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Abstract 

In this paper we introduced and studied the concepts of fuzzy supra P-spaces. Also we discuss several 

characterizations and properties of fuzzy supra P-spaces are introduced. Several examples are given 

to illustrate the concepts. 
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1. Introduction 

In the year 1965,  L. A.Zadeh [12]  was  first introduced the concept of fuzzy sets and fuzzy set 

operations in his classical paper.  In 1968, the theory of fuzzy topological spaces was introduced and 

developed by C.L.Chang [3].  

In 1983, Mashhour.A.S.et.al., [5] introduced and studied the concept of Supra topological 

spaces. In 1987, AbdEl-monsef et.at [1] introduced the concepts of fuzzy supra topological as a natural 

generalization of the notion of supra topological spaces.  

In 1972, Mishra.A.K [6] introduced the concepts of P-spaces as a generalization of ωα-additive 

spaces of Sikorski [10] and Cohen.L.W and Goffman.C [4]. The concept of  

P-spaces in fuzzy setting was introduced by Thangaraj.G and Balasubramanian.G [11].  

In this paper introduced and studied the concepts of fuzzy supra P-spaces. Several examples 

are given to illustrate the concepts. It is established that fuzzy supra σ-boundary sets are fuzzy supra 

closed sets, fuzzy supra co-σ-boundary sets are fuzzy supra open sets in fuzzy supra P-spaces. 

2. Preliminaries 

Definition 2.1 [1]. 

A collection T* of fuzzy sets in a set U is called fuzzy supra topology on U if the following conditions 

are satisfied: 

1) 0 and 1 belongs to T*. 

2) gχ ϵ T* for each χ ϵ ᴧ implies (ᴠχ ϵ ᴧ gχ ) ϵ T*. 

The pair (U,T*) is called a fuzzy supra topological space. The elements of Τ* are called fuzzy supra 

open sets and the complement of a fuzzy supra open set is called fuzzy supra closed set. 

Definition: 2.2 [9] 
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Let (U,T*) be a fuzzy supra topological space and μ be a fuzzy set in U, then the fuzzy supra closure 

and fuzzy supra interior of μ defined respectively as 

cl*(μ) = ᴧ { g / g is a fuzzy supra closed set in U and μ ≤ g} 

int*(μ) = ᴠ { g / g is a fuzzy supra open set in U and g ≤ μ} 

Definition: 2.3 [9] 

Let (U,T) be a fuzzy topological space and T* be a fuzzy supra topology on U. We call T* a fuzzy supra 

topology associated with T if T ≤ T*. 

Remark: 2.4 [9] 

1) The fuzzy supra closure of a fuzzy set μ in a fuzzy supra topological space is the smallest  

     fuzzy supra closed set containing μ. 

2) The fuzzy supra interior of a fuzzy set μ in a fuzzy supra topological space is the largest  

     fuzzy supra open set contained in μ. 

3) If (U,T*) is an associated fuzzy supra topological space with the fuzzy topological space  

     (U,T) and μ is any fuzzy set in U, then int(μ) ≤ int*(μ) ≤ μ ≤ cl*(μ) ≤ cl(μ) 

Lemma 2.5 [3] 

For a fuzzy set μ in a fuzzy topological space U, 

(i) 1 – int(μ) = cl(1– μ), 

(ii) 1 – cl(μ) = int(1 – μ). 

Definition 2.6 [7] 

A fuzzy supra open set μ in fuzzy supra topological space (U,Τ*) is called fuzzy supra F -set in (U,Τ*) 

if  μ =  ˅i=1
∞ (μi), where 1 – μi Τ* for iϵ I, 

Definition 2.7 [7] 

A fuzzy supra open set μ in fuzzy supra topological space (U,Τ*) is called fuzzy  supra Gδ -set in (U,Τ*) 

if μ =˄i=1
∞( μi), where μi   Τ

* for iϵ I. 

Definition 2.8 [7]  

A fuzzy set μ in a fuzzy supra topological space (U,Τ*) is called a fuzzy supra dense set if there exists 

no fuzzy supra closed set β in (U,Τ*)  such that μ<β<1. That is, cl*(μ)=1, in (U,Τ*).  

