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Abstract. In the paper, the multiple eigenfunction expansion of the oper-

ator pencil on a whole axis is considered. The coefficients of the considered
operators are taken as complex and almost periodic. The eigenfunction ex-

pansion of the resolvent is obtained in terms of continuous spectrum eigen-

function and the multiple expansion of arbitrary test functions.

1. INTRODUCTION

In the paper the nonselfadjoint operator pencil L is considered with complex al-
most periodic potentials, in the spaceL2(−∞,∞), generated by formal differential
expression

l

(
d

dx
, λ

)
≡ 1

ρ (x)

(
− d2

dx2
+ 2λp (x) + q (x)

)
, (1.1)

where

p (x) =

∞∑
n=1

pne
iαnx ;

∞∑
n=1

αn |pn| < ∞, (1.2)

q (x) =

∞∑
n=1

qne
iαnx ;

∞∑
n=1

|qn| < ∞, (1.3)

ρ (x) =

{
1 x ≥ 0
−1 x < 0

. (1.4)

Note that the set G = {αn} satisfied the following conditions
1. α1 < α2 < ..... < αn < ..., αn → ∞.
2. For any αi, αj ∈ G is valid αi + αj ∈ G.
Note that many authors have intensively studied the expansion problems in dif-

ferent formulations [1,2,14,15,16,18,19] . This problem for the periodic complex,
almost periodic potentials are considered for the first time and obtained here re-
sults generalize some previously established ones. Similar problems are considered
for the Sturm–Liouville operator in different statements [14,15,16].

In [20] certain non-self-adjoint singular differential operators of even order on
a whole axis are investigated, the resolvent is constructed and a multiple spec-
tral expansion problem corresponding to such operators is solved. The scattering
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problem for the Sturm-Liouville operator on the positive half-line with boundary
conditions depending quadratically on the spectral parameters is considered in [2].
In [15] the Sturm - Liouville problem under boundary conditions depending on the
spectral parameter is considered on the semi-axis. Using the Titchmarsh method,
expansion is obtained according to eigenfunctions and the expansion formula is ex-
pressed with the scattering data. In [20] is shown that any absolutely continuous
function can be expanded in terms of the eigenfunctions of the Sturrn-Liouville
problem, where the eigenfunctions have two symmetrically located discontinuities
satisfying symmetric jump conditions.

2. Representation of the Solutions

In [7] is proved that the equation

−y′′ + 2λp(x)y + q (x) y = λ2ρ (x) y (2.1)

has particular solutions of the form
1. For ± Imλ > 0 and x > 0

f±
1 (x, λ) = e±iλx

(
1 +

∞∑
n=1

V ±
n eiαnx +

∞∑
n=1

1

αn ± 2λ

∞∑
s=n

V ±
nse

iαsx

)
. (2.2)

2. For ± Reλ > 0, and x < 0

f±
2 (x, λ) = e±λx

(
1 +

∞∑
n=1

V ±
n eiαnx +

∞∑
n=1

1

αn ∓ 2iλ

∞∑
s=n

V ±
nse

iαsx

)
. (2.3)

where the numbers V ±
n , V ±

nn n < α, n, α ∈ N are determined by some recurrent
relations. The functions f+

1 (x, λ) , f−
1 (x, λ) and f+

2 (x, λ) , f−
2 (x, λ) are linearly

independent for λ ̸= 0, λ ̸= ∓αn

2 ,λn = ∓ iαn

2 and

f±
n1 (x) = lim

λ→∓αn
2

(αn ± 2λ) f±
1 (x, λ) = V ±

nnf
∓
1

(
x,∓αn

2

)
, (2.4)

f±
n2 (x) = lim

λ→∓iαn
2

(αn ∓ 2iλ) f±
2 (x, λ) = V ±

nnf
∓
2

(
x,∓i

αn

2

)
. (2.5)

