T _ (o T (7T (e T
%‘E - {F'Fﬁ}'g’ {'Gfﬁ}'gj{' qﬁ_}gj is called a N_FE -T (Neutrosophic fuzzy ﬁ -translation) of # if
(Pa)i(8) = Pa(®) + 8, (Fa)p(B) = a(B) + 8 and (L)pE)=%®E -8 sed

To maintain simplicity, we adopt the symbol notation &= (Pa da ).

Theorem 3.2 17 = (Pa Fa, &) {  NFCT ofd’ then the NEf ng - {{Pﬁ}g’ {zﬁﬁ}g’{:t{%}gj of i
NFCI Gy B EI0C]
Proof: Let *bea V7 7 of G and pelocl
PR (5= (w=(w=s)) =Pa(b= (wxlu=s))+
w
=min{Ps((b=w) =y),Pa(y)}+8
= min {]F'ﬁl[{'h =) ",,’} + 8, Bsly)+ ﬁ}
= ?111?1{{']13'3]5{{"5* up) #y), {:Pa}g'[:‘a’}}
{;_—,FA}E( & u{* (= h}}) dﬁ(t *{U.{* (g = 'h}}) +8
=min{du((B=u) #y), A} +8
=min{dy((k2w) =y) + B, & (y) + 6}
= :rni:rl{l[:r:f‘ﬁ]g{{:‘ﬁ =) *‘a’}: {:5’:3}5'[:‘&’}] and
(L)p (B* (w= (u=s))) = & (b= (w=x(y=)) -
= max { L ((B*w) *v), B (y)} -
=max{((B=u)=y)— B Lly) - 6}
= :rnax{{t,{g}g{{h* up) E}J{%}E{Y}}
Therefore, F28 (87 (u= (= 2)) = min{(B)5((5 = w) = v), (Pa); ()]

(@ (52 (w= =) 2 min{(GF((5= w = v).(GWEW}
(%p (3% (wx (wx ) s max{(LE(B*w = v).(WEW) | suyed

B _ T
NFF —T#yp of i NFCI Ofd.

Sa

Hence, the

NFF — TAT
I IR ,T'-'"Tc?j‘ofd v B e o]

NFI
isa of

Theorem 3.3. If the thenitisa
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(::FA]IE{L".} = ::Fﬁ{t # {[] # (0= h}}) = min{d‘ﬁ{{t #0) -it-!f}, cFﬁ{y]} =min{da(B #vy), F(y)] o

(LE®) = & (8% (0% (02 8)) = max{L((32 0) 2y), Pa(y)} = max{ (b2 y), %(¥))

v BwyE G. ’
T

Therefore, gﬁ, 1sa G

NFI G
Remark 3.4. Converse of the theorem is no longer be genuine it’s far proven within example.

G={0,% w,0} be a BCK -algebra with the given table.

Example 3.5. Let

# (0 ¥ w | D
a|jo |0 |0 |O
F|f |0 | |O
w mwm | w [0 |0
o |p o |o |0

Let®pe g VFS o G.

et*“bea of

P,(0) = 0.42, P5(%) = 0.33, Fa(w) = 0.22, B4(0) = 0.12
Fal0) = 032, &4 (5 = 0.21, F(w) = 020, (0) = 0.10 .
L, (0) = 0.22, £ (F) = 0.42, y(w) = 0.50, £ (o) = 0.65.
Then s 7V 77 ofd and NFF T of & where € = 0-22
(P4)(0) = 0.62, (P4)3(2) = 0.53, (P4); (w) = 042, (P4)} (o) = 0.32
(Fa)p(0) = 052, (Fa)p(®) = 041, (F)p(w) = 040, (F)p(0) =030
(=45 (0) = 0.02, (L) (®) = 0.22, (L)} (w) = 0.30, (Z)% (o) = 0.40

