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BOUNDARY CONTROL PROBLEM ASSOCIATED WITH A
PSEUDO-PARABOLIC EQUATION

FARRUKH N. DEKHKONOV

ABSTRACT. Previously, boundary control problems for a parabolic type equa-
tions were considered. A portion of the thin rod boundary has a temperature-
controlled heater. Its mode of operation should be found so that the average
temperature in some region reaches a certain value. In this paper, we con-
sider the boundary control problem for a pseudo-parabolic equation in a right
rectangle domain. The value of the solution with the control parameter is
given in the boundary of the domain. Control constraints are given such that
the average value of the solution in considered domain takes a given value.
The auxiliary problem is solved by the method of separation of variables, and
the problem under consideration is reduced to the Volterra integral equa-
tion. The existence theorem of admissible control is proved by the Laplace
transform method.

1. Introduction

Consider the pseudo-parabolic equation in the domain Qr = {(z,y) : 0 < z <
a, 0<y<b 0<t<T}:

ou 92 ou 0 ou
9~ 910w (’“”m) o (’““’w)

93 0%y

+W + EeR (x,y,t) € Qr, (1.1)
with boundary conditions
w(0,y,t) = @(y) pu(t), wula,y,t)=0, 0<y<b (1.2)
u(z,0,t) = 0, wu(x,b,t)=0, 0<z<a, 0<t<T, (1.3)
and initial condition
u(z,y,0) =0, 0<zx<a, 0<y<b (1.4)

Assume that the function k(z) € C?([0, a]) satisfies conditions
k(z) >0, K(z)<0, 0<z<a.
and the function ¢(y) € WZ[0, b] satisfies conditions
©(0) = ¢(0) =0, ¢n>0, 0<y<b, (1.5)
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where

S N

b
.onm
on=7 [ ewsin " dy. (16)
0

Definition 1.1. If function u(t) € W} (R,) satisfies the conditions u(0) = 0,
|e(t)| < 1, we say that this function is an admissible control.

Problem H. For the given function 6(t) Problem H consists in looking for
the admissible control u(t) such that the solution w(z,y,t) of the initial-boundary
problem (1.1)-(1.4) exists and for all ¢ > 0 satisfies the equation

a b
//u(x,y,t) dydx = 0(t). (1.7)
00

One of the models is the theory of incompressible simple fluids with decaying
memory, which can be described by equation (1) (see [1]). In [2], stability, unique-
ness, and availability of solutions of some classical problems for the considered
equation were studied (see also [3, 4]). Point control problems for parabolic and
pseudo-parabolic equations were considered. Some problems with distributed pa-
rameters impulse control problems for systems were studied in [5, 6]. We recall
that the time-optimal control problem for partial differential equations of para-
bolic type was first investigated in [7] and [8]. More recent results concerned with
this problem were established in [9, 10, 11, 12, 13, 14, 15, 16]. Detailed informa-
tion on the problems of optimal control for distributed parameter systems is given
in the monographs [17, 18, 19, 20]. General numerical optimization and optimal
boundary control have been studied in a great number of publications such as [21].
The practical approaches to optimal control of the heat conduction equation are
described in publications like [22].

Consider the following eigenvalue problem

0 avm,n(xa y) 8Q’UWL,n
Oz (kz(x) Ox ) + 0y?

- _)\m,n Um,n(mvy)v (l’,y) € Qa (18)

with boundary conditions
U (2, ) [o0= 0, (1.9)

where vy, n(z,y) = U () wn(y) and these functions are solutions of the following
eigenvalue problems

d (k(x)d’gm(x)

el = 1.1
. . )-l—um??m(x) 0, 0<z<a, (1.10)

with boundary conditions
Im(0) =V (a) =0, 0<z<a, (1.11)
and

——= + v wn(y) =0, wy(0) =w,(b) =0. (1.12)
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It is worth noting
2.2
nbz , and wy(y) =sin %

It is well-know that this problem is self-adjoint in Lo(£2) and there exists a
sequence of eigenvalues {\,, ,,} so that

Am,n:Mm+Vn7 Vp =

0<Aii <. < A n = 00, M,n — 00.