Definition 2.9 [8]  

A fuzzy set μ in fuzzy supra topological space (U,Τ*) is called a fuzzy supra nowhere dense set if there 

exists no non-zero fuzzy supra open set δ in (U,Τ*) such that  

δ < cl*(μ). That is, int*cl*(μ)=0, in (U,Τ*). 

Definition 2.10 [8]  

A fuzzy set μ in a fuzzy supra topological space (U,Τ*) is called a fuzzy supra first category set if μ = 

˅i=1
∞(μi), where (μi)’s are fuzzy supra nowhere dense set in (U,Τ*). Any other fuzzy set in (U,Τ*) is said 

to be fuzzy supra second category space. 

3. Fuzzy Supra P-Spaces 

Definition 3.1  
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A fuzzy supra topological space (U,Τ*) is called a fuzzy supra P-space if countable intersection of fuzzy 

supra open sets in (U,Τ*) is fuzzy supra open. That is., every non- zero fuzzy supra G -set in (U,Τ*) is 

fuzzy supra open set in (U,Τ*). 

Example 3.1 

Let U={x,y,z}.The fuzzy sets µ1, µ2 and µ3 are defined on U as follows: 

µ1:U [0,1] is defined as µ1(x)=0.2; µ1(y)=0.3;  µ1(z)=0.1. 

µ2:U [0,1] is defined as  µ2(x)=0.3; µ2(y)=0.4; µ2(z)=0.4. 

µ3:U [0,1] is defined as  µ3(x)=0.1; µ3(y)=0.2; µ3(z)=0.3. 

Then, Τ*= {0, µ1, µ2, µ3, (µ1 µ2), (µ1 µ3), (µ2 µ3), (µ1 µ2), (µ1 µ3), (µ2 µ3), [µ1 (µ2 µ3)], 

[µ1 (µ2 µ3)], (µ1 µ2 µ3), (µ1 µ2 µ3), 1} is a fuzzy supra topology on U. Now the fuzzy sets 

µ1 µ3= {µ1 µ1 µ2 µ1 µ2 (µ2 µ3)} and µ1 µ2 = {µ2 (µ2 µ3) 

[µ1 (µ2 µ3)] [µ1 (µ2 µ3)]} are fuzzy supra G -sets in (U,Τ*) and µ1 µ3, µ1 µ2 are fuzzy 

supra open sets in (U,Τ*). Hence, (U,Τ*) is a fuzzy supra P-space. 

Example 3.2:  

Let U={x,y,z}.The fuzzy sets µ1, µ2 and µ3 are defined on U as follows: 

µ1:U [0,1] is defined as µ1(x)=0.3; µ1(y)=0.6;  µ1(z)=0.2. 

µ2:U [0,1] is defined as  µ2(x)=0.5; µ2(y)=0.7; µ2(z)=0.4. 

µ3:U [0,1] is defined as  µ3(x)=0.7; µ3(y)=0.3; µ3(z)=0.4. 

Then, Τ*= {0, µ1, µ2, µ3, (µ1 µ2), (µ1 µ3), (µ2 µ3), (µ1 µ2), (µ2 µ3), (µ1 µ2 µ3), 1} is a fuzzy supra 

topology on U. Now the fuzzy set  λ = {µ1 µ2 µ3 (µ1 µ2) 

(µ1 µ3) (µ2 µ3) (µ1 µ2) (µ2 µ3) (µ1 µ2 µ3)} is a fuzzy supra G -set in 

(U,Τ*). But  λ is not a fuzzy supra open set in (U,Τ*). Hence the fuzzy supra topological space (U,Τ*) is 

not a fuzzy supra P-space. 

Proposition 3.1. 

If μ is a non-zero fuzzy supra Fσ–set in a fuzzy supra P- space (U,Τ*), then μ is a fuzzy supra closed 

set in (U,Τ*). 

Proof.  