Clearly itis nota NFCI of G, because

{]F‘A}E (m # '[n #(p= m}}) =042 <062 = miﬂ{(]l?ﬁ}g{{mﬁ N E IEI}J (IF’A}E({]}}
()} (w= (0% (0% w))) = 040 < 052 = min{(F)F((w=0) = 0), ()} (0)}

g=020€locCl.

an
(L)p (m # (0% (0% m}}) = 0.30 > 0.02 = max{( L) ((w= o) * 0), (L) (0)}

AR NFCI .G NFSA .G,
of

Corollary 3.6. Every of ~ must be a

FF —TAT
"gof’g'j

N
Corollary 3.7. Let the ! be a NFCI of G vBE [0, C], then we have the following

P20t PWE0 2 BOF® (RED 2 (5@, (WFD= (W5, y faed
T T
Theorem 3.8. Let ﬁ'g be a of G, then ﬁ'g isa NFCT of G iff

®IE (52 (w=(m=v)) 2 BIFGxw) ()} (5 (ux (w=)) = (FfE>w) -
(L) (5= (m= (=)< (LhB*wW s ued
T e T _
Proof: Let g'g bea NFI of G. Assume that g'g 1sa NFCI of G. Put y=0 in NFCI
t {:]P‘A}E (h = (= (u= h}}) = 1111‘?1{{:]13’3}5{{35.* wy) = 0}, {:]P‘A}E{:ﬂ}}
€

NFI

-2,3and 4

We g

and we take is given as follows
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= min{(P4)} (5= w), (P2)5(0)}
= (Pa)p(bx w)
(@ (2= (= (=) = min{(GW((= w) = 0), (G)F (0))
= min{(dp)f (5 ), (F3)F(0)}
= (B xw
(Z)f (B * (w= (w=5)) ) = max{(L)F((B = w)  0), (L5 (0)]

= max{(L)p (5 = w), (L)5(0)}
(@i rw)

PR (5= (= (wxs)) = PIFG=wW)
(G (5= (wx =) = (Gh=w)
(tfa}g('h * (w* (= JE-]'}) = (L)p(B=w) v BWEG

Conversely, consider
@7 (5= (w> =9)) = PGB w) = mn{(®DF((5= w) = v),(P)F W)}

() (B2 (wx =) = (FfE= w) = min{(df((B = w) = v), (A W)

(Z)p (5% (w= (u=s))) = (L)FB=u) = max{(LF((B* w) = v), (%)} ('.r}}
vBWYEG A7 i NFCI G,

Therefore,

and

t = b= ¥ % =lE=(t= ¥ ¥h ¥
Note:(. w) # (5% (= (w=s)) ( (2= (w=(w }})) W
= {l_q # (= ']E.}} =1 by P-3]
={m=uw)={y=s)=0
Gxuw) = (3= (wxwxp)) L swed
EDEE=w) = (P)F (5 (wx =)

(Gfexw) = (@f(s = (wx(=v))

(GhGxw 2 (LE (3 (wx =) suec

[by P-3]

Therefore,

By Theorem 3.8, we have

NFF —TAL (P}{h* )= (Palp(B=(w={y=t)
Theorem 3.9. A 8 pF g g WFCT oGt ialplamu H‘( (= (w })

CAHCESNESCAN T CTICEEY)) and(t{gjgim w = (LE (5 = (w= (w=3))

4. Neutrosophic Fuzzy Translations of n-Fold H-ideal of BCK-Algebra
— g _
Theorem 4.1: Whenever ** — (Pa %) is a NFnHI of G, isNFT T given by

ngl'- — E I-_u & .'l.'-‘I T
A {{ 3}3 ( 3}3 I|:t{ﬂ}'ﬁ'}necessarily inherits the NFnHI property Vﬁ in [0,C].
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Proof: Assume A= _{Fﬁ’ Fa t{'“'} is a NFnHI of G and_J|Sr in [{_]’ cl
Accordingly (PR (0) =Pa(0) + 8 = Pa(®) + B = (Po); (B)
{CFA}E{G} =0+ = dal(b)+ = {CFA}EGE-} an