The corresponding eigenfuction vy, , form a complete orthonormal system in
Ly(€) and these function belong to C(€2), where @ = Q U 9N (see, [23, 25]).

2. Main integral equation

Definition 2.1. By the solution of the problem (1.1)—(1.4) we understand the
function u(z,y,t) represented in the form

(P(y) :u’(t) - U(x’yat)’ (2'1)

where the function v(z,y,t) € C’g;%(QT) N C(Q7), v, € C(Q7) is the solution to
the problem:

0?2 ov 0 ov v 9%v
U Giam (k(z) ax> “ o (W) ax> T oo oy

= e+ k/ix) ) In(®) + ' (0)] - " (y) () + ' (1)),

with initial-boundary value conditions

a—x

u(z,y,t) =

a—x

’U(.%’,y7t) |39: 0, ’U(‘r7y70) =0.

Set

Bm,n = (Am,n Am,n — bm,n + Cm,n) Ym,ns (22)

where .
Ao = Pn / ez I () de, (2.3)

a
0
a. a B
bm,n = Pn / i 21:) 197,1(.73) dl‘, Cmn = —PnVn / S ﬂm(x) dxv (2 4)
0 0
and

Consequently, we have (see, [23])
U () wp
v(x,y,t) = E 7( Jwn(y)

t

X /eiqm’"(tis) (/1,’(8) [am,n + bm,n - Cm,n] + N’(S) [bm," - Cm,n]) dS, (26)
0

121



FARRUKH N. DEKHKONOV

Am.n

where ¢y, ., = T
From (2.1) and (2.6), we get the solution of the problem (1.1)—(1.4):

u(e,y,t) = o) plt) - Y W

m,n=1

t

X /e_q"“" (t=s) (,u’(s) [@m.n + bmn — Cmon] + 1(8) Pmm — cm,n]) ds.

0
According to condition (1.7) and the solution of the problem (1.1)-(1.4)

may write
b

:/a/bu(amy,t)dydx— //(p
0

0 0

~

_ Tmmn —Gm n(t=5) (1 _ _
- Z T+ A\, . /6 1 (/”' (S) [a’m,n + bm,n cm,n} + /J/(S) [bm,n Cm,nD ds
0

m,n=1
t

b
= l:m n m,n m,n — t—s
§ ( s c ) )fy ) / e Qm,n( )M(S>d8

//@ < T A
m,n= ’ 0

0
50 t
(am n+bmn — Cm,n) TYm,n /e—qm‘n(t—s)ul(s)ds

-2 ’ 14L)\m,n

m,n=1

0

= (am,n + bm,n - Cm,n) ’Ym,n

a b
a—z
—ult) [ [ o dyda ) Y
14 Amn
0 0 m,n=1 ’
n = Cmn an/ (=)
Sy et
m,n=1 1+)\mn 0

t
am n + bm n Cmyn) )\m,n ’ym"n —dm "(tis)
.S e [ty s, 2

m,n=1
where 7, , defined by (2.5).
Note that
a b a b 50
a—1x
//g@ dydx://( Z am,nﬁm(x)wn(y)>dydm
0 0 m,n=1

0
3 (2.8)

I
N
S
3
3
3
3
3
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From (2.7) and (2.8), we get

oo

(am,n )\m,n - bm,n + Cm,n) ’Ym,n
o(t) = u(t) Y T

m,n=1
t

- (amn)\mn_bmn+cmn)’ymn/ —q (t—s)
5 5 s ) 5 m,n S d
+ > T e p(s)ds,

m,n=1

where >\7n,n = lm + Vn.
Set

(o)
K(t) = Z Pm,n eiqm’"t, t>0, (2.9)

m,n=1

and

o - Bm,n _ ﬂm,n
‘= Z L4+ Amn’ prmon = (1+ Amn)?’

m,n=1

where 3, ,, defined by (2.2).
Later we prove f3,,, > 0 in proposition 3.2. Hence, o > 0 and bounded.
Then we have the main integral equation

ap(t) + /K(t —s)u(s)ds=06(t), t>0. (2.10)
0

3. Main Result

Denote by W (M) the set of function § € W3(—o0,+00), 8(t) = 0 for t < 0
which satisfies the condition

101wz r,y < M.