The functions f±
1 (x, λ) , f±

2 (x, λ) can be extended as a solution of equation
(2.1) respectively as follows

f+
2 (x, λ) = A (λ) f+

1 (x, λ) + C (λ) f−
1 (x, λ) , λ > 0, Imλ = 0, (2.6)

f−
2 (x, λ) = B (λ) f+

1 (x, λ) +D (λ) f−
1 (x, λ) , λ < 0, Imλ = 0, (2.7)

f+
1 (x, λ) = iD (λ) f+

2 (x, λ)− iC (λ) f−
2 (x, λ) , Imλ > 0,Reλ = 0, (2.8)

f−
1 (x, λ) = −iB (λ) f+

2 (x, λ) + iA (λ) f−
2 (x, λ) , Imλ > 0,Reλ = 0, (2.9)

where
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A (λ) =
1

2iλ
W [f+

2 (x, λ) , f−
1 (x, λ)], λ ∈ S3, (2.10)

B (λ) =
1

2iλ
W [f−

2 (x, λ) , f−
1 (x, λ)], λ ∈ S2, (2.11)

C (λ) =
1

2iλ
W [f+

1 (x, λ) , f+
2 (x, λ)], λ ∈ S0, (2.12)

D (λ) =
1

2iλ
W [f+

1 (x, λ) , f−
2 (x, λ)], λ ∈ S1, (2.13)

if to denote by W [f, g] = f ′g − fg′.

Here Sk =
{

kπ
2 < arg λ < (k+1)π

2

}
, k = 0, 3 are the sectors of the complex

λ-plane.
It is proved [7] that the resolvent of the operator pencil L has a form

[R0 (x, t, λ) = − 1

2iλC (λ)

{
f+
1 (x, λ) f+

2 (t, λ) , t < x
f+
1 (t, λ) f+

2 (x, λ) , t > x
; λ ∈ S0, (2.14)

R1 (x, t, λ) = − 1

2iλD (λ)

{
f+
1 (x, λ) f−

2 (t, λ) , t < x
f+
1 (t, λ) f−

2 (x, λ) , t > x
; λ ∈ S1, (2.15)

R2 (x, t, λ) =
1

2iλB (λ)

{
f−
1 (x, λ) f−

2 (t, λ) , t < x
f−
1 (t, λ) f−

2 (x, λ) , t > x
; λ ∈ S2 , (2.16)

R3 (x, t, λ) =
1

2iλA (λ)

{
f−
1 (x, λ) f+

2 (t, λ) , t < x
f−
1 (t, λ) f+

2 (x, λ) , t > x
; λ ∈ S3. (2.17)

The spectra of the operator pencil L has no pure real and imaginary eigen-
values, the residual spectrum is empty and the continuous spectrum consists of
axes {Reλ = 0} ∪ {Imλ = 0} and may have a spectral singularity at the points
λ = ±αn

2 , λ = ± iαn

2 , n ∈ N . The eigenvalues of L are finite and coincide with

the zeros of the functions A (λ) , B (λ) ,C (λ) , D (λ) from the sectors Sk, k = 0, 3.

3. Eigenfunction expansion of resolvent in terms of continuous
spectrum eigenfunction

Let us rewrite the operator pencil L generated by the differential expression
(1.1) as

L (λ) = −ρ (x)λ2 +A1λ+A0.

Here ρ (x) is defined as (1.4) and

A1 = 2p(x), A0 = q(x)− d2

dx2
.
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Theorem 3.1. Resolvent operator R (x, t, λ) of the operator pencil L admits ex-
pansion in terms of continuous spectrum eigenfunction

R (x, t, z) = −
n∑

i=1

res (R (x, t, λ))|λ=λi
+
∫
Γ−
0

f+
2 (x,λ)f+

2 (t,λ)
2iλ(λ−z)A(λ)C(λ)dλ+

+
∫
Γ−
1

f+
1 (x,λ)f+

1 (t,λ)
2iλ(λ−z)D(λ)C(λ)dλ+

∫
Γ−
2

f−
2 (x,λ)f−

2 (t,λ)
2iλ(λ−z)D(λ)B(λ)dλ+

+
∫
Γ−
3

f−
1 (x,λ)f−

1 (t,λ)
2iλ(λ−z)A(λ)B(λ)dλ+ 2

i(αn
2 −z)αn

V −
nnf

+
1

(
x, αn

2

)
f+
1

(
t, αn

2

)
+

+ 2i

(−αn
2 −z)αn

V +
nnf

−
1

(
x,−αn

2

)
f−
1

(
t,−αn

2

)
.

