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Abstract.  

In this study, a new kind of degenerate Hermite-Fubini numbers and polynomials is presented, and the 

characteristics of these numbers and polynomials are investigated. The series summation methods are utilised 

in the process of formulating summation formulae for these polynomials. By using generating functions, we are 

able to obtain symmetric identities for the degenerate Hermite-Fubini numbers and polynomials. This is 

accomplished by the use of generating functions. 
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1. Introduction 

We can investigate both Hermite numbers and Fubini numbers using the generating function. The Hermite 

polynomials HN(α)  are utilized in a wide range of applications, such as quantum harmonic osculation, 

probability theory, gaussian quadrature in mathematical physics, partial differential equations (PDEs), 

probability theory, numerical analysis, quantum physics, approximation theory, signal and image processing, 

and more. Fubini polynomials FN(α) frequently count permutations and partitions in the field of combinatorial 

mathematics. 

 

The two-variable Hermite Kampe' de Fe'riet polynomials (2VHKdFP) HN(α, β)  [1, 4] can be defined as 

follows: 

 

HN(α, β) = N! ∑

[
N
2

]

Κ=0

βrαN−2Κ

r! (N − 2Κ)!
.                             (1.1) 

It is clear that 

HN(2α, −1) = HN(α, HN(α, −
1

2
) = HeN(α), HN(α, 0) = αN, 

HN(α) and HeN(α) represent the ordinary Hermite polynomials. 

The Hermite polynomial HN(α, β) (see ([12, 13]) is defined with the following generating function:  

 

eαρ+βρ2
= ∑

∞

n=0

HN(α, β)
ρN

N!
.                                  (1.2) 

Khan [7] recently talked about degenerate Hermite polynomials using the following generating function:  
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(1 + θρ)
α
θ(1 + θρ2)

yβ
θ = ∑

∞

n=0

Hn(α, β; θ)
ρN

N!
.                                (1.3) 

Note that  

lim
θ⟶0

(1 + θρ)
α
θ = eαρ. 

It is clear that equation (1.3) simplifies to equation (1.2). 

It is evident that (1.3) reduces to (1.2). The HN(α, β) limiting case of HN(α, β; θ),occurs as the limit of θ 

approaches 0. 

The closed form of degenerate Hermite polynomials HN(α, β; θ) is below: 

HN(α, β; θ) = N! ∑

[
N
2

]

r=0

θN−r(
α
θ)N−2r(

y
θ)r

r! (N − 2r)!
.                                (1.4) 

Carlitz introduced the degenerate Bernoulli polynomials for θ∈C, which are defined by the generating function. 

ρ

(1 + θρ)
1
θ − 1

(1 + θρ)
α
θ = ∑

∞

n=0

βN(α; θ)
ρN

N!
, (see[3,8,9,10,11])                 (1.5) 

so that  

βN(α; θ) = ∑

m

N=0

(
N
m

) βm(θ)(
α

θ
)N−m.                           (1.6) 

The degenerate Bernoulli numbers are referred to as βN(θ) = βN(0; θ) when α is equal to 0. 

Based on equation (1.5), we have noticed that  

∑

∞

n=0

lim
θ⟶0

βN(α; θ)
ρN

N!
= lim

θ⟶0

ρ

(1 + θρ)
1
θ − 1

(1 + θρ)
α
θ 

 

=
ρ

eρ − 1
eαρ = ∑

∞

n=0

BN(α)
ρn

n!
                                (1.7) 

In which BN(α) are referred as the Bernoulli polynomials (see [1-15]). 

Geometric polynomials (also known as Fubini polynomials) are expressed as follows (see [2]):  

FN(α) = ∑

N

k=0

{
N
k

} k! αk,                                    (1.8) 

Where {
N
k

} is the Stirling number of the second kind (see [5]). 

For α = 1 in (1.8), we get Nth Fubini number (ordered Bell number or geometric number) FN [2, 5, 6, 15] is 

defined by  

FN(1) = FN = ∑

N

k=0

{
N
k

} k!.                                     (1.9) 

The exponential generating functions of geometric polynomials can be written as (see [2]):  

1

1 − α(eρ − 1)
= ∑

∞

n=0

FN(α)
ρN

N!
,                                  (1.10) 

and related to the geometric series (see [2]):  

(α
d

dα
)

m 1

1 − α
= ∑

∞

k=0

kmαk =
1

1 − α
Fm(

α

1 − α
), |α| < 1. 