()3(0) = L(0)— B = L(b)— = (LR
Meanwhile, {Pﬁ}g (Bxy") =Palbzy")+8
=min{Ps(b = ( 2y")), Palw)} + £

= min{Ps (5= (g 2y™)) + 8, Palwy) + 5}

= ?111?1{{]13‘3}5{1".* (y = nﬂr”]}, (Pﬁ}g{m}]

{CFA}E{'E xy") = dalbzy")+ 6

= min{ds(b= (w=y"), L} + 4

= min{ (5= (w=y™) + 8, &(w) + )

= min{(c-"ﬁ}g(h #(y a-:ey”']}, {dﬁ}g(m]}
(L)p(Bry™) = L(bxy") —p

= max{ (B = (w =y")), L(u)} -
= max{ % (B * (w xy™) — 8, Ll(w) - 5}

= :rrmx{{:tfa}g'[h* (wg = y™)), {ﬁ%}giﬁuﬂ] v BuyeEG

FE—T A& A5 = (PR (). (%)F) is indeed a NFnHI of C.

d

and

As a direct consequence, the N of ™ is given by

— B _
Theorem 4.2: Let ™ = (Pa, s ) be a Neutrosophic Fuzzy subset of G such that its NF~ — T

E'JEE = {{Fﬁ)g:{dﬁ}gj{qﬁ}g ¥ . d JE in [ﬂ.l C-] Theng = {IPAJ ::FAJ t'{‘-l}

is a NFnHI of ~ for some is necessarily a

NFnHI of G.
j'!E'T = B I-_. o --l-'-‘l T
Proof: Assume that” * {": 3}5‘ ( A},'S’ (qﬁ}EJPOSSeSSGS the property of being a NFnHI ofd for someﬂ n
[0, C].
= T = T —
Observe that Pa(0) +5 (Pﬁ}ﬁ(m = (Fﬁ}.ﬁ‘(t] Pa(B) + 8

Fx(0)+ B = (a)p(0) = (F)p () = A (B) +8 ond
% (0) — B = (L)p(0) = (L)p(B) = L(B) - B
This yields Fa(0) = P2 (8)
da(0) = Falb) and
% (0) = 4(2)

Presently, we observe
Pa(b®y™)+f = (BB = y") = min{(P)E (3= (w=y™), (P2 (w)]

= min{P, (%= (y #y™)) + 5. Ba(uw) + 5}

= min{P,(% = (w #y")), Py (u)} + B
Fa(Bxy") + B = (Fa)p(bxy™) = ?11111{(:':-‘3]5{‘5 # (1 *f”}},(cﬁg}g":m}}
= min{ (b= (w=y™) + 8, dx(w) + 8}

= min{da(b= (w=y")), Falu)}+ 8 and
L(bxy™) —f=(L)p(bxy™) = manx{{t{_a,}ﬂ’ﬁ # (g #y™)),( ‘{q}E{U&}}
= max{ (B = (w xy™) — B, L(w) — B}
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= max{ E{%{']E. = (1 *‘.{”‘]}J t{g{:ul]} - 1‘5’.
This leads fo Pa(b2y") = min{Ps(5= (= y")),Ps(up}
(B2 y") = min{ (B = (w =y™)), & (u)}
(5 #y") = max{ (5= (wzy™), L)} ¢ 3wyeC
Therefore, we can deduce that A= (Fa da ) is a NFnHI of G.

