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Abstract

A decomposition of a graph G is a collection y,, of edge disjoint subgraphs H,, H,,..., H, of G
such that every edge of G belongs to exactly one H,. If each H, is a neighborhood prime graphs
then v, is called a neighborhood prime decomposition of G. The minimum cardinality of a

neighborhood prime decomposition of G is called a neighborhood prime decomposition number of G
and it is denoted by 7 (G). Inaddition, Ifeach H, isa closed neighborhood prime graphs then

wene 1S Called a closed neighborhood prime decomposition of G. In this paper, we investigate
neighborhood prime decomposition of the W- graph W,_, generalized butterfly graph BF,, regular
caterpillar graph P,® nK, and closed neighborhood prime decomposition of cycle butterfly graph
CB(n,m) and H-graph H,.
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1. Introduction

A vertex u is a neighbor v in G, if uv is an edge of G. The set of all neighbors of v is denoted by N (v);

the set N[v] =N (v) u{v}is the closed neighborhood of v in G. A graph is called finite if both
V (G) and E(G) are finite. All graphs are considered as simple, finite, connected and undirected. Prime
labeling was introduced by Tout at al [4]. Patel and Shrimali have introduced neighborhood prime
labeling of graphs [6]. Rajeev Gandhi has introduced prime decomposition of graphs [5]. In this sequel,
we investigate neighborhood prime decomposition of the W- graph, generalized butterfly graph BF,,,

regular caterpillar graph P,® nK,; and closed neighborhood prime decomposition of cycle butterfly
graph CB(n,m) and H- graph H,.
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Definition 1.1 Consider the two copies of the star graph K, . If the last pendant vertex in
the first copy of K, is merged with the initial pendent vertex in the second copy of K, . Then

the resulting graph is called the W- graph W,
Definition 1.2 A generalized butterfly graph BF, is a double shell in which each shell has

any n order and every shell has the same order. It has 2n +1 vertices and 4n —2 edges.
Definition 1.3 The regular caterpillar graph P, ©® nK, is obtained from the path P, by joining
nK, vertices to each vertex of the path P, .

Definition 1.4. A cycle butterfly graph CB(n,m) consists of two cycles of the same order

n sharing a common vertex with an arbitrary number of m pendent vertices attached at the
common vertex.
2. Main Results

Theorem 2.1 The decomposition of the W-graph W,, n >3 isaneighborhood prime graph.

Let vy ={SP(1"*, 2"), K, ,_,} be a decomposition of W,.

Let n be the positive integer and d be the decomposition number.

Let -y z{(n—d ~1) SP(l”j, 21) &Ky, _if n=1(mod 2) &d =1, 3, 5}
(n-d-1)SPA"",2)&K,,, ifn=0(mod2)&d=2,4,6,..

The decomposition of the W- graph W/ contains a spider SP(1"*, 2") and astar Ky na-
This implies that v, 2{SP(1"", 2") & K, ,,}

Thatis [y | 2| SPQ", 2%) |+ K, |

Hence 7,,[W,]> 2.

We claim that v/, is a neighborhood prime decomposition of W,.

Let ‘ ¢’ be any vertex of SP(1"™, 2') and K
Case (i): Let H, =SP(1"*,2'),n>3

Let {VO,Vl,Vz,---,Vn+1 } be the vertices of H,.

1,n-1*

Define a function ¢* :V/(H,) > {1,2,3,---,n+2 } by
¢ (Vo) =1

¢ (v)=i+1 1<i<n+1

Let a =V, with deg () > 3.

Then gcd{¢" (W)/we N, () }=1

Let o =V, with deg (a) = 2.

Then ged{¢" (W)/we N, (o) }=1
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Thus ¢* admits neighborhood prime labeling.

Case (ii): Let H, =K, ,,n=>3

Let {uo, U, Uyyey Uy } be the vertices of H,.
Define a function ¢* :V(H,) — {l, 2,3,---n } by
¢ () =1

$'(u)=i+1, 1<i<n-1

Let & =u, with deg () > 2.

Then ged{¢" (W)/we N, (o) }=1

Thus ¢* admits neighborhood prime labeling.

Hence v\, is a neighborhood prime decomposition of W.,,.

Therefore the decomposition of the w- graph W, is a neighborhood prime graph.

Theorem 2.2 The decomposition of the generalized butterfly graph BF,,n >3 is a neighborhood

prime graph.
Proof.
Let ¥ \p ={ F., F, } be a decomposition of BF,.

Let n be the positive integer and d be the decomposition number.
_|(n=d)F, ifn=1(mod2) &d=135,..
Then V% Z1(h_d)F, if n=0(mod2) &d=2,4,8,...