Theorem 3.1. There exists M > 0 such that for any function 6 € W (M) the
solution p(t) of the equation (2.10) exists and satisfies condition

W) < 1

Proposition 3.2. For the cofficients By, n defined by (2.2) the estimate
Ogﬁm,ngc%, mon=1,2, ... (3.1)

is valid, where o, defined by (1.6).

Proof. Step 1. According to (1.10), (1.11) and (2.3), we first calculate the follow-

ing integral
a

a—x
Am.n bm = UmPn / T 19m(-r) dx
0

— / s (m)dﬁ;ﬁ )dx = 0 K(0) 91, (0)
0

a

123



FARRUKH N. DEKHKONOV

a

o [ H@) g1 (@) = o k(0) 9 (0) +
0

O\g
s
—
&
53
3
—
&
I
8

= ¢, k(0)9],(0) + b -
Secondly, from (1.12) and (2.3)

a

a—z
Qpmn Vn = Vp, apn/ I (x) dx = —Cmy .-
0

Then we have

G (Pan + Vn) = bnn + Cmn = o k(0) 97,(0). (32)
Step 2. Now we integrate the Eq. (1.10) from 0 to z

B0 () — K(0)9(0) = —fim / Ion(7)idr
0

and according to k(z) > 0, x € [0,a], we can write
I (1) — —— k(0), (0) = — L ] Do (7)dr (3.3)
" k(x) " k(z) ) 7" '
0

Thus, we integrate the Eq. (3.3) from 0 to a. Then we have

(@) = D (0) = k(0) 2, (0) / % - / ﬁ( / D)7 ) do. (3.4

From (1.11) and (3.4), we get

a

kmm()/dz um/ﬁ /19 )ir)da.

k(0)9;,,(0) = pim / G(t (3.5)
0

G(r) :/ljz)(o/;(lz))l

T

Then
where

According to G(7) > 0 and from (3.5), we have (see, [25])
9 (0) / I (7)dr > 0. (3.6)

Consequently, according to (1.5), (3.2) and (3.6), we get the following estimate
5m,n = (am,n (ﬂlm + Vn) - bm,n + Cm,n) Ym,n
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a b
0)9,(0) / O () / wn(y)dy
0 0

_ A =EDT ) oy o) /ﬁm(:c)dx >0,

nm
0
Step 3. It is clear that if k(x) € C([0,a]), we may write the estimate (see,
[25, 26])

< Cul/2.
Joax [0, ()] < Cpu

Therefore,
[07,(0)] < Cpuif®, |9, (a)] < Cuyl?,
From (1.10), we can write

a

k(@) (a) — k(0)9,(0) = — i / O ().

0
Then we obtain
= /ﬁm(x)dft
0
_ b1 = (=1)"] |k(a)V;,,(a) — k(0)3,(0) <c MW
nmw L n

Consequently,
Pn
Bl = o0 O) 19 (0) il < O 22
O

Proposition 3.3. A function K(t) defined by (2.9) is continuous on the half-line
t>0.
Proof. Indeed, according to proposition 3.2, we can write

5’"’74 n SDTL
- < (I
QT4+ dmn)? = (14 Apn)?

It is clear that, from (3.1) function K (¢) is positive. It is known from the general
theory that if k(z) is a smooth function, the following estimate is valid (see, [26]):

0 S Pm,n =

m2m?

Hm = +O(m72)7 b=

dx
V(z)’
where p,,, are the eigenvalues of problem (1.10)-(1.11).

Then we have

0 < K(t) < const Z

m,n= 1

where Ay, = tm + Vn. O

1+>\mn)
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We write integral equation (2.10)

+ [ K(t—s)u(s)ds=0(t), t>0.
/

For solve equation (2.10), we use the Laplace transform method. We introduce
the notation