T _ {(m T (5T {or \T
Theorem 4.3: If the NF'E ~T#H = ((Pa)p () ’{'t{ﬁ}g}

NFI G
Ff—T defined as g','*; = (@ {ﬁﬁ}g’{: qﬂ}g} of # forms a NFnHI of d.
Sequently, we obtain (Pa)p (b y™) = min{(Pa)p( 5 (w * y™)),(Pa); (w)}
{:ﬂ‘g]gi:t. =y") = Trlirl{{:ﬂ‘ﬁ]g{h # (g = y™)), {:EZFA}E{:UU} and
(85 (% y™) < max{(L)p(5% (wxyM), (L) , 3w,y e G
Given any BEGH®0" =4, thus with the setting of v=0, we attain
(BE(®) = min{(P)j (5% (w= 07), (B (w)}
= min{(P,)5 (2> ), (P.)5(up)
(Fa)p(®) = min{(F)p(B= (w = 0m)), (da)p(w)}
= min{(G3)p (B* w), (RF )}
()3 (®) = max{(L)5(5= (= 0"), (L) p ()
= max{(L)p(% 2 w), (L) j(w))
’% = '['[:Pa}r;'[:ﬁa}ritfa}gj

1t must be a

Proof: Assume the N

G

aNLFLJ‘ of &

Accordingly, is

g _ AT — IP -.l.'-‘I CF T_. . T
Proposition 4.4: For any B between 0 and C, If the NF T of A given by B {{' ﬁ}'g ( A}E ¢ qﬁ}'g}

NFnHI of *, then it necessarily follows that it is also a NFSA of G.

— ! B _
Theorem 4.5: Let A= (Pa g ) be a NFS such that the NF T

T _ (fm T {5 \T (o5 \T
g = ({'Pﬁ}g’ {'Cﬁﬁ}g’{'qﬁ}gj ofﬁ is a NFnHI of G v B in [0,C] then the sets

B ={85€Gand (P)j(1) = (P)3(0)] € ={3]3€ Gand (Fjp() = (GO}
D = {&[2 € Gand ()5 (8) = (4)5(0) }

. _ Tare nHI of G.
a4 = (PR ()5 (L)E)

G

Proof: Assume that constitutes a NFnHI of ™
: T T : T
Then {'Pﬁ}g’{'dﬁ}g and ( t{%}g become FnHI’s of G.

It is evident that 0e®,0¢e G:and::| = :Ej'
ThuSSB::@,EimandE:&m

Assume any " e

Bx(wry) e weB= Pp(ex (w=yM)=(Pp(0) = (Py)p(w)
We now turn to {ZP‘%}E&'* vz "””'“{“F’A}E(’E* (w = v”)},{ﬁPg)Eiﬁm}}

= min{(P5)5(0), (P4)3(0)}

induced by # is a NFnHI of GyB in [0 Clipen

isa
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{PA}E (b= Y”} = {FA}E{G}

T -
This shows that A (B =V + £ = Pa(0)+ £ (or) Pa(b=y") = F4(0).

Exy"EB, thul."ﬂrE G.

Which entails

In order that

B

Thus ™ is nHI of G.

G

Using a similar approach, we can prove that € is nHI of ™

angBF@EyED  weD= (L (uxym) = (%) 0) = (L)f @)

(L)p(B* y") = max{(L)p (5% (w=y™), (L)} (w)

Moving on, consider

= :rnax{(‘!:g}gml (%}Em}}
= (4)5(0)

Which results in {%]E{h* v = {t{""}gm}

This means that “@(B* V") +B = L(0) +4 (or) L(Bxy") = £ (0).

- n .
Insofaras 27 ¥ €0 v BWYE G.

G

Thus we can conclude that D is nHI of ™

Proposition 4.6: Suppose #=(Pa ) is a NFnHI of G. Then it is straightforward to see that
Pa(bxy™) = Pa(5x (02 y™) Falbzy™) = da(b= (02y™) and Lmxy™) = G(sx(02y7)
5y EG ’

Lemma 4.7: Let the NFE ~TH = {{PA}E’{CFA}E’{qA}EJ of  be a NFnHI of GyB in 0 € Then for any
5 ECC, we have: {Pa}gfh} = {Pg}gfﬂ’ {CFA]E{JE'} = {GFA}EE] and {t{ﬁ}g{’t‘-} = {t{ﬁ}gfﬂ =L
Proof: Suppose 51€G satisfy B=t , then bxi=0.