The decomposition of the generalized butterfly graph BF, containsa Fan F,.
This implies that v, 2{F,, F.}

Thatis Wy || F, |+]|F, |

Hence 7, (BF,) > 2.

We claim that v\, is a neighborhood prime decomposition of BF, .
Let ‘a’ be any vertex of F,.

Case (i): Let H,=F,,n>3

Let {VO’Vl'VZY'“’Vn } be the vertices of H,.

Define a function ¢* :V (H,) — {1, 2,3--,n+1 } by

¢ (Vo) =1

¢ (v,)=1+1 1<i<n

Let o =V, with deg («) > 3.

Then gcd{¢"(W)/we N, (@) }=1
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Let @ ={v, / 1<i < n} with deg («) =2 (or) 3.

Then ged{¢" (W)/we N, (o) }=1

Thus ¢* admits neighborhood prime labeling.

Hence v, is a neighborhood prime decomposition of BF,.

Therefore the neighborhood prime decomposition of the generalized butterfly graph BF,,n>3 is

neighborhood prime graph.
Theorem 2.3 The decomposition of the regular caterpillar graph P,®nK,, m>3,n>2 isa

closed neighborhood prime graph.
Proof.

Let Wenp :{ P Ko Ky e Ky (Mtimes) } be a decomposition of P,® nK,.

Let m, n be the positive integers and d be the decomposition number.
(n+m-d-)K, &Pm if m=1l(mod2),n=23,..&d=123,..
Then Vo Z\(nim-d-1)K,, &Pm if m=0(mod2),n=23,.. &d=1,2,3,..

The decomposition of the regular caterpillar graph P, ® nK; contains a star graph K, and a
path graphP,.

Thisimplies that e 2{P,, Ky 1, Ky e, Ky (M~ times)}

Thatis [Wewe | 2] By [+M[ K, |

Hence 7.y (BF,)2m+1.

We claim that ., is aclosed neighborhood prime decomposition of P,® nK,.

Let ‘@’ be any vertex of K, and B, .

Case (i): Let H, =K, ,n=>2

Let {ul, Uy, Ug,-=+, U, } be the vertices of H,.

Define a function ¢* :V(H,) > {1,2,3,---,n+1} by

4 (u) =1

$'(u,)=1+1 1<i<n

Let & = u, with deg (&) > 2.

Then ged{¢" (a), ¢"(W)/we N, [a]}=1

Thus ¢* admits closed neighborhood prime labeling.

Hence y\» is a closed neighborhood prime decomposition of P, ® nK,.

Therefore the closed neighborhood prime decomposition of P,®nK,, m>3,n>2 is closed
neighborhood prime graph.
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Theorem 2.4. The decomposition of the cycle butterfly graph CB(n,m),m>2,n>3 is a

closed neighborhood prime graph.
Proof.

Let Wenp :{ C..C. Kin } be a decomposition of CB(n, m).

Let m, n be the positive integers and d be the decomposition number.
(m-d+1)C, &K, | if m=0(mod 2),n=3,45,..&d=123,...
Then Yeve =) m_d-1) K,,&Pm if m=1(mod2),n=34p5,.. &d=123,..

The decomposition of the cycle butterfly graph CB(n,m) contains a cycle graph C,
and a star graph K, .
This impliesthat o 2{C,,C,, K, .}
Thatis [y | 22|C, |+ K, |
Hence 7. (CB(N, m)) > 3.
We claim that ., is aclosed neighborhood prime decomposition of CB(n, m).
Let a beany vertex of C_ and K, .
Case(i): Let H,=C_,n>3
Let {vl,vz,vs,---,vn } be the vertices of H,.
Define a function ¢* :V (H,) — {1, 2,3,--,N } by
¢ (v;,)=i, 1<i<n
Let @ ={v, / 1<i < n} with deg («) = 2.
Then ged{¢" (a), ¢"(W)/we N, [a]}=1
Thus ¢* admits closed neighborhood prime labeling.
Case(ii): Let H, =K, , m>2
Let { Wy, W,, W,,---, W, } be the vertices of H,.
Define a function ¢* :V(H,) > {1, 2,3,--,m+1 } by
¢ (W) =1,
$(W)=i+1 1<i<m
Let & = W, with deg («) > 2.
Then ged{¢" (a), ¢"(W)/we N, [a]}=1
Thus ¢* admits closed neighborhood prime labeling.

Hence y/p is a closed neighborhood prime decomposition of CB(n, m).
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Therefore the closed neighborhood prime decomposition of CB(n,m),m>2,n>3 is a closed
neighborhood prime graph.

3. Conclusion
In this paper , we investigate neighborhood and closed neighborhood prime decomposition of some
graphs. In future, we will investigate various types of labeling using various graphs.
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