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Abstract:  In the present work, the concept of strong arc domination is introduced in fuzzy graphs. We 

have determined the strong arc domination number for some types of fuzzy graphs and we present some 

common bounds related to it. Further, this new domination parameter is discussed in the Cartesian product 

of fuzzy graphs. We have determined the strong arc domination number for Cartesian product of complete 

fuzzy graphs.  
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1. INTRODUCTION 

A Mathematical framework to describe uncertainty in real life situation was first suggested by Zadeh [1]. 

Rosenfeld [6] introduced fuzzy graph and several other fuzzy analogs of graph theoretic concepts such as 

paths, cycles and connectivity. Fuzzy graph is the generalization of the ordinary graph. Fuzzy graph model 

can represent a complex, imprecise and uncertain problem, where classical graph model may fail. Moreover, 

a fuzzy graph is a symmetric binary fuzzy relation on a fuzzy subset. Fuzzy graphs have many more 

applications in modeling real time systems, where the level of information inherent in the system varies 

with different level.  

A. Somasundaram and S. Somasundaram present the concept of domination in fuzzy graphs [4]. K.R. 

Bhutani and A. Rosenfeld introduced the concept of strong arcs in fuzzy graphs [10]. O.T. Manjusha and 

Sunitha discussed some concepts in domination and total domination in fuzzy graphs using strong arcs [3]. 

In this paper, we present the characterization of strong arcs and the concept of domination in fuzzy graphs 

using strong arcs. For graph-theoretic terminology, we refer to Harary, 1969 [7]. 

 

2. PRELIMINARIES 

Fuzzy graph G = (σ, μ) is a pair of function σ: V → [0,1] and μ: V × V → [0,1] such that  μ(u, v) ≤ σ(u) ∧
σ(v) for all u, v in V. The fuzzy graph H(τ, ρ) is called a fuzzy subgraph of G =(σ, μ) if τ(u) ≤ σ(u) for 

all u in V and ρ(u, v) ≤ μ(u, v) for all u, v in V.  The underlying crisp graph of a fuzzy graph G = (σ, μ) is 

denoted by G∗ = (σ∗, μ∗),where σ∗ = { u ∈  V ∣ σ(u) > 0 } and μ∗ = { (u, v) ∈ V × V ∣∣ μ(u, v) > 0 }. A 

fuzzy graph G = (σ, μ) is said to be bipartite if the node set V can be partitioned into two non-empty sets 

V1 and V2 such that (v1, v2) = 0 if v1,v2 ϵ V1 or v1,v2 ϵV2. Further if (v1, v2) > 0 for all v1 ϵ V1 and 

v2 ϵ V2 then G is called complete bipartite graph. A complete bipartite graph on ‘n’ vertices is denoted by 

F(Kn). An arc (u, v) of a fuzzy graph G = (σ, μ)is called an effective edge if μ(u, v) = σ(u) ∧ σ(v) and 

effective edge neighborhood of u ∈ V is Ne(u) = {v ∈ V: edge(u, v) is effective}. A path ρ in a fuzzy graph 

G = (σ, μ)is a sequence of distinct nodes v0, v1, v2, … vn such that μ(vi−1, vi) > 0 where 1 ≤ i ≤ n and n 

is called the length of ρ. The strength of the path ρ is defined to be ⋀  μ(vi−1, vi)
n 
i=i . A single vertex considers 

as a path of length zero. The strongest path joining any two nodes u, v is a path corresponding to maximum 

strength between u and v. The strength of the strongest path is denoted by μ∞(u, v) and it is defined by 

μ∞(u, v) = sup{μk(u, v) ∣ k = 1, 2, 3…∞}. An arc (u, v) of a fuzzy graph G = (σ, μ) is called a strong arc 

if μ∞(u, v) = μ(u, v), otherwise it is called a non-strong arc. Strong neighborhood of u ∈ V is Ns(u) = {v ∈
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V: arc(u, v) is strong}. Ns[u] = Ns(u) ∪ {u} is the closed neighborhood of u.  

Let u be a vertex in a fuzzy graph ( , )G  = . The neighborhood of u V  is 

 ( ) / ( , ) 0 .N u v V u v=   The degree of the vertex u is defined to be d(u) = |N(u)|. A vertex u in a 

fuzzy graph G = (σ, μ) is said to be isolated if d(u) = 0. Let G = (σ, μ)  be a fuzzy graph and u, v be two 

nodes of G. We say that u dominates v if the arc (u, v) is strong.  