(3.1)

Proof. By the definition of the resolvent operator, we can write

L (λ)R (x, t, λ) = E

or

(
−ρ (x)λ2 +A1λ+A0

)
R (x, t, λ) = E.

Then we have

−ρ (x)λ2R (x, t, λ) = E − (A1λ+A0)R (x, t, λ) .

From this, it can be easily obtained the following relation

R (x, t, λ) = − E
ρ(x)λ2 − E

ρ(x)λ2 (A1λ+A0)R (x, t, λ) =

= − E
ρ(x)λ2 − E

ρ(x)λ2 (A1λ+A0) [− E
ρ(x)λ2 − E

ρ(x)λ2 (A1λ+A0)R (x, t, λ)] =

= − E
ρ(x)λ2 + E

λ4 (A1λ+A0)− E
λ4 (A1λ+A0)

2
R (x, t, λ) .

Let Γ+
0

(
Γ−
0

)
be a contour formed by segments [0, α1

2 −δ], [α2

2 +δ, α3

2 −δ], ..., [αn

2 +
δ, αn+1

2 −δ] and semicircles of the radius δ with centers at points αn

2 , n ∈ N located
in the upper (lower) half-plane.

Let Γ+
ν (Γ−

ν ) be obtained from Γ+
0

(
Γ−
0

)
by rotation of an angle νπ

2 , ν = 1, 2, 3
and the numbers λ1, λ2, λ3....λn be an eigenvalue of the operator L (λ) .

Then we can choose a sufficiently large number Nso that all numbers λ1, λ2,
λ3....λn will lie inside the circle with the radius.

For that case we have
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1
2iπ

∫
ΓN

R(x,t,λ)
λ−z dλ = R (x, t, z) +

n∑
i=1

res (R (x, t, λ))|λ=λi
+

+
3∑

ν=0

∫
Γ−
ν

Rν−1(x,t,λ)
λ−z dλ+

∫
Γ+
ν

Rν(x,t,λ)
λ−z dλ =

= R (x, t, z) +
n∑

i=1

res
(

R(x,t,λ)
λ−z

)∣∣∣
λ=λi

+

+
3∑

ν=0

∫
Γ−
ν

Rν−1(x,t,λ)−Rν(x,t,λ)
λ−z dλ+

res
(

R0(x,t,λ)
λ−z

)∣∣∣
λ=αn

2

+ res
(

R3(x,t,λ)
λ−z

)∣∣∣
λ=−iαn

2

+

+ res
(

R2(x,t,λ)
λ−z

)∣∣∣
λ=−αn

2

+ res
(

R1(x,t,λ)
λ−z

)∣∣∣
λ=iαn

2

.

(3.2)

Here we denoted R−1 (x, t, λ) = R3 (x, t, λ). Then taking into account that

|R (x, t, λ)| ≤ C
|λ|e

−τ |x−t|

C = C (λ) , τ = min{Imλ,Reλ},∀x, t ∈ R
(3.3)

for N → ∞. Thus for |λ| → ∞ we have

1

2iπ

∫
ΓN

R (x, t, λ)

λ− z
dλ = 0.

Then relation (3.2) can be rewritten as follows

R (x, t, z) = −
n∑

i=1

res
(

R(x,t,λ)
λ−z

)∣∣∣
λ=λi

−

−
3∑

ν=0

∫
Γ−
ν

Rν−1(x,t,λ)−Rν(x,t,λ)
λ−z dλ−

− res
(

R0(x,t,λ)
λ−z

)∣∣∣
λ=αn

2

− res
(

R3(x,t,λ)
λ−z

)∣∣∣
λ=−iαn

2

−

−res
(

R2(x,t,λ)
λ−z

)∣∣∣
λ=−αn

2

− res
(

R1(x,t,λ)
λ−z

)∣∣∣
λ=iαn

2

.

