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ABSTRACT
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1. Introduction

Throughout the entire contents of this chapter, the theory of Laguerre-Hermite-Fubini polynomials, as well as
applications associated with unique notions and corollaries are discussed. The Laguerre polynomials, together with
their novel ideas and theories for additional families, will be the primary topic of discussion in this section.

In the first step of our process, we establish the following conclusion using the Laguerre-Hermite-Fubini
polynomials by employing series rearrangement techniques. Beyond that, we will apply the use of the generating
function, which has been carried out by Pathan and Khan in their recent research [13, 14] in order to construct broad
symmetry identity axioms for the generalized Laguerre-Hermite-Fubini polynomials.

It is feasible to define the generating function for the Laguerre polynomials in two variables £.,(m, &) [5] by using
the subsequent formula:

o)

mor(R) =2
ex = E,(m, )T (JEr] < 1 1
e (g PECRRICES &
which is equivalently expressed in [6], can be expressed by the following:
TI‘l
PEDCMD = ) Ea(1) @
n=0

In the existing equation (2), the operator Cy(n) represents the Tricomi function of the zero-th order, thus the
Tricomi functions of the n'™order, denoted as C,, (1)), are formally defined as follows:
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oo

(=DM’
Ch(m) = Z m,(n € No) 3)
n=0
By use the provided generating function:
n
exp(t-1) = > cu, @)
n=0

for T+ 0 and V finite n . There appears a connection between the Tricomi functions C,(m) and the Bessel
function J,(n) by means of the following relation, which can be expressed in the following manner,

Cn(TI) = niln(z\/ﬁ)- (5)
So, from equations (2) and (3), we derive

Ly(n,§) =n! (6)

o (1) g ene (M
L (D’ —s)! §Ln (E)
as a result, we have
_ =DMt _n _
Ln(ﬂ: E) - T'Ln(oi E) - E 'Ln(n' 1) - Ln(n)' (7)

In the above-obtained equation (6) L, denotes the ordinary Laguerre polynomials referenced in [1],
The mathematical formulation of the Hermite Kampé de Fériet polynomials H,(n, %) is two-variable and can be
understood as follows [2, 4]:

n

2]

Ernn—Zr
= | —
r=
and are assisted by the following generating function:
o] Tn
e = H, () 9
n=0 '

and if &€= —1 and n is substituted with 27, in equation (9), the result is the ordinary Hermite polynomials
Hh(m)[2].
The three-variable Laguerre-Hermite polynomials denoted as ; H,,(n, &, 1) have been introduced by Dattoli et al. in
[8, p.241] which are defined as:
n
2]
ukLn—Zk(n'E)

LHn(T],E, IJ) =n! Kl (n — Zk)' .
k=0

(10)

Now, the Three-variable Laguerre-Hermite polynomials denoted as {H,(n, &, 1) are determined by the generating
function that is as follows:

! L —i H, (0, & W)t 11
- P\i-p 1-p2) ~ OL“H'E'HT' b
n=
above equation equivalent to
oo Tn
exp(§T + WT)Co(ND) = ) LHa(, 510 (12)
n=0 '
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It is evident that
1
LHn (T]' E' - E) = LHn(n: E)'

Hy(n,1,-1) =  Hy(n),

where ; H,(n, &) denotes the Two-variable Laguerre-Hermite polynomials [6] and ; H,(n) denotes the Laguerre-
Hermite polynomials [7] .
The following is a definition of Fubini polynomials, which can also be referred to as geometric polynomials [3]:

n

=) {p}kin, (13)

k=0
in which the stirling number of the second kind is denoted by the symbol {Z} [9]

For n = 1 in equation (13), we get nt* Fubini number, also known as the ordered Bell number or the geometric
number
E, [3,9, 10, 12, 16] is defined by the following equation.

n

n
E,(1)=F, = Z {F)k. (14)
k=0
From [3], we can express the exponential generating functions of geometric polynomials which can be given by :
! = i Fy () 15
1-ne*—1) Onnn!' (15)
n=

the notions that refer to the geometric series are as follows [3]:

d\" 1 1 n
—) — = mok —
(ndn> 1—-n Zk 1 1—nFm(1—n)'|n|<1'

The following, is a brief list of these polynomials and numbers which are included in this segment:

Fom) = 1L,F () =n,F,(n) =n+2n% F3(n) =n + 6n* + 6n°,F,(n) = n + 141> + 36n° + 24n* and
Fy=1,F, =1,F, = 3,F; = 13,F, = 75.