 

3. DOMINATION USING STRONG ARCS 

 

Definition 3.1 A subset D of V is called a strong arc dominating set of G = (σ, μ) if for every v ∈ V − D, 

there exists u ∈ D such that u dominates v. A strong arc dominating set D is called a minimal strong arc 

dominating set if no proper subset of D is a strong arc dominating set. The minimum cardinality taken over 

all minimal strong dominating set is called strong arc domination number, denoted by  γs(G)   and the 

corresponding dominating set is called minimum strong arc dominating set.  

 

Definition 3.2 A fuzzy graph G = (σ, μ)  is said to be a strong fuzzy graph if all of its edges are strong arcs 

 

Definition 3.3 Let v be a vertex in a fuzzy graph G = (σ, μ). We define σs(v) = max{μ(v, x)/xϵV}, that is 

σs(v) is the maximum of the weights of the edges incident at v. 

 

Definition 3.4 Let x be a vertex in a fuzzy graph G = (σ, μ) and a vertex y in V(G)  is called strong vertex 

of x if σs(x) = μ(x, y). That is strong vertex of x, Sx = {y ∈ V/σs(x) = μ(x, y). It is evident that, for any 

vertex u in a fuzzy graph G = (σ, μ), Su ⊆ Ns(u) 

 

 Theorem 3.5 Let G = (σ, μ) be fuzzy graph and if arc (x, iy) in G such that σs(x) = μ(x, y) then (x, y) is 

a strong arc. 

 

Proof: Suppose (x, iy) is not strong, then there exist a path ρ: x = x0 = x1 = x2 = xm = y such that sρ >

μ(x, y). This implies μ(xi,xi+1) > μ(x, y)for iall ii = 0,1,2, … . m − 1. In particular μ(x0,x1) = μ(x, x1) >

μ(x, y).This implies σs(x) > μ(x, y). This is a contradiction. 

 

Theorem 3.6 If (x, iy) be an arc in a fuzzy graph G = (σ, μ) such that x is an end vertex, then it is a strong 

arc 

 

Proof: Let i(x, iy) be an arc and x is an end vertex. Therefore σs(x) = μ(x, y). By Theorem 3.5, (x, iy) is a 

strong arc 

 

Theorem 3.7 If an edge is a strong arc in a fuzzy graph G = (σ, μ) then it is not the weakest arc of any 

cycle. 

 

Proof: Let Cn be any cycle of G = (σ, μ)and let x1, x2, … . . xn be the edges of Cn. Let ixi i = (u, v) be an 

edge of Cn such that μ(xi) < μ(xj), ij i =  i1,2, . . . n. Now Cn − {xi} is a u − v path in G = (σ, μ) and it has 

a strength > μ(xi). This implies xi cannot be a strong arc. 

 

Theorem 3.8 

Let G = (σ, μ)be a fuzzy graph with |V(G)| = 2n + 1, n ∈ ℤ. If G = (σ, μ) has no isolated vertices then 
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there exists   a vertex u in G such that |Ns(u)| ≥ 2 

 

Proof: Suppose each vertex u of G = (σ, μ) has |Ns(u)| = 1, then  ∑ Ns[u] = 2n.u∈V  Therefore |V(G)| =
 i ∑ Ns[u] = 2n.u∈V  This is a contradiction. 

 

Theorem 3.9 Let G = (σ, μ) be a fuzzy graph. If Ns(u) = ∅ for some u ∈ V[G],  then id(u) i =  i0. 
 

Proof:  Suppose id(u)  >  i0 then we can find an edge in G = (σ, μ) such that σs(u) = μ(u, x). This implies  

(u, x) is a strong arc and hence Ns(u) ≠ ∅. 

 

Theorem 3.10 Let u be a vertex in a fuzzy graph G = (σ, μ), then u dominates any vertex in Su 

 

Proof: Let 𝑥 ∈ 𝑆𝑢. This implies that 𝜎𝑠(𝑢) = 𝜇(𝑢, 𝑥). Suppose 𝑢 does not dominate the vertex 𝑥, then 

(𝑢, 𝑥) is not a strong arc. Therefore there exists a path 𝜌: 𝑢 = 𝑢0, 𝑢1, 𝑢2, … . 𝑢𝑛 = 𝑥 such that 𝑠𝜌 > 𝜇(𝑢, 𝑥). 

This implies 𝜇(𝑢𝑖 , 𝑢𝑖+1) > 𝜇(𝑢, 𝑥) for all 𝑖 = 1,2, … . 𝑛 − 1. In particular 𝜇(𝑢0, 𝑢1) = 𝜇(𝑢, 𝑢1) > 𝜇(𝑢, 𝑥). 