(3.4)

By using formulas (2.6-2.9) and (2.14-2.17) we have

R0 (x, t, λ)−R3 (x, t, λ) =
= 1

2iλC(λ)f
+
1 (x, λ) f+

2 (t, λ)− 1
2iλA(λ)f

−
1 (x, λ) f+

2 (t, λ) =

= 1
2iλA(λ)C(λ)

[
A (λ) f+

1 (x, λ) f+
2 (t, λ)− C (λ) f−

1 (x, λ) f+
2 (t, λ)

]
=

= 1
2iλA(λ)C(λ){−

1
2iλ [f

+
2 (x, λ) f−′

1 (x, λ)−
−f+′

2 (x, λ) f−
1 (x, λ)]f+

1 (x, λ) f+
2 (t, λ)+

+ 1
2iλ [f

+
2 (x, λ) f+′

1 (x, λ)− f+′

2 (x, λ) f+
1 (x, λ)]f+

1 (x, λ) f+
2 (t, λ)} =

= 1
2iλA(λ)C(λ){

1
2iλf

+
2 (x, λ) f+

2 (t, λ) [f+′

1 (x, λ) f+
1 (x, λ)−

−f−′

1 (x, λ) f+
1 (x, λ)]} = 1

2iλA(λ)C(λ)f
+
2 (x, λ) f+

2 (t, λ) .

In the same way, we obtain
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R1 (x, t, λ)−R0 (x, t, λ) =
1

2iλD(λ)C(λ)f
+
1 (x, λ) f+

1 (t, λ) ,

R2 (x, t, λ)−R1 (x, t, λ) =
1

2iλD(λ)B(λ)f
−
2 (x, λ) f−

2 (t, λ) ,

R3 (x, t, λ)−R2 (x, t, λ) =
1

2iλA(λ)B(λ)f
−
1 (x, λ) f−

1 (t, λ) .

Now we calculate the residual terms

lim
λ→αn

2

(αn − 2λ)R0 (x, t, λ) =

lim
λ→αn

2

(αn − 2λ) 1
2iλf

+
1 (x, λ)

[
A(λ)
C(λ)f

+
1 (t, λ) + f−

1 (t, λ)
]
=

= 2
iαn

V −
nnf

+
1

(
x, αn

2

)
f+
1

(
t, αn

2

)
,

(3.5)

lim
λ→−αn

2

(αn + 2λ)R2 (x, t, λ) =
2i

αn
V +
nnf

−
1

(
x,−αn

2

)
f−
1

(
t,−αn

2

)
, (3.6)

lim
λ→− iαn

2

(αn − 2iλ)R3 (x, t, λ) =

= lim
λ→− iαn

2

(αn − 2iλ) 1
2λ

[
−B(λ)

A(λ)f
+
2 (x, λ) + f−

2 (x, λ)
]
f+
2 (t, λ) = 0, (3.7)

lim
λ→ iαn

2

(αn + 2iλ)R1 (x, t, λ) =

lim
λ→ iαn

2

(αn + 2iλ) 1
2λ

[
−if+

2 (x, λ) + iC(λ)
D(λ)f

−
2 (x, λ)

]
f−
2 (t, λ) = 0. (3.8)

The theorem will be proved by substitution (3.5)-(3.8) into relation (3.4). The
theorem is proved.

□

4. Multiple eigenfunction expansion

Let fi (x) , i = 0, 1 be arbitrary functions that are identically equal to zero in
some neighbourhood of infinite and 4 times differentiable. Consider the differential
equation

−y′′ + (2λp (x) + q (x))y − λ2ρ (x) y = λφ0 (x) + φ1 (x) , (4.1)

where

φ0 (x) = f0 (x) , φ1 (x) = f1 (x) +A1 (x) ρ (x) f0 (x) .

Using the general theory of differential equations, the solution of equation (4.1)
can be written as

y (x, λ) = R (x, t, λ) (λφ0 (x) + φ1 (x)). (4.2)
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Theorem 4.1. For the sufficiently large λ ∈
3⋃

ν=0
Sν we have the representation

1

2iπ

∫
ΓN

λmy (x, λ)dλ = −fm + o (ε) +O

(
1

|λ|2

)
, m = 0, 1.