Consider (Pa)f () = (Pa)p (32 0) = min{(P)5 (5= (12 0M), (P (D)

= min{ {]F‘A}E{h =), {]F‘A}E{f}}

= min{(P4)5(0), (P)5(H)]

- ®5®

= (Py)p(3) = (P43 (D)

Analogously, (Fa)p(®) = (F)5(B20) = min{(F)p(B= (2 0™),(d)p(D)

= ﬂlin{{o‘ﬁ}g{hﬁ 1), {‘:FA}EG}]

= :rm'n{'[:::-‘g}g (0), '[Zr:@,]'E'[f]'}

= (50

= (ﬂ‘a]ﬁ(h} = {C-"a]g{ﬂ

Ang (BB ®) = (B (5x 0) = max{(L)p(5 = E=0m), (L)

= :rnax{(t{%]g(t #=¥), {%}E(ﬂ}

= max{()5(0), (L)F®}

ENAC

, whenever
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= (L)p(®) = (L)p()

{Pﬁ}g;{

T g T
Therefore, Cﬁﬁ}g are of order-reversing, while ( EI"“‘}'E is order-preserving.

5. Neutrosophic Fuzzy Translations of n-Fold Implicative Ideal of BCK-Algebra

G

a NFnll ' then the N

FE —TAL = ((B.)E, ()5, T
Theorem 5.1. If’g'j is el {": 3},[? ( 3}5‘ ":t‘{%}ﬁ) ofﬁ is a NFnll of G v

g e [o,cl.

of

Proof: Let® be g VEnII (G B €0,C]

Then (Ba)8(0) = Pa(0) + B = P,(B) + § = (Pa)p (%)

(Fa)p(0) = F(0)+ B = Fu(B) + f = (Fa);(3)

and L BB (0) = H(0) - B < 4 (8) - g = (L)p(®)
W, (Pa)p () = Pa(B) + 8
= min {]F‘ﬁ,i ({h * (w = &) *Y): Pa(‘a’]'}"‘ g
= min {]F‘ﬁs ({‘E. * (u = 8")) *‘a’) + 6. Paly) + ﬁ}
= min {{Fﬁ}g({h #(w =8")) # ‘a’): {PA}E(‘.(}}
(e )p(B) = du(B) + 8
= ”11?1{5@; ({‘E. # (uy = ’E-”]'} ¥ ‘a’): Eﬁa(‘a’}}'F B
= min{ﬂ‘ﬁ ({h *(w * B")) = ‘a’) +8, dx(y) + ﬁ}
= min {{:::Fﬁ}g ({t = (= £")) *‘a’): {:EFA}E{:‘.!F}]
PG S EEAC A
= ?rzax{t{g ({h * (w = 3")) *‘-".f): ‘{q‘:‘a’}}—ﬁ
= max{t{_a,((t* (= ™)) *".f) -5, t{a‘:‘a’}_ﬁ}
= max{{t{g}g({h #( #8")) = ‘a’): {‘&}E(ﬂ}v E,u,y E G
FF —T AL = ((Pa)5(d)5.(D)F)  NFnll .G,

No

Hence N of A 1S

FE —Tag = ((Pa)p.(Fa)p. ()p
Theorem 5.2. If the N g (« a)p: (Tl {qﬁ}gjofgisawﬁl” ofd v Aeloc]

NFIT G
of

then it must be a

G,

FF —Thg = ((Pa)5.(Fa)p. (La)h
Proof: Let the N R {{ ﬁ}'g ( 3}'9 {qﬂ}'gj of!gE isa NFnll * then we have

(PaE®) = min{(®F (3% (wx3m) 2v), PDFW)
(@) 2 min{(dwf (5 (wx2) *v), (RFW]