This implies 𝜎𝑠(𝑢) > 𝜇(𝑢, 𝑥) which is a contradiction. Therefore (𝑢, 𝑥) is a strong arc. Consequently 𝑢 

dominates any vertex in 𝑆𝑢 

 

Theorem 3.11  Let 𝑥 be a non isolated vertex in a fuzzy graph 𝐺 = (𝜎, 𝜇), then the set 𝑆𝑥 ≠ ∅ . 

 

Proof: Let 𝑥 be a non isolated vertex and let 𝑁(𝑥) = {𝑦 ∈ 𝐺/𝜇(𝑥, 𝑦) > 0}. Since 𝑥 is non isolated, 𝑁(𝑥) ≠
∅. Let 𝑦𝑘 = 𝑀𝑎𝑥{ 𝜇(𝑥, 𝑦)/𝑦 ∈ 𝑁(𝑥). It is clear that 𝜎𝑠(𝑥) = 𝜇(𝑥, 𝑦𝑘) and therefore   𝑦𝑘 ∈ 𝑆𝑥   
 

Corollary 3.12 Let 𝐺 = (𝜎, 𝜇) be fuzzy graph without isolated vertices, then 𝛾𝑠(𝐺) ≤ ⌈
𝑉(𝐺)

2
⌉ 

 

Definition 3.13 The crown graph 𝐶𝑛. 𝐾1 is the graph obtained from a cycle 𝐶𝑛 by attaching pendant edges 

at each vertex of the cycle 

 

Theorem 3.14 Let 𝐺 be a crown graph 𝑖𝐶𝑛. 𝐾1. Then for the fuzzy graph = (𝜎, 𝜇), 𝛾𝑠(𝐺) = 𝑛. 

 

Proof: By the definition of 𝐺 = (𝜎, 𝜇), it has exactly 𝑛 end vertices namely 𝑢1, 𝑢2, … … 𝑢𝑛. By theorem 3.7 

each end vertex 𝑢𝑖 strongly dominates a unique vertex of 𝐶𝑛. Therefore 𝐷 = { 𝑢1, 𝑢2, … … 𝑢𝑛 𝑖} is a 

minimal strong arc dominating set. Therefore 𝛾𝑠[𝐺] = 𝑛. 

 

Definition 3.15 The star graph 𝑆𝑛 of order n is a tree on 𝑛 nodes with one node having a vertex of degree 

𝑖𝑛 − 1 and the other 𝑖𝑛 − 1 having vertex of degree 1. That is the star graph 𝑆𝑛 is the complete bipartite 

graph 𝐾1,𝑛 

 

Theorem 3.16 Let 𝐺 be a star graph 𝑆𝑛. Then for the fuzzy graph 𝐺 = (𝜎, 𝜇), 𝛾𝑠[𝐺] = 1. 

 

Proof: By the definition of 𝐺 = (𝜎, 𝜇), 𝑖there exist a vertex u in 𝐺 = (𝜎, 𝜇), 𝑖 such that 𝑖𝑑(𝑢)  =  𝑛 − 1 and 

also 𝐺 = (𝜎, 𝜇), 𝑖 has 𝑖𝑛 − 1 end vertices. By theorem 3.7, 𝐺 = (𝜎, 𝜇), has exactly 𝑖𝑛 − 1 strong arcs. But 

𝐺 = (𝜎, 𝜇) has exactly 𝑖𝑛 − 1 edges. Therefore 𝐷 =  {𝑢} is a strong arc dominating set 

 

4. DOMINATION IN CARTESIAN PRODUCT OF FUZZY GRAPHS 
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Definition 4.1 Let 𝜎𝑖 be a fuzzy subset of 𝑉𝑖 and let 𝜇𝑖 be a fuzzy subset of 𝑋𝑖 ,   𝑖 =  1, 2. Define the fuzzy 

subsets 𝜎1  ×  𝜎2 of V and 𝜇1  ×  𝜇2 of X as follows:       
(𝜎1 ×  𝜎2 )( 𝑢1, 𝑢2) = 𝑚𝑖𝑛{ 𝜎1  (𝑢1), 𝜎2(𝑢2)} ∀(𝑢1, 𝑢2) ∈ 𝑉  