Here's a brief list of these polynomials and values: 
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F0(α) = 1, F1(α) = α, F2(α) = α + 2α2, F3(α) = α + 6α2 + 6α3, F4(α) = α + 14α2 + 36α3 + 24α4, 
and  

F0 = 1, F1 = 1, F2 = 3, F3 = 13, F4 = 75. 
Geometric and exponential polynomials are related by the relation (see [2]):  

FN(α) = ∫
∞

0

ϕN(α)e−θdθ.                                (1.11) 

In (2016), Khan [7] introduced two variable degenerate Hermite-poly-Bernoulli polynomials is defined by 

means of the following generating function:  

Lik(1 − e−ρ)

(1 + θρ)
1
θ − 1

(1 + θρ)
α
θ(1 + θρ2)

β
θ = ∑

∞

n=0 H

βN
(k)

(α, β; θ)
ρN

N!
,                (1.12) 

so that  

 HβN
(k)

(α, β; θ) = ∑

N

m=0

(
N
m

) βN−m
(k)

(θ)Hm(α, β; θ). 

The focus of this paper, we consider generating functions for degenerate Hermite-Fubini numbers and 

polynomials and give some properties of these numbers and polynomials. We derive for degenerate Hermite-

Fubini numbers and polynomials, and we develop symmetric identities for these numbers and polynomials using 

generating functions. 

 

2. Degenerate Hermite-Fubini numbers and polynomials 

In this section, we introduce three-variable degenerate Hermite-Fubini polynomials and derive fundamental 

properties, leading to a new formula for HFN,θ(α, β; γ) as follows: 

 

1

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α
θ(1 + θρ2)

β
θ = ∑

∞

n=0

 HFN,θ(α, β; γ)
N

N!
.                   (2.1) 

Under the conditions α = β = 0. γ = 1 in (2.1), we have  

 

 HFN,θ(0,0; γ) = FN,θ(γ),H FN,θ(0,0; 1) = FN,θ. 
 

Not that limθ⟶0H
FN,θ(α, β; γ) =H FN(α, β; δ). 

 

We are able to obtain two-variable Fubini polynomials, which are described by Kim et al. [9], by stating that β 

is equal to zero in equation (2.1). 

 

 

1

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α
θ = ∑

∞

N=0

FN,θ(α; γ)
ρN

N!
.                         (2.2) 

 

 Theorem 2.1. For N ≥ 0, we have  

 HFN,θ(α, β; γ) = ∑

N

m=0

(
N
r

) FN−m,θ(z)Hm(α, β; θ).                   (2.3) 

 Proof. Utilizing definition (2.1), we have  

∑

∞

n=0

 HFN,θ(α, β; γ)
ρN

N!
=

1

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α
θ(1 + θρ2)

β
θ 
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= ∑

∞

N=0

FN,θ(γ)
ρN

N!
∑

∞

m=0

Hm(α, β; θ)
ρm

m!
 

 

= ∑

∞

N=0

( ∑

n

m=0

(
N
r

) FN−m,θ(z)Hm(α, β; θ))
ρN

N!
. 

Equating the coefficients of 
ρN

N!
 yields (2.3). 

 

Theorem 2.2. For N ≥ 0, we have 

 

 HFN,θ(α, β; γ) = ∑

N

r=0

(
N
r

) HN−r(α, β; θ) ∑

r

k=0

γkk! S2(r, k).                           (2.4) 

Proof. From definition (2.1), we have 

 

∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
=

1

1 − γ((1 + θt)
1
θ − 1)

(1 + θρ)
α
θ(1 + θρ2)

β
θ 

 

= (1 + θρ)
α
θ(1 + θρ2)

β
θ ∑

∞

k=0

γk((1 + θv)
1
θ − 1)k 

 

= (1 + θρ)
α
θ(1 + θρ2)

β
θ ∑

∞

k=0

γk ∑

∞

N=k

S2(r, k)
ρr

r!
 

 

= ∑

∞

N=0

HN(α, β; θ)
ρN

N!
(∑

∞

r=0

∑

r

k=0

γkk! S2(r, k)
ρr

r!
) 

 

L. H. S = ∑

∞

N=0

(∑

N

r=0

(
N
r

) HN−r(α, β; θ) ∑

r

k=0

γkk! S2(r, k))
ρN

N!
. 