Since μ is a non-zero fuzzy supra Fσ-set in (U,Τ*), 
1
( ),ii

 


=
=  where (μi)'s are fuzzy supra closed in 

(U,Τ*). Then 
1 1))1   1 (  (   (1  ).i i i i   

= ==− = − − 
 
Now, (μi)'s are fuzzy supra closed set in (U,Τ*), 

implies that (1 μi)’s are fuzzy supra open set in (U,Τ*). Hence, we have 11     (1 )i i 

=− = − , where 

1 μi Τ*. Then 1 μ is a fuzzy supra Gδ-set in (U,Τ*). Since (U,Τ*) is a fuzzy supra P-space, 1 μ is 

fuzzy supra open in (U,Τ*). Therefore μ is a fuzzy supra closed set in (U,Τ*). 

Proposition 3.2.  

If the fuzzy supra topological space (U,Τ*) is a fuzzy supra P-space, then 1 1(  ( )) ( )i i i icl cl    

= == 
 

where (μi)’s are non-zero fuzzy supra closed sets in (U,Τ*). 

Proof.  

Let (μi)’s be non-zero fuzzy supra closed sets in a fuzzy supra P-space (U,Τ*). Then 1 ( )i i 

== , is a 

non–zero fuzzy supra Fσ–set in (U,Τ*). Byproposition.3.1, μ is a fuzzy supra closed set in (U,Τ*). Hence 

cl*(μ)=μ, which implies that ( )1 1( ) ( )i i i icl    

= == 
 1 ( )i icl  

==  [since (μi)’s are fuzzy supra 

closed, cl*(μ)=(μ)]. Therefore ( )1 1( ) ( )i i i icl cl    

= ==  , where (μi)’s are fuzzy supra closed sets in 
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(U,Τ*). 

Proposition 3.3.  

If (μi)’s are fuzzy supra regular closed sets in a fuzzy supra P-space (U,Τ*), then 

( )1 1( ) ( ).i i i icl    

= ==   

Proof.  

Let (μi)’s be fuzzy supra regular closed sets in a fuzzy supra P-space (U,Τ*). Then (1−μi)‘s are fuzzy 

supra open sets in (U,Τ*). Let  1 1 .i i 

== −
 
Then λ is a non-zero fuzzy supra Gδ-set in (U,Τ*). 

Since the fuzzy supra topological space (U,Τ*) is a fuzzy supra  

P-space, int*(λ)=λ, which implies that  ( )  *

1 1int 1 1 .i i i i  

= =− = − 
 
Then, 

( )( ) ( )1 11 1 .i i i icl    

= =− = − 
 
Hence, we have ( )( ) ( )1 1 .i i i icl    

= == 
 

Proposition 3.4.  

If the fuzzy supra topological space (U,Τ*) is a fuzzy supra P- space and if μ is a fuzzy supra first 

category set in (U,Τ*), then μ is not a fuzzy supra dense set in (U,Τ*). 

Proof.  

Assume the contrary. Suppose that μ is a fuzzy supra first category set in (U,Τ*) such that cl*(μ)=1. 

Then, ( )1i i 

== , where (μi)'s are fuzzy supra nowhere dense sets in (U,Τ*). Now 1–cl*(μi) is a 

fuzzy supra open set in (U,Τ*). Let ( )1 1 .i icl   

=
 = − 

 
Then λ is a non-zero fuzzy supra Gδ-set in 

(U,Τ*). Now we have ( )1 1i icl  

=
 − 

 
( ) ( )1 11 1 1 .i i i icl     

= == −  − = − 
 
Hence λ≤1 μ. 

Then int*(λ) ≤ int*(1- μ)=1-cl*(μ) = 1–1= 0. That is, int*(λ)= 0. Since (U,Τ*) is a fuzzy supra P-space, λ 

= int*(λ) which implies that λ = 0, a contradiction to λ being a non-zero fuzzy supra Gδ-set in (U,Τ*). 

Hence cl*(μ) ≠1. Therefore μ is not a fuzzy supra dense set in (U,Τ*). 

Proposition 3.5.  

If the fuzzy supra topological space (U,Τ*) is a fuzzy supra P-space and if μ is a fuzzy supra first 

category set in (U,Τ*), then μ is not a fuzzy supra nowhere dense set in (U,Τ*). 

Proof.  