Proof. Let us denote by ΓN the circle centred at the origin with the radius Nand
by ΓN,ε the circle centred at the origin with the radius N from which removed a
finite number of arcs with total length ε. Then well known that [9]∫

ΓN

λmdλ =

{
0 m ̸= −1
2iπ m = −1

(4.3)

and ∣∣∣∣∣∣∣
∫

ΓN,ε

λmdλ

∣∣∣∣∣∣∣ ≤
{

εRm+1 m ̸= −1
2π − ε m = 1

. (4.4)

Now by taking into account (4.3), (4.4) and

y (x, λ) = R (x, t, λ) f (t) =

∞∫
−∞

R (x, ξ, λ) f (ξ) dξ

we have

1
2iπ

∫
ΓN,ε

y (x, λ)dλ = 1
2iπ

∫
ΓN,ε

R (x, t, λ) (λφ0 (x) + φ1 (x))dλ =

= 1
2iπ

∫
ΓN,ε

[− E
ρ(x)λ2 + E

λ4 (A1λ+A0)+

+ E
λ4 (A1λ+A0)

2
R (x, t, λ)](λf0 (x) + (f1 (x) +A1 (x) ρ (x) f0 (x)))dλ =

= 1
2iπ

∫
ΓN,ε

− f0(x)
ρ(x)λdλ+ 1

2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)(λf0 (x) + (f1 (x) +A1ρf0))dλ+

+ 1
2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)

2
R (x, t, λ) (λf0 (x) + (f1 (x) +A1ρf0))dλ =

= 1
2iπ

∫
ΓN,ε

− f0(x)
ρ(x)λdλ+ 1

2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)(λf0 (x) + (f1 (x) +A1ρf0))dλ+

+ 1
2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)

2
∞∫

−∞
R (x, ξ, λ) (λf0 (x) + (f1 (x) +A1ρf0))dξdλ =

= − f0(x)
ρ(x) + o (ε) + 1

2iπ

∫
ΓN,ε

M1

λ4 (A1λ+A0)
2
dλ

Here

M1 =

∞∫
−∞

R (x, ξ, λ) (λf1 (ξ) + f0 (ξ))dξ, λ ∈
3⋃

ν=0

Sν .
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Taking into account (3.3) for sufficiently large λ ∈
3⋃

ν=0
Sν we have

∫
ΓN,ε

M1

λ4
(A1λ+A0)

2
dλ = O

(
1

|λ2|

)
.

Thus we finally have for sufficiently large λ ∈
3⋃

ν=0
Sν

1

2iπ

∫
ΓN,ε

y (x, λ)dλ = −f0 (x)

ρ (x)
+ o (ε) +O

(
1

|λ2|

)

where |λ| → ∞ the right side is

−f0 (x)

ρ (x)
.

In the same way, we have for the sufficiently large λ ∈
3⋃

ν=0
Sν we obtain

1
2iπ

∫
ΓN,ε

λy (x, λ)dλ = 1
2iπ

∫
ΓN,ε

R (x, t, λ) (λ2φ0 (x) + λφ1 (x))dλ =

= 1
2iπ

∫
ΓN,ε

[− E
ρ(x)λ2 + E

λ4 (A1λ+A0)+

+ E
λ4 (A1λ+A0)

2
R (x, t, λ)](λ2f0 (x) + λ(f1 (x) +A1 (x) ρ (x) f0 (x))dλ =

= 1
2iπ

∫
ΓN,ε

− f1(x)+A1ρ(x)f0(x)
ρ(x)λ dλ+ 1

2iπ

∫
ΓN,ε

A1f0(x)
λ dλ+

+ 1
2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)(λ

2f0 (x) + λf1 (x))dλ+

+ 1
2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)

2
R (x, t, λ) (λf0 (x) + (f1 (x) +A1ρf0))dλ =

= 1
2iπ

∫
ΓN,ε

− f1(x)
ρ(x)λdλ+ 1

2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)(λf0 (x) + (f1 (x) +A1ρf0))dλ+

+ 1
2iπ

∫
ΓN,ε

E
λ4 (A1λ+A0)

2
∞∫

−∞
R (x, ξ, λ) (λf0 (x) + (f1 (x) +A1ρf0))dξdλ =

= − f1(x)
ρ(x) + o (ε) + 1

2iπ

∫
ΓN,ε

M1

λ4 (A1λ+A0)
2
dλ = − f1(x)

ρ(x) + o (ε) +O( 1
λ2 ).