A relation between Geometric and exponential polynomials [3] can be given by:

Fy(r) = f u(m)eda. (16)
0

The Laguerre-based Hermite-Bernoulli polynomials with three variables have been introduced by Khan et al. [11],

which are defined using the following generating function:
a

¢ [am—1] Tn
e CyGrr) = Y HE " g0 an
et —ym- 1 st n=0 n
h=0 hl
By setting @ = 1 in equation (13), the result reduces to a known result that was cited by Pathan and Khan in [13],
futhermore setting a = 1, it yields the result of Dattoli et al. [4].

,l.m

The structure of this manuscript is as follows: In the second segment, we examine generating functions for Laguerre-
Hermite-Fubini numbers additionally this segment explores the properties and applications associated with these
polynomials and numbers.

In the third segment, we establish summation axioms for Laguerre-Hermite-Fubini numbers and polynomials.
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And, the fourth segment, is devoted to the construction of symmetric identities axioms for Laguerre- Hermite-Fubini
numbers and polynomials using generating functions.

2. Laguerre-Hermite-Fubini numbers and polynomials

In this segment, we define three-variable Laguerre-Hermite-Fubini polynomials and derive a fundamental features
that yield a novel formula for  Hf(n, &, u; 0).

We present a novel approach to 4-variable Laguerre-based Hermite-Fubini polynomials which can be obtained
using the following generating function:

ef“””ZCO(r]r)_ > ) N
1-¢ -1 Z L GR AT D (18)

n=0
Clearly from definition we get from the equation (18), we have
LHFn(O,O,O; () = Fn(()lL HFn(O'O'O; 1) = Fn
By substituting n = ¢ = 0 in equation (18) we derive 2-variable Fubini polynomials which is precisely specified
by Kargin [12].

o

eET Tn
1—(e—1) Z B i) —- (19)
Theorem 2.1. The axiom for Laguerre-based Hermite-Fubini polynomials is valid for vn > 0
n
n
HA,E w0 = Y (1) Fam i Hn(1,). (20)
m=0

Proof. From definition of equation (18), we Obtain

AT T o)
Z LHP (U'E,M.O—,—W

n=0 -
= > K ;—2 Han, O

n=0

- ; <mzo " Fn_m(u)LHm(n.f)>n—T

thus, by equating the coefficients of g from both sides, we get the desired result mentioned in the equation (20).

Theorem 2.2. The axiom for Laguerre- Hermite-Fubini polynomials verifies for vn > 0
LHa & w) =, Hn(n, & w 0) — LH™ (0,8, 15.0) + (LH™ (0,6, 185, 0). (21)
Proof. Let's start with the definition of equation (18) so, we write
1-(e"-1)
Er+ut? — §’r+;u:
e Cotm) =1 e —D° Co(n7)
Er+ut? T _
e Co(nt e 1
_ o) _ 4" =D et oy
1-7(e*—1) 1—pu(e*—-1)
Then, according to the concept of Laguerre-based Hermite polynomials | H,(n, ¢, 1) and eqgaution (18), we have
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D Ha & = D L HRE50) = GH (€ 150) + G H 01,6, O] =

n=0 n=0
Thus, finally,by equating the coefficients of % we obtain the desired equation (21)

Theorem 2.3. The axiom.
n

Z (Z) LHn R (1, €4, 005 GO L H* (112, €2, 125 02)
k=0

_ H &+ &0 + g5 G1) — QG HIn (2,81 + &o, i1 + 25 02)
- &G - @2

isvalid vn=0and {; #{,

Proof. The products of two similar expressions from equation (18) can be expressed as
k e$17+u1‘[ C (n T) e§2T+M2T C, (-’72‘[)

nz:;) kZO LH "(711'51““12(1)5 LH "(lefz;ﬂzifz)m TG -1 1-4ef 1)