Let μ be a fuzzy supra first category set in a fuzzy supra P-space (U,Τ*). Then, we have ( )1 ,i i 

==
where (μi)'s are fuzzy supra nowhere dense sets in (U,Τ*). Now 

( ) ( )( ) ( )( )1 1int cl int cl inti i i icl         

= ==   and ( )1i icl  

=
  

 
is a fuzzy supra  

Fσ-set in (U,Τ*). Since (U,Τ*) is a fuzzy supra P-space, by  Proposition.3.1, ( )1i icl  

=
   is a non-zero 

fuzzy supra closed set in (U,Τ*). Also interior of a fuzzy supra closed is a fuzzy supra regular open set, 

( )1int i icl   

=
  

 
is a non-zero fuzzy supra regular open set in (U,Τ*). Hence, we have 

( )10 int int ( )i icl cl     

=
   

 
implies that int*cl*(μ) 0. Therefore, μ is not a fuzzy supra 

nowhere dense set in (U,Τ*). 

Proposition 3.6.  

If μ is a fuzzy supra first category set in a fuzzy supra P-space  

(U,Τ*) such that λ≤1 μ, where λ is a non-zero fuzzy supra dense and fuzzy supra Gδ-set in (U,Τ*), 

then μ is a fuzzy supra nowhere dense set in (U, Τ*). 

Proof.  



ISSN: 2752-3829                                                                                    Vol. 3 No.1, (June, 2023)  

 

Stochastic Modelling and Computational Sciences 

 

 

Copyrights @ Roman Science Publications Ins.               Stochastic Modelling and Computational Sciences 

 

241 

 

Let μ be a fuzzy supra first category set in (U,Τ*). Then, μ=˅i=1 (μi), where (μi)'s are fuzzy supra 

nowhere dense sets in (U,Τ*). Now, 1−cl*(μ𝑖) is a fuzzy supra open set in (U,Τ*). Let λ = ⋀i=1 [1–cl*(μ𝑖)]. 

Then λ is a non-zero fuzzy supra Gδ-set in (U,Τ*). Now, we have 

( ) ( ) ( )1 1 11 1 1 1 .i i i i i icl cl       

= = =
  − = −  − = −   Hence, ( )1  − . Then we have μ ≤ 

(1 λ). Now, int*cl*(μ) ≤ int*cl*(1 λ), which implies that int*cl*(μ) ≤ 1- cl*int*(λ). Since (U,Τ*) is a 

fuzzy supra P-space, the fuzzy supra Gδ-set λ is fuzzy supra open set in (U,Τ*) and int*(λ) = λ. Therefore, 

int*cl*(μ) ≤ 1− cl*(λ)=1−1= 0 (since λ is fuzzy supra dense). Then, int*cl*(μ)= 0 and hence μ is a fuzzy 

supra nowhere dense set in (U,Τ*). 

Theorem 3.1.[8]  

Let (U,Τ*) be a fuzzy supra topological space. Then the following are equivalent: 

(1) (U,Τ*) is a fuzzy supra Baire space. 

(2) int*(λ)=0, for every fuzzy supra first category set λ in (U,Τ*). 

(3) cl*(µ)=1, for every fuzzy supra residual set µ in (U,Τ*). 

Proposition 3.7.  

If μ is a fuzzy supra first category set in a fuzzy supra P-space (U,Τ*) such that  

λ ≤ 1 -μ, where λ is a non-zero fuzzy supra dense and fuzzy supra Gδ-set in (U,Τ*), then (U,Τ*) is a 

fuzzy supra Baire space. 

Proof.  

Let μ be a fuzzy supra first category set in (U,Τ*). By Proposition.3.6, we have int*cl*(μ) =0. Then 

int*(μ) ≤ int*cl*(μ) implies that int*(μ) = 0 and hence by Theorem 3.1, (U,Τ*) is a fuzzy supra Baire 

space. 

Proposition 3.8.  

If the fuzzy supra topological space (U,Τ*) is a fuzzy supra P- space and if  μ is a fuzzy supra dense and 

fuzzy supra first category set in (U,Τ*), then there is no non-zero fuzzy supra Gδ-set λ in (U,Τ*) such that 

λ≤1 μ. 

Proof.  