Thus we showed that

1

2iπ

∫
ΓN,ε

λmy (x, λ)dλ = −ρ (x) fm (x) + o (ε) +O(
1

λ2
), m = 0, 1. (4.5)

1

2iπ

∫
ΓN

λmy (x, λ)dλ = −ρ (x) fm (x) +O(
1

λ2
), m = 0, 1. (4.6)

For (4.5) at |λ| → ∞ we have
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lim
N→∞

1
2iπ

∫
ΓN

λmy (x, λ)dλ = 1
2iπ

3∑
ν=0

[
∫
Γ+
ν

λmy (x, λ) dλ+
∫
Γ−
ν

λmy (x, λ) dλ] =

= 1
2iπ

3∑
ν=0

{
∫
Γ+
ν

λm
∞∫

−∞
Rν (x, ξ, λ) [λφ0 (x) + φ1 (x)] +

+
∫
Γ−
ν

λm
∞∫

−∞
Rν−1 (x, ξ, λ) [λφ0 (x) + φ1 (x)]}dξdλ =

= 1
2iπ

3∑
ν=0

{
∫
Γ+
ν

λm
∞∫

−∞
[Rν (x, ξ, λ)−Rν−1 (x, ξ, λ)] [λφ0 (x) + φ1 (x)] dξdλ+

+
∞∑

n=1

∞∫
−∞

Res
λ=αn

2

R0 (x, ξ, λ)
[
αn

2 φ0 (x) + φ1 (x)
]
dξ+

+
∞∑

n=1

∞∫
−∞

Res
λ=−αn

2

R2 (x, ξ, λ)
[
−αn

2 φ0 (x) + φ1 (x)
]
dξ.

(4.7)
if we will take into account the fact that for sufficiently large λ

1

2iπ

∫
ΓN

λmy (x, λ)dλ = −fm + o (ε) +O

(
1

|λ|2

)
. (4.8)

then the last formulae (4.8) will be a multiple eigenvalue expansion by the
Eigenfunction of the continuous spectrum.

□

5. CONCLUSION.
In this work, the expansion formula is obtained according to the eigenfunctions

for the non-self-adjoint operators with complex and almost periodic potential. In
this study, the expansion formula is obtained in terms of continuous spectrum
eigenfunction and written down the multiple expansion of arbitrary test functions.
The techniques and methods can be applied to the other different equations with
different boundary conditions and new expansion formulas can be obtained.

References

1. Demirbilek, Ulviye, and Khanlar R. Mamedov On The Expansion Formula For A Singular

Sturm-Liouville Operator. Journal of Science and Arts 20 1451(1), (2005). 1457–461.

2. Kobayashi, Mei Eigenfunction expansions: a discontinuous version SIAM Journal on Applied
Mathematics 20 50.3 (1990): 910-917

3. Efendiev R.F Spectral analysis of a class of non-self-adjoint differential operator pencils with

a generalized function Theor. Math. Phys 20 1451(1), (2005). 1457–461.
4. Efendiev R.F., Gasimov Y.S.Inverse spectral problem for PT-symmetric Schrodinger operator

on the graph with loop, , Global and Stochastic Analysis 209(2), 2022, 67-77.
5. Efendiev R.F., Orudzhev H.D., Bahlulzade S.J. Spectral Analysis of the discontinuous Sturm-

Liouville operator with almost periodic potentials, Advanced Mathematical Models and Ap-
plications 20 6(3), 2021, 266-277

6. Efendiev R.F., Orudzhev H.D., El-Raheem Z.F., Spectral analysis of wave propagation on
branching stringsl, Boundary Value Problems 20 2016(1), 2016, 1-18.

83



SH. M. ANNAGHIILI , R. F EFENDIEV, Y.S. GASIMOV , L.F. AGAMALIEVA

7. Efendiev, R. F., and Annaghili Sh. Inverse Spectral Problem of Discontinuous Non-self-
adjoint Operator Pencil with Almost Periodic Potentials. Azerbaijan Journal of Mathematics

20 13.1 (2023).