 

By matching the coefficients of 
ρN

N!
 on both sides, we obtain (2.4). 

 

 

Theorem 2.3. For N ≥ 0, the following formula for degenerate Hermite-Fubini polynomials valid: 

 

1

1 − γ
∑

N

m=0

(
N
m

) Fm,θ (
γ

1 − γ
) HN−m,θ(α, β) = ∑

N

r=0

(
N
r

) ∑

∞

k=0

γk(k)r,θHN−r,θ(α, β).                (2.5) 

Proof. We start with the definition (2.1)  

 

∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
=

1

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α
θ(1 + θρ2)

β
θ 

Let  
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1

1 − γ
(

1

1 −
γ

1 − γ (1 + θρ)
1
θ − 1

) =
1

1 − γ(1 + θρ)
1
θ

= ∑

∞

k=0

γk(1 + θρ)
k
θ                 (2.6) 

 

= ∑

∞

r=0

(∑

∞

k=0

γk(k)r,θ)
ρr

r!
 

 

∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
= ∑

∞

r=0

(∑

∞

k=0

γk(k)r,θ)
ρr

r!
(∑

∞

n=0

HN,θ(α, β)
ρN

N!
) 

 

= ∑

∞

N=0

(∑

n

r=0

(
N
r

) ∑

∞

k=0

γk(k)r,θHN−r,θ(α, β))
ρN

N!
.                   (2.7) 

Now, we recognize that, according to (2.6), we obtain 

1

1 − γ
(

1

1 −
γ

1 − γ
(1 + θρ)

1
θ − 1

) =
1

1 − γ
∑

∞

n=0

FN,θ (
γ

1 − γ
)

ρN

N!
 

Hence, we achived 

 

∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
=

1

1 − γ
∑

∞

m=0

Fm,θ (
γ

1 − γ
)

ρm

m!
(∑

∞

n=0

HN,θ(α, β)
ρN

N!
) 

 

=
1

1 − γ
∑

∞

N=0

( ∑

N

m=0

(
N
m

) Fm,θ (
γ

1 − γ
) HN−m,θ(α, β))

ρN

N!
.                 (2.8) 

Comparing the coefficients of 
ρN

N!
 in equation (2.7) and (2.8), we get (2.5). 

 

Theorem 2.4. For N ≥ 0, the following formula for degenerate Hermite-Fubini polynomials holds true: 

 

HN,θ(α, β) =H FN,θ(α, β; γ) − zHFN,θ(α + 1, β; γ) + zHFN,θ(α, β; γ).                   (2.9) 

 

Proof. We begin with the definition (2.1) and write  

(1 + θρ)
α
θ(1 + θρ2)

β
θ =

1 − γ((1 + θρ)
1
θ − 1)

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α
θ(1 + θρ2)

β
θ 

 

=
(1 + θρ(1 + θρ2)

β
θ

1 − γ((1 + θρ)
1
θ − 1)

−
γ((1 + θρ)

1
θ − 1)

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α
θ(1 + θρ2)

β
θ. 

Then using the definition of Kamp e′  de F e′ riet generalization of the degenerate Hermite polynomials 

HN,θ(α, β) (1.3) and (2.1), we have  

∑

∞

N=0

HN,θ(α, β)
ρN

N!
= ∑

∞

N=0

[ HFN,θ(α, β; γ) − zHFN,θ(α + 1, β; γ) + zHFN,θ(α, β; γ)]
ρN

N!
. 
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Finally, comparing the coefficients of 
ρN

N!
, we get (2.9). 

 

Theorem 2.5. For N ≥ 0 and γ1 ≠ γ2 , the following formula for degenerate Hermite-Fubini polynomials 

holds true:  

∑

N

k=0

(
N
k

)  HFN−k,θ(α1, β1; γ1)HFk,θ(α2, β2; γ2) 

 

=
γ2HFN,θ(α1 + α2, β1 + β2; γ2) − z1HFN,θ(α1 + α2, β1 + β2; γ1)

γ2 − γ1
.                 (2.10) 

Proof. The products of (2.1) can be written as  

∑

∞

N=0

∑

∞

k=0

 HFN(α1, β1; γ1)
tN

N!
 HFk(α2, β2; γ2)

ρk

k!
=

(1 + θρ)
α1
θ (1 + θρ2)

β1
θ

1 − γ1((1 + θρ)
1
θ − 1)

(1 + θρ)
α2
θ (1 + θρ2)

β2
θ

1 − γ2((1 + θρ)
1
θ − 1)

 

 

∑

∞

N=0

(∑

N

k=0

(
N
k

)  HFN−k(α1, β1; γ1)HFk(α2, β2; γ2))
ρN

N!
 