2 (Z JHFnk (., &4, 105 8L H k(nz.fz,uz.zz))T

B {2 e(f1+fz)7+(ﬂ1+ﬂ2)72 Co(an) (1 e(f1+52)T+(#1+H2)T2 CO(”ZT)
=G 1-¢(e"—1) k¢t 1-0(e™—1)

_ <52LHF7‘(771'§1 + 8oy + 125 1) — Gy Hn (12,81 + &p, g + 1o fz))i
=0 n!’
thus, by equating the coefficients of % from both sides, we obtain the desired result of the equation (22).

Theorem 2.4. The axiom for Laguerre-Hermite-Fubini polynomials is valid v n > 0,:

GHf M8+ L) = A+ O H™,8 1m0~ LHa (0,8, ). (23)
Proof. We start Wlth the equation (18) so, we write the expressions as

L eET+uT C (77 )
—{(e"=1)

[

[LH, &+ 1L, u,)— L H(n, & + 1, 15 Ol

1[ef™+H7 ¢y (i )
[1 —(eT—1)

(e"=1)

n=0
efTHHT o ()

Tl
l

cz LH G, W)= Ha (0,6, 1)1

thus, by comparing the coefficients of ; from both the sides, we obtain the desired result mentioned in equation

(23)

Remark 2.3. On Substituting n = & = u =0 and & = —1 in Theorem 2.4, we obtain
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{LH™(0,1,0;0) = (1 + ) ,H™(0,0,0; ), (24
and
{LH™(0,0,0;0) = (1 + ), H™(0,-1,0;{) — (=)™ (25)

Theorem 2.5. The axiom for Laguerre- Hermite-Fubini polynomials
2
LHP (0, P, qus §) = n'z Z HaFro(n, €, ) ((p — DI ((q = 1Y

=0 j=

1
G—k-2pg
isvalid for vn = 0,and p,q € R

Proof. By rewriting the generating function we get from equation (18), we have

n 1 2 2
nz::‘) LHnF"(ﬂ, q&, qu; {)% = mefrﬂtr e(@—DéT,o(q-Dput Co(n7)
- ™\ [ ™\ [ T2
= (ZO L, 6,150) m) (Z (- 1)77)%) Z (4= D& =
had © 2 k+2j
- <Z LHaP (0, u,o—) Z Z (0~ Dm*((a =~ DO
n=0
Now, by substituting k with k — 2j in the above equatlon S0, we ake
d ok
Left Hand Side = (Z Ha 01,15 ) ) 2 (0= D (g~ DO G
had had 5 i ) n+k
= TZ:: Z LHy (0,81 O (e — D ((q - 1)5)’m
Again substituting n with n — k in the above equation, we get
o n [
TTL
Left Hand Side = Z kzz LHa 0, €5 (0 ~ D) (@ = D8 g

thus, by comapiring the coefﬂuents of =" on both sides, we obtain the result as per equation (26).

Theorem 2.6. The axiom of Laguerre-Hermite-Fubini polynomials
n

l
60 = D () Hna@,§) ) TS, LK. @7
is valid Vn > 0. t=0 k=0

Proof. We use equation (18), so we have

1 . ™ _ e&'ﬂu'z c
2 LHn (U;f:#'f)m—m oM7)

n=0
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[ee) [ee] [oe) l
= ST, ) Y K (eT = 1) = e N gk Y s, (1,00
k=0 k=0 =k '
) co l
™ 7t
= z LHn(n: f:#)mz Zkz klsz(l, k)F
I ) . n=0 =0 k=0 '
Now, substituting n with n — [ in the above equation, we get
oo 00 n l
™ n n
Y e =3 (D (1) e ) S0k | =
n=0 n=0 \1I1=0 k=0

thus, by equating the coefficients of %l on both sides, we obtain the desired result as mentioned in equation (27).