(%)} @) = max((H)F((3x(u=2M) #v).(WEFW} s wyed
BEG Bx(0%%) =3

of

Since for any
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Therefore by setting w =0 and ¥ = " we get
(P2E®) 2 min{(Pa)F (2% (02 37) xw), (P (w)]
= min{(Pa)j (5% ), (Pa)p(w)}
(F)F@) 2 min{(F) (2 % (0% 2™) xw), (d)f (w)]
= min{(J)f (b w), () (w)}
g CRE® = mar{(LF((52 0 #57) * w), ()F )
= ma.x{{tfg}g{h =), {EIA}E{U&}}

T _ T T T
Therefore, #p = {{Pﬁ}ﬁl{ﬂaﬁ]gl{qﬁ}gj isa NFI of G.

AT FP —Tal = ((B)5, (G5, (L)E
Theorem 5.3. Let” E be aN:Fj of G.ThenN R {{ ﬁ}'g ( 3}'9 {t{ﬁ}gj ofﬁ isa NFnll of G A4

pelcle it satisfies the conditions
(Pa)p(8) = (Pa)p (5= (w =), (da)p(B) = (Ga)p (b= (w=3™)
(L)p(®) = (LIp(B=(w "))y s yed

Proof: Suppose Aj = {{:Pﬁ]a.l (Fa)p {‘{%}EJ ig g NFnII G.
(P2 &) = min{(P)F (3% (w x27) #v), BDFW)}

(Fa)p(®) = min {(d‘ﬁ}g ({h = (=)= y)l (CF?-‘}E{Y}}

and ----- (ii)
(LF®) = max{(Qf( (32 (ux3") =v), (LW}

put ¥ = @ in (i), (i), Giii)
We get {FA}E{H = {Fﬁ}é{h # (u =57))

(Fa)p(®) = (F)p(B= (wm=w™)

Ang (@E® = (Lp(E=(w=w") | s ued
Conversely suppose that, V Lwyeg, {FA}E (5= {F‘*‘}E {h* (g = hn}},
(Ga)p(8) = (Ga)p(b= (w= M) (LpE) = (L)f(b = =w")
since @ = (PR (5. (R)F) . NFT _.C
(Pa)p(B) = (Pa)p (b= (w = 57))
= min{(Pa)h (3= (w=57) =v), (P2)(¥))
(Fa)h(B) = (Fa)G(® * (w #BM) ’
= min {(Fa)p( (5% (=) 2v). (RFW)
(La)p(B) = (L)p (b= (w=3")
= max (G} (5% = +M) *y), (LFEIV b wy €C
’% = {{Fﬁ}gl{dﬁ}giit{ﬁ}gj a NFnll ofd

Therefore is
FP —Tal = ((P2)5.(da)h (L))

d

Clearly N of A isa NFnll of d.

FP —Tal = ((P2)5. ()5, (L)%) NFnll .Gy B €[0,C],

Lemma 5.4. Let the N of G be a then we have
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the following
£ <= (P(3) 2 (P (W)
()58 2 (GWh@)
(L)p(®) = (L)p(w) 5w EC.
Proof: Let BwEG such that B=w implies Bxu =0
put ™= 0 gng ¥ =Wy NFRIT 5 30044,
(PF ) = min{(Pa)F (5% (= 5M) = v), PDF)]

= min{(Ba)f (52 (0 #3M) *w), (P)F ()]

= min{(Pa)p (5 * w), (Pa)(w)}

= 1111'11{{]13'3}5{0}, {Pﬁ}g{m}}

= (Pa)p(w)
{dﬁ}g{t} = min {{Cfﬁ}g ('[h = (= 5")) = ".f), (CFA}E(‘.!F}}

= 1111'?1{{::“3}5 ({h #(0=1")) = u,l), {GFA}E{U.{}]
= ?111'11{{0‘3}5{1"-* up), (CFA)E{U&}}
= ?111'11{{0‘3}5{ﬂlfcﬁg}g{uﬂl}}
= ()
and (%}Eit} = max{( EE%}E({JE' *(w = JE'”}} = Y)’{{%}E{“’r}}

= ?.'rmx{{ {1}5 (‘[h =(0= h”]‘} ¥ '-l{) , {%}E(m}]
= ma.x{{t{_a,}gfh =1y, {EIA}E{UJ{}}

= ma.x{{t{_a,}g'l:ﬂ}; {‘{%}E{Uﬂ}

= (L))

Consider

Similarly,

Hence the result.