(𝜇1  ×  𝜇2)((𝑢, 𝑢2), (𝑢, 𝑣2)) =  𝑚𝑖𝑛{ 𝜎1  (𝑢), 𝜇2(𝑢2, 𝑣2)}∀ 𝑢 ∈  𝑉1 𝑎𝑛𝑑 ∀ (𝑢2, 𝑣2) ∈ 𝑋2 𝑎𝑛𝑑 (𝜇1  ×

 𝜇2)((𝑢1, 𝑤), (𝑣1, 𝑤)) =  𝑚𝑖𝑛{ 𝜎2  (𝑤), 𝜇1(𝑢1, 𝑣1)}  ∀ 𝑤 ∈  𝑉2 𝑎𝑛𝑑 ∀ (𝑢1, 𝑣1) ∈ 𝑋1, where  𝑉 = 𝑉1 × 𝑉2. 

Then the fuzzy graph 𝐺(𝜎1  ×  𝜎2, 𝜇1  ×  𝜇2) is said to be the Cartesian product of 𝐺1(𝜎1, 𝜇1) and 

𝐺2(𝜎2, 𝜇2). We simply denote 𝐺(𝜎1  × 𝜎2, 𝜇1  ×  𝜇2) by 𝐺1 × 𝐺2 for our convenient. 

 

Definition 4.2 Let 𝐺1(𝜎1, 𝜇1) be a fuzzy graph with vertex set 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑚 and 𝐺2(𝜎2, 𝜇2) be a fuzzy 

graph with vertex set 𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛. Let 𝑘1 = 𝑚𝑖𝑛{𝜎1(𝑢𝑖)/ 𝑖 = 1 𝑡𝑜 𝑚} and 𝑘2 = 𝑚𝑖𝑛{𝜎2(𝑣𝑗)/ 𝑗 =

1 𝑡𝑜 𝑛}. If 𝑘1 ≤ 𝑘2 then the vertex 𝑢𝑠 in 𝐺1(𝜎1, 𝜇1) such that 𝜎1(𝑢𝑠) = 𝑘1 is called 𝑚 − 𝑣𝑒𝑟𝑡𝑒𝑥 and it is 

denoted by 𝑢∗. 

 

Definition 4.3 A fuzzy graph 𝐺 = (𝜎, 𝜇) is said to be a strong fuzzy graph if all of its edges are strong arcs. 

The number of strong arcs in 𝐺1 × 𝐺2 is denoted by 𝑁𝑠[𝐺1 × 𝐺2] 
 

Definition 4.4 Let (𝑢𝑖, 𝑣𝑗) be any vertex in 𝑃𝑚 × 𝑃𝑛. 𝜎𝑠[(𝑢𝑖, 𝑣𝑗)] is defined as the maximum of the weights 

of the edges incident at (𝑢𝑖 , 𝑣𝑗). 

 

Result 4.5 Let e = (𝑢𝑖, 𝑢𝑘) be an effective edge in 𝐺1(𝜎1, 𝜇1). Let 𝑣𝑗 be a vertex in 𝐺2(𝜎2, 𝜇2) then the edge 

connecting the points (𝑢𝑖, 𝑣𝑗) and (𝑢𝑘 , 𝑣𝑗) is an effective edge in 𝐺1 × 𝐺2 

 

Theorem 4.6 Let 𝐺1(𝜎1, 𝜇1) and 𝐺2(𝜎2, 𝜇2) be fuzzy graphs and let 𝑢∗ ∈ 𝐺2(𝜎2, 𝜇2). If there exists an edge 

(𝑢𝑖, 𝑢𝑖+1) in 𝐺1(𝜎1, 𝜇1) such that 𝜇1[(𝑢𝑖, 𝑢𝑖+1)] ≥ 𝜎2(𝑢∗) then the edge connecting the points (𝑢𝑖, 𝑢∗), 

(𝑢𝑖+1, 𝑢∗) in 𝐺1 × 𝐺2 is a strong arc. 

Proof: 𝜇[(𝑢𝑖, 𝑢∗), (𝑢𝑖+1, 𝑢∗)] = ⋀[𝜎2(𝑢∗), 𝜇1(𝑢𝑖, 𝑢𝑖+1)] = 𝜎2(𝑢∗) … … (1). If 𝑢𝑛 be any vertex adjacent to 