Theorem 2.7. The axiom for Laguerre-Hermite-Fubini polynomials:
n
n

l

@ E 47,0 = ) (]) tHaa@Em ) kIS, A+ rk+r). L (28)
=0 k=0

isvalidfor vn>0

Proof. Using the equation (18) and replacing ¢ by & + r in this equation, we get

o e($+r)‘r+m'2
Hf(n, M) = =7T——7F—F—<C
Z L (nf"‘rﬂ()n! 1_((et_1) O(WT)
n=0 (0.0 [ee] (00
l
T
= ST (e ) GH(eT = 1)F = efTEE o re™ ) Tk Y KIS,k
k=0 k=0 1=k '
oo o oo l ‘[l
= Z LHn(TI:S('#)ﬁZ 7k Z kK'S,(l+rk+ r)F.
o ) ) n=0 "1=0 k=0 '
Now, substituting n with n — [ in the above equation, we get
) (o) n l
" n ™
> R+ == > (Y (]) e ) SIS, Uk ) |
n=0 " n=0 \1=0 k=0 '

. .. T . .
thus, by comparing the coefficients of — on both sides, we get result as per the equation (28).

3. Summation Axioms for Laguerre-Hermite-Fubini polynomials
we establish the axioms involving the Laguerre-Hermite-Fubini polynomials ;H(n, &, u; ) by using series
rearrangement techniques. Additionally, we take into consideration the specific case of these polynomials.

Theorem 3.1. The summation axiom for Laguerre- Hermite-Fubini polynomials ,F,(n, v, 1) is valid for
q,l

LHi v, 1) = Z (Z) (15)) (v — O™P HFavinp (1, &, 13 ). (29)

n,p=0
Proof. Substituting T with 7 4+ u in the equation (18) and then applying the formula [15,p.52(2)]:
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N it m
Zfav)(” DS foamTE 30)

n! m|
n,m=0

Now, the generating function for the Laguerre Hermlte Fubini polynomials ; H(n, &, u; ) is obtained by the
following equation:
l

1 . N
(t+w) = ¢—$(tt+u) F R
T—(eri—n® Colm)=e™™ > LH 0 PN (1)
q,1=0

substituting ¢ with v in the previous equation and compairing the resulting expression to the previous equation,
we find

e ul d ul
exp((v = (T +w)) Z LHF"“(n.f.u,C)—,F= z LHF‘?”(n,v,#,C)—— (32)

l |
q,1=0 q,l=0 t
Expanding the exponential function in equation (32),yields

o)

> [ -HE+wIY < ol ul ol ul
D ), e = ) H s o (39)
N=0 ' =0 q.1=0
which by applying formula from equation (30) to the first summation on the left hand side, it yields
— EMPyp i a
Z =t Z LHE (& ;¢ )—— = Z LHE e (v, ;€ )T—u— (34)
nlpl ql Al — | A
n,p=0 q,1=0 q,1=0
Next, by substituting g with ¢ —n, and [ with [ — p and applying the lemma ([15, p.100(1)]), we obtain:
o 00 oo k
2 2 A(n, k) = Z Al k —n), (35)
k=0 n=0 k=0 n=0
On the Left Hand Side of the equation (34), we get
oo q'l
@=O™P N
q,l1=0 n,p=0
q
Z LHF (v, 158 )’—,% (36)
q,l=0

thus, by compairing the coefficients of the corresponding powers of 7 and w in the above equation, thus the
assertion of Theorem 3.1 is derived.

Remark 3.1. By setting [ = 0 in the proof of Theorem (29), we are able to draw the following implication.