 

=
γ2

γ2 − γ1

(1 + θρ)
α1+α2

θ (1 + θρ2)
β1+β2

θ

1 − γ1((1 + θρ)
1
θ − 1)

−
γ1

γ2 − γ1

(1 + θρ)
α1+α2

θ (1 + θρ2)
β1+β2

θ

1 − γ2((1 + θρ)
1
θ − 1)

 

 

= (
γ2HFN(α1 + α2, β1 + β2; γ2) − γ1HFN(α1 + α2, β1 + β2; γ1)

γ2 − γ1
)

ρN

N!
. 

 

By equating the coefficients of 
ρN

N!
 on both sides, we get (2.10). 

 

Theorem 2.6. For N ≥ 0, the following formula for degenerate Hermite-Fubini polynomials holds true:  

zHFN,θ(α + 1, β; γ) = (1 + z)HFN,θ(α, β; γ) − HN,θ(α, β).                   (2.11) 

Proof. From (2.1), we have  

∑

∞

N=0

[ HFN,θ(α + 1, β; γ)−HFN,θ(α, β; γ)]
ρN

N!
=

(1 + θρ)
α
θ(1 + θρ2)

β
θ

1 − γ((1 + θρ)
1
θ − 1)

((1 + θρ)
1
θ − 1) 

 

=
1

γ
[

(1 + θρ)
α
θ(1 + θρ2)

β
θ

1 − γ((1 + θρ)
1
θ − 1)

− (1 + θρ)
α
θ(1 + θρ2)

β
θ] 

 

=
1

γ
∑

∞

n=0

[ HFN(α, β; γ) − HN(α, β)]
ρN

N!
. 

 

Comparing the coefficients of 
ρN

N!
 on both sides, we obtain (2.11). 

 

Remark 2.3. On setting α = β = 0 and α = −1 in Theorem 2.6, we find  
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zHFN,θ(1,0; γ) = (1 + z)HFN,θ(0,0; γ),                        (2.12) 

and  

 zHFNθ(0,0; γ) = (1 + z)HFN,θ(−1,0; γ) − (−θ)N (
1

θ
)

N
.                     (2.13) 

Theorem 2.7. For N ≥ 0, p, q ∈ ℝ, the following formula for degenerate Hermite-Fubini polynomials holds 

true:  

 HFN,θ(pα, qβ; γ) 

 

= N! ∑

N

k=0

∑

[
k
2]

j=0

θk−j
HFN−k,θ(α, β; γ) (

(p − 1)α

θ
)

k−2j

(
(q − 1)β

θ
)

j

1

(N − k − 2j)! j!
.     (2.14) 

 Proof. By formulating  the generating function (2.1), we have  

∑∞
N=0  HFN(pα, qβ; γ)

ρN

N!
=

1

1−γ((1+θρ)
1
θ−1)

(1 + θρ)
α

θ(1 + θρ2)
β

θ(1 + θρ)
(p−1)α

θ (1 + θρ2)
(q−1)β

θ  

 

= (∑

∞

n=0

 HFN,θ(α, β; γ)
ρN

N!
) (∑

∞

k=0

(
(p − 1)α

θ
)

k
θk

ρk

k!
) (∑

∞

j=0

(
(q − 1)β

θ
)

j
θj

ρ2j

j!
) 

 

= (∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
) (∑

∞

k=0

∑

∞

j=0

(
(p − 1)α

θ
)

k
(

(q − 1)β

θ
)

j
θk+j

tk+2j

k! j!
) 

Substituting k by k − 2j in the above equation, we obtained  

L. H. S. = (∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
) ( ∑

∞

k=2j

θk−j (
(p − 1)α

θ
)

k−2j
(

(q − 1)β

θ
)

j

ρk

(k − 2j)! j!
). 

Again by substitutin N by N − k in above equation, we obtain  

L. H. S. = ∑

∞

N=0

∑

N

k=0

∑

[
k
2

]

j=0

θk−j
HFN−k,θ(α, β; γ) (

(p − 1)α

θ
)

k−2j
(

(q − 1)β

θ
)

j

ρn

(n − k − 2j)! j! k!
. 