Theorem 5.5. Let g','*; - IEII:IF,“B'"}E’Il:fj:"}‘}g’ll:tj'r‘%}gjbe NFI ofG
D& . NFnll

i) (Pa)f (B) = (P (5% (w = 8™), (F)p(®) = (Fp (b= (=)
(L)p(B) = (LIE(B=(w=")) o 3uel.

i) (P2)j (5) = (Pa)p(h = (w 8)), (Fa)p(®) = (da)pb = (w )
()5 (B) = (L)E(B=* (W=1) V5 WEG.

Proof: (@) = (if)

NFnll G,

d

T
Let Ag be a
Put® = 0 in NFnll -2,3 and 4, we get

(Pa)p () = {]F‘A}E{h = (ug =57))

(da)p(®) = (Fa)p(B= (w=1")

(L)p() = (L)p(B=(w=s") 3w G

. The following items hold the same meaning:
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Thus, Condition (ii) is upheld.
(ii) = (iii)
Observe that in &' * (B¥w) =5, o
AT e e A
We have {:Pﬁ}ﬁi:t’* (w=3") = {-I.Pﬁ}.ﬁ'[-"h}
(Falp(B=(mxsm) = (H)p(H)
(L)p (3= (w=3") = (F)p(B)
(Pa)p(®) = {:Pg]é{h (g =57)),
' Tr = T P S
{.Cﬁg}g{.ﬁ] = {-CFA},Q'['E* WES }} and
'[:tfg}g'[:'h} =( E{JE- # (= 'h”}} 7 B € G
Thus, Condition (iii) is upheld.
(iii) = (i}
Al = {{jﬂﬂﬁ}rjijaﬂﬁ}g,(tfﬁ}gjbe NFI G,
We have {:]13'3}5{15. SAE h”‘}} = min {{:]P’;;}E ({h # (g = t.:-;.}} = ‘a’) J {:PA}E{:Y}]’
(F)5(B* (w= 7)) = min{ (dWf (5 (w=5") *v), (FEW)} .
an
{:qﬁ}g{h = (w 28") = max {( A (‘[h #(w =8")) # ‘a’): (L) p (W)} v By e G
Combining (ii) we obtain
(PDF®) = min{((BDE (3% (W) 2v), (PIEW)
() = min {(Gp (5% (w=8)) =), (FE¥)) ;
an
T T 7 T C (o s . - T
(%5 (8) = max (RF((32 (ux2) =), (BEWD vy e
. Ty N Trin o aTr Cry Ty T
Obviously ™ satisfies (Po)(0) = (Py) ..3{,1".}’ (Fa)p(0) = (du)p(®) |, (L)p(0) = (L)p(B) y s

T _ " T T 5 T
Therefore fip = (P25 () :{.tfa},EJiS NFnil OfC:.

It follows from (ii) that

Since

6. Conclusion

This research has successfully explored the application of Neutrosophic fuzzy commutative ideal in BCK-
algebra, new lights on various related properties with these translations. This study has introduced Neutrosophic
fuzzy translations (NFT) as a novel concept. Furthermore, neutrosophic fuzzy translations of n-fold H-ideal and
neutrosophic fuzzy translations of n-fold implicative ideal in BCK-algebras, and also demonstrated the
significance and versatility of NFT in the context of BCK-algebras. The findings of this study are expected to
inspire further research in the field of neutrosophic fuzzy set theory and its applications in algebraic structures,
ultimately contributing to the advancement of mathematical knowledge and its practical applications.
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