Corollary 3.1. The summation axiom for Hermite-Fubini polynomials ;F, (1, &; 1) is true:
q

) = ) (1) - On Hn 6 ), (37)
n=0

Remark 3.2. By substituting v with v + ¢ in the equation (37), we obtain
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q
o+ &0 = > (D) om Hien, € 0. (38)

n=0

Theorem 3.2. The axiom for Laguerre-Hermite-Fubini polynomials y F, (n, &; p) is valid for:

nm
n

HA v O G, 50 = (1) () el = & v = ), HAvor 01, 6,15.0)

r,k=0
X He(u' =& v" —p") Hmk (', &' 1’5 3. (39)
Proof. Let us say, the product of the Laguerre-Hermite-Fubini polynomials, which can be expressed using the
generating function in (18) as follows:

1 1
§t+ut? o —_GSTHT ('
© n X Tm
=) L HR@Em D= Y Hm ) (40)
- L n, hu'z n! L n, P“I( m'

n=0 m=0
By substituting ¢ with u, u with v, & with u' and y' with v’ in the above equation (40) and equating the
resulting expression to itself,

[ee] [oe)
nomrm

T
Z 2 JHf(mu,v; O Hm(m' W, v () ——
n=0 m=0

n! m!
= exp((u — )7+ (v — wWrHexp((w' —NT + (v' — p')T?)

8

nomrm

X Z LHF“(n,E,M:()LHFm(n’,f’,u’:C’)T——
0

n! m!’

S
Il

m=

=0
ing function (35) in the exponential on the Right Hand Side, becomes

= ThTm
2 LHE 0w, w3 O H (' 0, v () ——
0

QD
—

with the application of the gener

I NGE

om

T m+k

n
n+r X
= D Hu— v = HR @ 6w D H (W = £ = WG ) e (4D
n,r=0 m,k=0
Finally, by substituting n with n —r and m with m — k and using the equation (35) on the Right Hand Side of
the above equation and then by equating the coefficients of corresponding powers of = and T, the assertion (39)

of theorem 3.2 is derived.

Remark 3.3. By substituting u with ¢ and u’ with &' in assertion (39) of Theorem 3.2, we deduce the the
following consequence of the theorem .

Corollary 3.2. The summation axiom for Hermite-Fubini polynomials , F,, (1, &; 1) is true:
LH ™, 8 v; Z)LHF;lnrgln’,s",V’; "

= > (D) (R) @ = wr Hovor 6,050 X (0" = ) HPmk (', 67, '587) (42)

T
r,k=0

Theorem 3.3. The summation axiom for Laguerre- Hermite-Fubini polynomials [ Hf»(n, &, u; ¢) is valid:
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n

n
g+t v ) = (5) s 0,0 OH, (0, v), (43)
s=0
Proof. Let’s say, by substituting ¢ with ¢ +u and g with p + v inthe equation (18), we use (9) and rewrite the
generating function as:

(0]

exp((§ + W7+ (1 + VT = D L HRG v ) = ) How ) S
s=0

n=0

1
1-4(e"=1)

[ee]
n

F T
=) HRGE Fup v
n=0
Now, By substituting n with n — s on the Left Hand Side and equating the coefficients of ™ on both sides, we
obtain the result of equation (43).

Theorem 3.4. The axiom of summation for Laguerre-Hermite-Fubini polynomials , H»(n, &, u; {) is valid for:
n

HA@ 8w =D (1) LEar 01, = 1 OHy (0. (44)
r=0
Proof. By utilizing the generating function in equation (2), we can express the equation (18) as
1 = o "
(E-w)T  urt+ut? — Z . _Z e
1— (e-[ _ 1)6 e CO(UT) LFn(nif u; () n! Hr(u'#) rl (45)

n=0 r=0
By substituting n Wlth n —r in the above equatlon We get

n
Fn JE—
Z) L, ,150) ZOZOLFn 0, =05 Hy () s
n= n T
By correlating the coefficients of correspondlng powers of T of both sides, we obtain the equation (45)

Theorem 3.5. The subsequent axiom for Laguerre-Hermite-Fubini polynomials , H(n, &, u; {) is valid for
n

g+ L) =Y () WHr 0,650 (46)
r=0
Proof. By utilizing the generating function (18), we may derive the following result:
(00} Tn (00} Tn
D HRE+ L = Y HRLE ) —

n=0 n=0

— (;) (e¥ — 1)e$‘r+u‘rzc (n7)
IASEI{CEEEY o

= i LHF"(U,S.M;O;—T<§: Tr—r,— 1)

n=0 r=0

-y 0T o
=0 n=0

n=0
oo n n n
— n Fp_ AL F, .
_Z Z (T) LHn T(U'f'.“'f)n! Z LH "(Tl'f:lbf)n!-
n=0 r=0 n=0
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Therefore, by correlating the coefficients of the appropriate powers of ¢ equal on both sides, we derive equation
(46).