 

Finally, by equating the coefficients of ρN on both sides, we obtain the result (2.14). 

 

 Theorem 2.8. For N ≥ 0, the following formula for degenerate Hermite-Fubini polynomials is established:  

 HFN,θ(α + r, β; γ) = ∑

n

l=0

(
N
l

) HN−l,θ(α, β) ∑

l

k=0

γkk! S2,θ(l + r, k + r).        (2.15) 

Proof. Changing α by α + r in (2.1), we get  

∑

∞

n=0

 HFN,θ(α + r, β; γ)
tN

N!
=

(1 + θρ)
α+r

θ (1 + θρ2)
β
θ

1 − γ((1 + θρ)
1
θ − 1)

 

 

= (1 + θρ)
α
θ(1 + θρ2)

β
θ(1 + θρ)

r
θ ∑

∞

k=0

γk((1 + θρ)
1
θ − 1)k 
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= (1 + θρ)
α
θ(1 + θρ2)

β
θ(1 + θρ)

r
θ ∑

∞

k=0

γk ∑

∞

l=k

k! S2(l, k)
ρl

l!
 

 

= ∑

∞

N=0

HN,θ(α, β)
ρN

N!
∑

∞

l=0

γk ∑

l

k=0

k! S2,θ(l + r, k + r)
ρl

l!
. 

Again changing N by N − l in above equation, we have  

∑

∞

n=0

 HFN,θ(α + r, β; γ)
ρN

N!
= ∑

∞

n=0

(∑

N

l=0

(
N
l

) HN−l,θ(α, β) ∑

l

k=0

zkk! S2,θ(l + r, k + r))
ρN

N!
. 

Analyzing the coefficients of 
ρN

N!
 in both sides, we get (2.15). 

 

3. Summation Formulae for degenerate Hermite-Fubini polynomials 

First, we establish the following result concerning the degenerate Hermite-Fubini polynomials  HFn,θ(α, β; γ) 

by using series rearrangement techniques and considered its specific case: 

 

 Theorem 3.1. The following summation formula for degenerate Hermite-Fubini polynomials  HFn(α, β; γ) is 

valid: 

 

 HFN,θ(u, v; z)HFm,θ(U, V; Z) = ∑

N,m

r,k=0

(
N
r

) (
m
k

) Hr,θ(u − α, v − β)HFN−r,θ(α, β; γ) 

 

× Hk,θ(U − X, V − Y)HFm−k,θ(X, Y; Z).                               (3.1) 

Proof. Look into the product of the degenerate Hermite-Fubini polynomials, we can express it as the generating 

function (2.1) in  this form:  
1

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α
θ(1 + θρ2)

β
θ

1

1 − γ((1 + θT)
1
θ − 1)

(1 + θT)
α
θ(1 + θT2)

β
θ 

 

= ∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
∑

∞

m=0

 HFm,θ(X, Y; Z)
Tm

m!
.                              (3.2) 

Substituting α by u, y by v, X by U and Y by V in (3.2) and equating the result to itself,  

∑

∞

N=0

∑

∞

m=0

 HFN,θ(u, v; z)HFm,θ(U, V; Z)
ρN

N!

Tm

m!
 

 

= (1 + θρ)
u−α

θ (1 + θρ2)
v−β

θ (1 + θT)
U−X

θ (1 + θT2)
V−Y

θ  

 

× ∑

∞

N=0

∑

∞

m=0

 HFN,θ(α, β; γ)HFm,θ(X, Y; Z)
ρN

N!

Tm

m!
, 

 

which, by applying the generating function [14] to the right-hand side, becomes  

∑

∞

N=0

∑

∞

m=0

 HFN,θ(u, v; z)HFm,θ(U, V; Z)
ρN

N!

Tm

m!
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= ∑

∞

N,r=0

Hr,θ(u − α, v − β)HFN,θ(α, β; γ)
ρN+r

N! r!
∑

∞

m,k=0

Hk,θ(U − X, V − Y)HFm,θ(X, Y; Z)
Tm+k

m! k!
.         (3.3) 

Finally, substituting N by N − r and m by m − k and applying the lemma [14] in the right-hand side of the 

above equation and then equating the coefficients of corresponding powers of ρ and T, we obtained assertion 

(3.1) of Theorem 3.1. 