Then we use Laplace transform obtain the following equation

oo oo

t

5( / “Ptg t/Kt—s ds—l—a/e_”t,u(t)dt:I}(p)ﬁ(p)—&—aﬁ(p).
0 0

Consequently, we get

_ ]
a(p) = Li), where p=a+if, a>0,
a+ K(p)
and
L TG 1T Bati
w(t) = — / Li) ePldp = — / M e(a+i5)td§. (3.7)
2m J o atKp) 2r ) a+ K(a+i€)
a—1 — 00
Then we can write
= K t e_pt dt = mn/e_(p""an,n)t dt — pmi,nv
/ ( ) m;l o m;l p + dm,n
0 sn= 0 =
where K (t) defined by (2.9) and
a+ K(a+if) = a+ i _ Pmn oy Z P (@ + Gmin)
m,n= 1a+qm"+25 m,n a+an) +§2

—ig Z W = Re(a + K (a +i€)) + iIm(a + K (a +4€)),

mnl

= . = pm n ((l + Qm n)
Re(a+ K(a+1i€)) =a+ Z ——
m,n=1 (CL + Q’rn,n)2 + 52

I Pm,n
(o + K(a +i€)) = —¢ Z CETIN
w2y (@ + amn)? + €

‘We know that

(a+ Gmn)? + 2 < [(a+ gmn)? +1](1 4 £2),
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and we have the following inequality
1 < 1 1
(a4 Gmn)>+8&2 7 1+&2 (a+ gma)* + 1

Consequently, according to estimate (3.1) and (3.8) we have the following esti-
mates

(3.8)

P (@ + Q)

Re(a + K(a+if)|=a+ Y (@t amn+ &2

m,n=1

1 = Pm.n (a + q’nl,n) o Cla

> o .
T+ = (atgmn)?+ 1 14 (3.9)
and
K ) Pm.,n
I _  pmm
[Im(a + K (a + i€))| |§|m;:1 (@ + Gmm)? + €2
‘€| - Pm.n . 020, |§|
BRRS mznil (a+ gmn)>+1 147 (3.10)

where C1,, Ca, as follows

> Pm.n (a + dm n) = Pm.n
Cio = — 2 (U, = S 0 S
Tl D v L Tl DI ey B

From (3.9) and (3.10), we have the following estimate

~ ~ - : 2 2
o+ K(a+i€) = [Re(a + K(a + i) + [Im(a + K(a + ig))2 > 2Cha C20)

1+¢ 7
and
T . Ca .
o+ K(a+if)| > ——, where C, =min(Ci,,Cay). (3.11)
1+¢2
Then, when a — 0 from (3.7), we obtain
T

u(t) = 5 / LE).eiEtdf. (3.12)

7 ) ot K

Lemma 3.4. Let 0(t) € W(M). Then for the image of the function 0(t) the
following inequality

—+oo
/ 0i€)|v/T+ €246 < C|0llwa(r,),

is valid.

Proof. We calculate the Laplace transform of a function 6(t) as follows
—(a+2€)t o

e ( 3] /67(a+i€)t gl(t) dt,
0

a+ 1€

t=o00 1

+ -
t=0 a+ 1§

(a +if) = / e (@YY dt = —6(t)
0
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then, we get
(a+ i€)6(a + i€) = / e~ (@it g/ (1) dt
0

and for ¢ — 0 we have
o

i€ 0(i¢) = / e L0/ (1) dt.
0
Also, we can write the following equality

o0

(i)26(i€) = [ e 0" (1) dt.
/
Then we have

[ 8GORG+ € 2ds < 10z, (3.13)

Consequently, according to (3.13) we get the following estimate

/IM |v1+52df— [+ )

Vi+er

T 1/2 , T 1 1/2
< ([ wora+ea) (/f+e“) < C olwzin,y

— 00

O

Proof of the Theorem 3.1 We prove that u € W3 (Ry). Indeed, according
o (3.11) and (3.12), we obtain

+o00 ~ 2
/m a+iePyae = af(;g@| (1+ [eP) de

<c [ BP0+ 1E7dE = Clopc,

Further,
t

/u'(r) dr

Hence, 1 € Lip o, where o = 1/2. Then, from (3.11), (3.12) and lemma 3.4, we
can write

u(t) — < 'l vt —s.

+oo +oo
ERVNS] Y :
1l < %4 e moé ) |/ T+ E2dg
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<< o L OM
— 2wCy W3 (Ry) = 27 Cy o
As M we took
27TC()
M= .
C
Theorem 3.1 is proved.
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