4. ldentity Axioms

In this segment, we establish axioms based on identity for the generalized Laguerre-Hermite-Fubini
polynomials , H™(n, &, u; ) by utilizing the generating functions (18) and (19). Previous works shows the
introduction of symmetric identities by Pathan and Khan in [13,14] .

Theorem 4.1. The summation identity axiom holds for n,§,x € R and V n > 0
n

n —
>0 (F)branr s by, b, b2p; ), H™ (an, a, i )

r=0
n
- Z (%) arbrr  HFver (an, ag, a?u; O)LHPw (b, bE, b2 ). (47)
r=0
Proof. Let us use the expression
A(T) =

1
A—¢e™—1)A - —1)°

abfr+a2b2u12C0(abnT)

The expression for A(t) demonstrates symmetry with respect to both a and b. We can expand A(t) in two
different series to derive:

o) [oe]

(an)" (br)"
A@ = ) H (b, bE, b2 )" > L HP(an, af, a2 )
n=0 ' r=0 '
co n n Tn
(CED) <Z (7) bramr s b, b, bu; ), H™ (an, af, a2 o);- (48)
=0 \Mr=0
In a similar manner, we can der%onstrate that
N CIRN (ar)"
A(T)=Z LH ™ (an, a8, ap;$) — Z LHn (b0, b8, b2 s $) —
n=0 ©or=0 '
e} n n TTL
UCED) <Z () a"b"=ryHfor (am, a, au; §) HPw (b, bE, b?u; c)) ar (49)
n=0 “r=0

Therefore, by comparing the coefficients of ;—T on the right hand sides of the final two equations, we obtain the
required conclusion (47).

Theorem 4.2. For any pair of integers a and b and for all integers and n > 0, the following identity axiom is

valid:
n a-1 b-1
n n—kpk pF b ..
z (k) a™*b*; H n-k<bf+al+1,b u,bn;()Fk(au,Z)
k=0 i=0 j=0
n a-1 b-1
n a
Z (k) prkak, HFn-k (af + Ei +j,a%u, an; Z) F,(bu, {). (50)
k=0 j=0 i=0
Proof. Let us write the expression of B(t)
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eab(f+u)r+a12b2ut2 (eabt _ 1)2 Co(abn)

B =
O = e - - - D) - DE -1
eab‘g"t+a2b2 ut? Co(D) eabt _ 1 eabut edbt _ 1
1-0(ea*—1) ebT—l 1—Z(ebT—1) eaT—l
a—
BCO) = eab‘g"t+a2b2u‘t2 Co(abn1) i eabut z a1
1-0(e**—1) e 1- Z(ebt -1
i=

1 b-1

_ easzuTZCO(abnT)z z b‘g'+ 1+] at
T 1-Y(ea*—1)

i=0 j=

B(t) = i Zn: (E)az_: Z_: a" Kbk, HFn-k (b§+gi+j,b2u,bn;(> Fy(au, O) % (51)
k=0 i=0 j=0

n=0

However , we also have
oo n a 1 b-1
T
B(1) = Z 2 Z p-Kak HFn a§+—1 +j,a%p, an; C) Fyr(by, Q) o (52)
n=0 \ k=0 j=0 i= )

thus, by comparing the coefficients of t® from the right hand sides of the last two equations (51) and (52), we
obtain the desired result.

5. Concluding Remarks

In this study, we convey a special class of Laguerre-Hermite-Fubini polynomials, investigated their diverse
characteristics, and examine their potential applications. To derive summing axioms for these polynomials, we
employed series summation techniques. Through the utilization of generating functions, we have effectively
established symmetric identity axioms for the Laguerre-Hermite-Fubini polynomials.
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