8. R.F. Efendiev, Sn. Annaghili Floquet solutions of the operator pencil with almost periodic
potentials, in: Proceeding of the 7-th international conference on Control and Optimization

with industrial applications, 2, 1, 2020, 161-163.

9. Fuchs, Boris Abramovich, and Boris Vladimirovich Shabat Functions of a complex variable
and some of their applications, Elsevier, 2014.

10. Gasimov Y.S Some shape optimization problems for the eigenvaluesJ. Phys. A: Math. Theor
20 Vol.41, No.5, 2008, pp.521-529.

11. Gasimov Y.S., Nachaoui A., Niftiyev A.A Nonlinear eigenvalue problems for p- Laplacian,

Optimization Letters 20 No.4, 2010, pp.67-84
12. Gasymov M.G,. Orudzhev A.D Spectral properties of a class of differential operators with

almost-periodic coefficients and their perturbations, Soviet Math. Dokl 20 287(4), 1986,

777-781
13. Hashemi, B., Nakatsukasa, Y., Trefethen, L. N Rectangular eigenvalue problems Advances

in Computational Mathematics 20 48(6),2022, 1-16

14. Kemp R.R.D On a class of non-self-adjoint differential operators, Canad. J. Math. 20 12
(1960) 641-659

15. Maksudov F.G., Pashayeva E.E About multiple expansion in terms of eigenfunctions for

one-dimensional non-self-adjoint differential operator of even order on a semi-axis Spectral
Theory of Operators and Its Applications, 20 vol. 3, Elm Press, Baku, 1980, pp. 34–101 (in

Russian)

16. Maksudov F.G., Pashayeva E.E On multiple expansion in eigenfunctions, taking account of
spectral singularities Soviet Math. Dokl. 20 24 (1) ,1981

17. Mamedov, Khanlar R., and Ilyas Hashimoglu On the Expansion Formula for a Class of
Sturm-Liouville Operators. Lobachevskii Journal of Mathematics 20 42.3 (2021): 579-586.

18. Naimark M.A.: Linear differential operators, Part II: Linear differential operators in Hilbert

space, Frederick Ungar Publishing Company, 1968
19. Pashayeva E.E About one multiple expansion in terms of solutions of differential equation

on the whole axis Spectral Theory of Operators and Its Applications 20 vol. 5, Elm Press,

Baku, 1984, pp. 145–151 (in Russian).
20. Pashayeva, E. E: Spectral analysis of family of singular non-self-adjoint differential operators

of even order, Journal of mathematical analysis and applications 20 339.1 (2008): 85-97.

21. Sun, F., Li, K. Estimates on the eigenvalues of complex nonlocal Sturm-Liouville prob-
lems.Applied Mathematics-A Journal of Chinese Universities 20 38(1),2023, 100-110

Sh Annaghiili: Department of Mathematics, Baku Engineering University, Baku,

Azerbaijan
Email address: saannagili@beu.edu.az

URL: http://www.beu.edu.az

R.F.Efendiev: Department of Mathematics, Baku Engineering University, Baku,

Azerbaijan
Email address: refendiyev@beu.edu.az

URL: http://www.beu.edu.az

Y.S. Gasimovi: Azerbaijan University, Jeyhun Hajibeyli str., 71, AZ1007 Baku, Azer-

baijan Institute of Mathematics and Mechanics, B. Vahabzade str., 9, AZ1148 Baku,
Azerbaijan Institute for Physical Problems, Baku State University, Z. Khalilov str.,

23, AZ1148 Baku, Azerbaijan

Email address: gasimov.yusif@gmail.com
URL: https://au.edu.az/en/cv/yusif soltan oglu qasimov

84



MULTIPLE EIGENFUNCTION EXPANSION

L.F. Agamalievai: Azerbaijan University, Jeyhun Hajibeyli str., 71, AZ1007 Baku,
Azerbaijan Institute for Physical Problems, Baku State University, Z. Khalilov str.,

23, AZ1148 Baku, Azerbaijan

Email address: latifa.aghamalieva@au.edu.az
URL: https://au.edu.az/en/cv/letife ferzeli qizi agamaliyeva

85