𝑢𝑖 in 𝐺1(𝜎1, 𝜇1), then 𝜇[(𝑢𝑖, 𝑢∗), (𝑢𝑛, 𝑢∗)] =  ⋀[𝜎2(𝑢∗), 𝜇1(𝑢𝑖, 𝑢𝑛)] ≤ 𝜎2(𝑢∗) ….(2). Let 𝑣𝑛 be any vertex 

adjacent to 𝑢∗ in 𝐺2(𝜎2, 𝜇2),  𝜇[(𝑢𝑖, 𝑣𝑛), (𝑢𝑖, 𝑢∗)] = ⋀[𝜎1(𝑢𝑖), 𝜇2(𝑣𝑛, 𝑢∗)]. By definition of fuzzy graph 

and 𝑢∗ we have 𝜇2(𝑣𝑛, 𝑢∗) ≤  𝜎2(𝑢∗) ≤ 𝜎1(𝑢𝑖). This implies 𝜇[(𝑢𝑖, 𝑣𝑛), (𝑢𝑖, 𝑢∗)] =  𝜇2(𝑣𝑛, 𝑢∗) ≤
 𝜎2(𝑢∗) … (3). From (1),(2) and (3) 𝜎𝑠[(𝑢𝑖, 𝑢∗)] =  𝜎2(𝑢∗) =  𝜇[(𝑢𝑖, 𝑢∗), (𝑢𝑖+1, 𝑢∗)]. Therefore, the edge 

connecting the points (𝑢𝑖, 𝑢∗), (𝑢𝑖+1, 𝑢∗) in 𝐺1 × 𝐺2 is a strong arc. 

 

Theorem 4.7 Let e = (ui, uk) be an effective edge in G1(σ1, μ1). Let vj be a vertex in G2(σ2, μ2) then the 

edge connecting the points (ui, vj) and (uk, vj) is a strong arc in G1 × G2. 

 

Proof: By result 4.5 the edge connecting the points (ui, vj) and(uk, vj) is an effective edge. Therefore 

μ[(ui, vj), (uk, vj)] = ⋀[σ(ui, vj), σ(uk, vj)]. Assume σ(ui, vj) < σ(uk, vj). Therefore 

μ[(ui, vj), (uk, vj)] = σ(ui, vj). We have σs(ui, vj)≤ σ(ui, vj). Therefore, for any path ρ from (ui, vj) 

to (uk, vj) we have sρ ≤ σ(ui, vj). Also the strength of the direct path from (ui, vj) to (uk, vj) is 

μ[(ui, vj), (uk, vj)] = σ(ui, vj). Therefore μ∞[(ui, vj), (uk, vj)] = σ(ui, vj) = μ[(ui, vj), (uk, vj)]. 

 

Corollary 4.8 If G1(σ1, μ1) has n effective edges then G1 × G2 has at least np2 strong arcs. 

 

Corollary 4.9 If G2(σ2, μ2) has n effective edges then G1 × G2 has at least np1 strong arcs 



ISSN: 2633-4828                                           Vol. 5 No.4, December, 2023  

 

International Journal of Applied Engineering & Technology 
 

 

 

Copyrights @ Roman Science Publications Ins.  Vol. 5 No.4, December, 2023 

 International Journal of Applied Engineering & Technology 

 

 5195 

 

Theorem 4.10 If G1(σ1, μ1) and G2(σ2, μ2) are complete fuzzy graphs then G1 × G2 is a strong fuzzy graph.  

 

Proof: Let G1(σ1, μ1) be a fuzzy graph with p1 vertices and q1 edges. Let G2(σ2, μ2) be a fuzzy graph with 

p2 vertices and q2 edges. Since G1(σ1, μ1), and G2(σ2, μ2) are complete, they have  q1, q2 effective edges 

respectively. By corollary 4.8 & 4.9, G1 × G2 has at least p1q2 + p2q1 strong arcs. Therefore, 

Ns[G1 × G2] ≥  p1q2 + p2q1. But G1 × G2 has at most p1q2 + p2q1 edges. Therefore, Ns[G1 × G2] =
 p1q2 + p2q1.  
 

Result 4.11  Let  G1(σ1, μ1), and G2(σ2, μ2) be complete fuzzy graphs with |V(G1(σ1, μ1))| = m, 
|V(G2(σ2, μ2))| = n. If m <  n then γs(G1 × G2) = min{∑ σ(xi

′)}m
i=1  where xi

′ is a vertex of G1 × G2. 

 

Conclusion 

 

The concept of domination in graphs is very rich both in theoretical developments and applications. This 

paper presents the domination parameter using strong arcs. The strong arc domination number of some 

fuzzy graphs are obtained. We extend our work on this domination parameter in the Cartesian product of 

fuzzy graphs and we determined the strong arc domination number of Cartesian product of complete fuzzy 

graphs  
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