 

Theorem 3.2. The following summation formula for degenerate Hermite-Fubini polynomials  HFn(α, β; γ) 

holds true: 

 

 HFN,θ(α + w, β + u; γ) = ∑

n

s=0

(
n
s

)  HFN−s,θ(α, β; γ)Hs,θ(w, u).               (3.4) 

Proof. We substitute α by α + w and β by β + u in (2.1), use (1.3) and reconstruct the generating function 

as:  

1

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α+w

θ (1 + θρ2)
β+u

θ = ∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
∑

∞

s=0

Hs,θ(w, u)
ρs

s!
 

 

= ∑

∞

N=0

 HFN,θ(α + w, β + u; γ)
ρN

N!
. 

Now again replace N by N − s in l.h.s. and equating the coefficients of ρN on both sides, we obtained the 

result (3.4). 

 

 Theorem 3.3. The following summation formula for degenerate Hermite-Fubini polynomials  HFN,θ(α, β; γ) 

true:  

 HFN,θ(α, β; γ) = ∑

n

r=0

(
N
r

) FN−r,θ(α − w; γ)Hr,θ(w, γ).                      (3.5) 

Proof. By utilizing the generating function (1.3), we can write equation (2.1) as  

1

1 − γ((1 + θρ)
1
θ − 1)

(1 + θρ)
α−w

θ (1 + θρ)
w
θ (1 + θρ2)

β
θ = ∑

∞

n=0

FN,θ(α − w; γ)
ρN

N!
∑

∞

r=0

Hr,θ(w, β)
ρr

r!
. 

On interchange N by N − r in above equation, we obtained  

∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
= ∑

∞

N=0

∑

N

r=0

FN−r,θ(α − w; γ)Hr,θ(w, β)
ρN

(N − r)! r!
. 

comparing the coefficients of the like powers of ρ on both sides, we get (3.5). 

 

Theorem 3.4.  The below summation expression for degenerate Hermite-Fubini polynomials  HFN,θ(α, β; γ) 

remain true: 

  

 HFN,θ(α + 1, β; γ) = ∑

N

r=0

(
N
r

)  HFN−r,θ(α, β; γ) (
1

θ
)

r
θr. (3.6) 

Proof. From generating function (2.1), we have  



ISSN: 2752-3829     Vol. 3 No.2, (December, 2023) 
 

Stochastic Modelling and Computational Sciences 

 

 
Copyrights @ Roman Science Publications Ins.                Stochastic Modelling and Computational Sciences 

 
1509 

 

∑

∞

n=0

 HFN,θ(α + 1, β; γ)
ρN

N!
− ∑

∞

n=0 H

FN,θ(α, β; γ)
ρN

N!
 

 

 = (
1

1−1−γ((1+θρ)
1
θ−1

) ((1 + θρ)
1

θ − 1)(1 + θρ)
α

θ(1 + θρ2)
β

θ 

 

= ∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
(∑

∞

r=0

(
1
θ

)
r

θrρr

r!
− 1) 

 

= ∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
∑

∞

r=0

(
1
θ)

r
θrρr

r!
− ∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
 

 

= ∑

∞

N=0

∑

N

r=0

(
N
r

)  HFN−r,θ(α, β; γ) (
1

θ
)

r
θr

ρN

N!
− ∑

∞

N=0

 HFN,θ(α, β; γ)
ρN

N!
. 

Finally,by equating the coefficients of the corresponding powers of ρ on both sides, we get (3.6). 

 

4. Symmetric identities for degenerate Hermite-Fubini polynomials 

In this part, we prove broad identities of symmetry for the degenerate Hermite-Fubini polynomials 

 HFN,θ(α, β; γ) by the use of the generating function (2.1) and (2.2).  

 

Theorem 4.1. Let α, β, γ ∈ ℝ and N ≥ 0, then the subsequent identify is accurate:  

∑

N

r=0

(
N
r

) bran−r
HFN−r,θ(bα, b2β; γ)HFr,θ(aα, a2β; γ) 

 

= ∑

N

r=0

(
N
r

) arbN−r
HFN−r,θ(aα, a2β; γ)HFr,θ(bα, b2β; γ).                     (4.1) 

 Proof. Get start with  

A(ρ) =
(1 + θρ)

abα
θ (1 + θρ2)

a2b2β
θ

(1 − γ((1 + θρ)
a
θ − 1))((1 − γ((1 + θρ)

b
θ − 1)

. 