Let μ be a fuzzy supra first category set in (U,Τ*).  By Proposition.3.6, we have a fuzzy supra Gδ-set 

λ in (U,Τ*) such that λ ≤ 1 μ. Then, int*(λ) ≤ int*(1  μ) implies that int*(λ) ≤ 1-cl*(μ) = 1 – 1 = 0 

[since μ is fuzzy supra dense, cl*(μ)=1]. That is, int*(µ)=0. Since (U,Τ*) is a fuzzy supra P-space, 

int*(λ)=λ and hence we have λ=0. Hence, if μ is a fuzzy supra dense and fuzzy supra first category 

set in (U,Τ*), then there is no non-zero fuzzy supra Gδ-set λ in (U,Τ*) such that λ ≤1  μ. 

Definition 3.2.  

A fuzzy set μ in a fuzzy supra topological space (U,Τ*) is called a fuzzy supra  

σ-boundary set, if μ = ∨∞
i=1(µi) where µi = cl*(μi) ∧ (1−μi) and (μi)′s are fuzzy supra regular open 

sets in (U,Τ*). 

Proposition 3.9.  

If μ is a fuzzy supra σ-boundary set in a fuzzy supra topological space (U,Τ*), then μ is a fuzzy supra 

Fσ-set in (U,Τ*).  

Proof.  

Let μ be a fuzzy supra σ-boundary set in a fuzzy supra topological space (U,Τ*). Then μ = ∨∞
i=1(µi), 

where µi = cl*(μi)∧ (1−μi) and (μi)′s are fuzzy supra regular open sets in (U,Τ*). Since (μi) is a fuzzy 

supra regular open set in (U,Τ*), (1− μi) is a fuzzy supra regular closed set in (U,Τ*). This implies 

that (1−μi) is a fuzzy supra closed set in (U,Τ*) and hence cl*(1−μi) = 1−μi in (U,Τ*). Then µi = cl*(μi) 
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∧ (1− μi) is a fuzzy supra closed set in (U,Τ*). Thus μ = ∨∞
i=1(µi), where (µi)′s are fuzzy supra closed 

sets in (U,Τ*), implies that μ is a fuzzy supra  Fσ-set in (U,Τ*). 

Proposition 3.10.  

If μ is a fuzzy supra σ-boundary set in a fuzzy supra P-space (U,Τ*), then μ is a fuzzy supra closed 

set in (U,Τ*). 

Proof.  

Let μ be a fuzzy supra σ-boundary set in (U,Τ*). Then, by Proposition 3.9, μ is a fuzzy supra Fσ-set 

in (U,Τ*) and 1-μ is a fuzzy supra Gδ-set in (U,Τ*). Since (U,Τ*) is a fuzzy supra P-space, the fuzzy 

supra Gδ-set, 1-μ is a fuzzy supra open set in (U,Τ*) and hence μ is a fuzzy supra closed set in (U,Τ*). 

Definition 3.3.  

A fuzzy set μ in a fuzzy supra topological space (U,Τ*) is called a fuzzy supra  

co-σ-boundary set if 
1
( ),ii

 


=
= where μi = int*(1-μi) ∧ (μi) and (μi)’s are fuzzy supra regular 

open sets in (U,Τ*)  

Proposition 3.11.  

If μ is a fuzzy supra co-σ-boundary set in a fuzzy supra P-space (U,Τ*), then μ is a fuzzy supra open 

set in (U,Τ*). 

Proof.  

Let μ be a fuzzy supra co- − boundary set in (U,Τ*). Then, 1-μ is a fuzzy supra  

σ-boundary set in (U,Τ*). Since (U,Τ*) is a fuzzy supra P-space, by Proposition.3.10, 1-μ is a fuzzy 

supra closed set in (U,Τ*) and thus μ is a fuzzy supra open set in (U,Τ*).  

4. Conclusion 

In this paper, we introduced and studied the concepts of fuzzy supra P-spaces. Several 

characterizations and properties of these spaces are established. Suitable examples are given to 

illustrate the concepts. It is established that fuzzy supra σ-boundary sets are fuzzy supra closed sets 

and fuzzy supra Fσ-set, fuzzy supra co-σ-boundary sets are fuzzy supra open sets in fuzzy supra P-

spaces. 
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