Then the expression for A(ρ) is symmetric in a and b and we can expand A(t) into series in two ways to 

obtain: 

 

A(ρ) = ∑

∞

N=0

 HFN,θ(bα, b2β; γ)
(aρ)N

N!
∑

∞

r=0

 HFr,θ(aα, a2β; γ)
(bρ)r

r!
 

 

A(ρ) = ∑

∞

N=0

(∑

N

r=0

(
N
r

) braN−r
HFN−r,θ(bα, b2β; γ)HFr,θ(aα, a2β; γ))

ρN

N!
.       (4.2) 

In the same way, we are able to show that  
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A(ρ) = ∑

∞

N=0

 HFN,θ(aα, a2β; γ)
(bρ)n

n!
∑

∞

r=0

 HFr,θ(bα, b2β; γ)
(aρ)r

r!
 

 

A(ρ) = ∑

∞

N=0

(∑

N

r=0

(
N
r

) arbN−r
HFN−r,θ(aα, a2β; γ)HFr,θ(bα, b2β; γ))

ρ

N!
.   (4.3) 

By analysing the coefficients of 
ρN

N!
 on the final two equations right hand sides, we reach our desired result (4.1). 

 

Theorem 4.2. The following identity is true for every pair of integers a, b and n ≥ 0: 

 

∑

N

k=0

(
N
r

) aN−kbk
HFN−k,θ(bα, b2β; γ) ∑

k

i=0

(
k
i
) σi (

θ

b
, a − 1) Fk−i,θ(au; γ) 

 

 

∑

N

k=0

(
N
k

) bn−kak
HFN−k,θ(aα, a2β; γ) ∑

k

i=0

(
k
i
) σi (

θ

a
, b − 1) Fk−i,θ(bu; γ). (4.4) 

 Proof.  Let B(ρ) =
(1+θρ)

ab(α+u)
θ (1+θρ2)

a2b2β
θ ((1+θρ)

ab
θ −1)

(1−γ((1+θρ)
a
θ−1))(1−γ((1+θρ)

b
θ−1)((1+θρ)

a
θ−1)((1+θρ)

b
θ−1)

 

 

=
(1 + θρ)

abα
θ (1 + θρ2)

a2b2β
θ

(1 − γ((1 + θρ)
a
θ − 1))

((1 + θρ)
ab
θ − 1)

(1 + θρ)
b
θ − 1)

(1 + θρ)
abu

θ

(1 − γ((1 + θρ)
b
θ − 1))

 

 

B(ρ) =
(1 + θρ)

abα
θ (1 + θtρ2)

a2b2β
θ

(1 − γ((1 + θρ)
a
θ − 1))

(∑

∞

i=0

σi (
θ

b
, a − 1)

(bρ)i

i!
) (∑

∞

k=0

Fk,θ(au; γ)
(bρ)k

k!
) 

 

(∑

∞

N=0

 HFN,θ(bα, b2β; γ)
(aρ)N

N!
) (∑

∞

k=0

∑

k

i=0

(
k
i
) bkσi (

θ

b
, a − 1) Fk−i,θ(au; γ)

ρk

k!
) 

 

= ∑

∞

N=0

(∑

N

k=0

(
N
k

) aN−kbk
HFN−k,θ(bα, b2β; γ) ∑

k

i=0

(
N
i

) σi (
θ

b
, a − 1) Fk−i,θ(au; γ))

ρN

N!
.       (4.5) 

In contrast, We've got  

 

B(ρ) = ∑

∞

N=0

(∑

N

k=0

(
N
k

) bN−kak
HFN−k,θ(aα, a2β; γ) ∑

k

i=0

(
N
i

) σi (
θ

a
, b − 1) Fk−i,θ(bu; γ))

ρN

N!
.      (4.6) 

We achieve the intended outcome by comparing the coefficients of 
ρN

N!
 on the right-hand sides of the final two 

equations. 

 

Conclusion  
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We took the Hermite and Fubini polynomial from the Apple type polynomial and found a relationship between 

them. We then found the degenerate Hermite-Fubini number and polynomial, as well as its properties. Using 

the series summation method, we were able to prove our results for a new type of polynomial, and we also found 

identities for the Hermite-Fubini number and polynomial.  
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