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KLEIN-GORDON’S EQUATION FOR MAGNONS WITHOUT
NON-IDEAL EFFECT ON SPATIAL SEPARATION OF SPIN
WAVES

J.D. BULNES, J. LOPEZ-BONILLA, AND D.A. JURAEV

ABSTRACT. In this paper we analyze a Klein-Gordon equation, which arises
in the context of the physics of antiferromagnetic magnons, in order to de-
termine whether a beam of linearly polarized spin wave could be separated
into two secondary beams, in each of which one can find both a left and a
right circularly polarized mode, which can be called (similar to what we know
for the Stern-Gerlach effect) a non-ideal version of such a separation. The
analysis carried out seeks to identify a new element to evaluate the Wang-Bao-
Cao-Yan proposal of a “Magnonic Stern-Gerlach effect”. In a complementary
way, it is shown that the method adopted in our analysis is adequate to reveal
incomplete spatial separation in the non-ideal Stern-Gerlach effect.

1. Introduction

In [1], in the context of the physics of antiferromagnetic magnons, Wang-Bao-
Cao-Yan proposed a physical analogy based on the behavior of a linearly polarized
beam of spin waves, which upon entering a region where an interaction of the
type Dzyaloshinskii-Moriya', two secondary beams are produced, in each of which
the spin waves present separately right and left circular polarization, which is
considered an (ideal) Stern-Gerlach effect with magnonic origin. This proposal
may receive additional support or will have to be reassessed as new information
emerges. In this article we seek to identify, or rule out, the existence of a solution of
the Klein-Gordon magnonic equation [1] compatible with a “non-ideal” analogue
of the Stern-Gerlach effect.

As we know, the Stern-Gerlach effect [2], [3] is presented in Quantum Mechan-
ics texts through its simplest version [4],[5],[6],[7],[8],[9], that is, when in each
secondary beam we have only electrons in the same spin state: up in one beam
and down in the other (in the case of an incident beam formed by Silver atoms).
This situation corresponds to what can be called the "ideal Stern-Gerlach ef-
fect“, or, simply, the ”Stern-Gerlach effect“. According to [10], however, in a real
Stern-Gerlach experiment, both spin up electrons and spin up electrons can be
found in each secondary beam, a manifestation that is known as the ”non-ideal
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Which effect could be interpreted, within the analogy established in [1], as ”analogous® to
that produced by the interaction between the magnetic spin moment of an electron (of a silver
atom) with the magnetic field generated by a Stern-Gerlach device.
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Stern-Gerlach effect“ [11]. In papers [14]-[18]. The questions of exact and approx-
imate solutions of the ill-posed Cauchy problem for various factorizations of the
Helmholtz equations are studied. Such problems arise in mathematical physics and
in various fields of natural science (for example, in electro-geological exploration,
in cardiology, in electrodynamics, etc.).

1.1. Klein-Gordon magnonic equation for antiferromagnets. The relevant
equation for our analysis is of the Klein-Gordon type [1],

A
YA KQVQ - k) U — iD o3 0¥
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and the numerical parameters appearing in (1.1) are defined in [1]. Making,

¢ =(v*)\A)/2, e=~2\k

= 0?0 (1.1)

where we have that,

we rewrite equation (1.1) as,

0 92, + 0z, n_
. 3y 0 ny o 2 ny
L% 0 )= ( "
where, for simplicity, we use the notation: 92, = 9%/0x2, etc.

2. Mathematical development

The matrix equation (1.3) can be written equivalently as two decoupled differ-
ential equations,

C(@iz +8§y> ny — eny — iDOyny = Ony (2.1)
C(2+02,)n- — en_ + iDOyn_ = OFn_ (2.2)

or, in a compact form,
Qn+ — B’TL+ = Gn.,., (23)
Qn_ + Bn_ = Gn_, (2.4)

where the symbols introduced correspond to differential operators and other simple
expressions, as follows,

Q= g(agﬁagy) — & B =iDd, G=a, (2.5)

In the next subsection, we present our calculation strategy.
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2.1. Strategy to identify/discard an effect with incomplete spatial sepa-
ration. In this section we present a procedure [12] that would allow us to identify
(or rule out) an effect of incomplete? spatial separation of the polarization states
of a spin wave incident on the secondary beams. The ”non-ideal“ situation, if
it exists, would mathematically manifest itself as follows: each component of the
spinor in the Klein-Gordon equation would be formed by two terms (functions),
which would correspond to the “movement” in opposite directions®; that is, we
would have left (and right) circular polarization states in each secondary beam,
as occurs (with due adaptations) in the "non-ideal Stern-Gerlach effect, see Ap-
pendix. On the other hand, in the ideal situation, each component of the spinor
would be formed by a single term.

In terms of specific symbols, in order for a solution of equations (2.3) and
(2.4) to correspond (if any) to a situation where both beams contain left and
right circular polarizations, we must verify that it is possible to write each spinor
component (@1, p2)! as a sum of two independent contributions, x; and x2, with
one “moving” in the +Y direction and the other in the opposite direction, —Y,
of the reference considered in [1]. So, we must define, somehow conveniently, the
functions x; and xs in terms of ¢ and 9, therefore, inverting the mathematical
relationships, we would obtain ¢; and @9 in terms of x; and xa.

2.1.1. Implementation of the strategy. As is considered in various calculation
methods, we introduce two external elements (free parameters) into our prob-
lem and then assign them appropriate values. We start by multiplying (2.3) by a
number “\”, which must be defined correctly, and we add the resulting expression
with (2.4), so we get,

Q(n, + An+) +B (n, - )\n+) = G(n, + )\n+>. (2.6)
N

To continue with the second parameter, “m”, not null, which, like A\, would
have to take on appropriate values, we rewrite the term highlighted in (2.6) as

follows,

n_—Any = m(n, + )\n+), (2.7)
Then we define,
X = n— + Ang.
So, from (2.6) and (2.7) we find the equation for the function Yy,
Qyx +mBy = Gy (2.8)

and let’s suppose that there are two non-zero numbers, A\; and Ay, which allow us
to generate two functions x; and yo as follows,

X1 =n_+Aing (2.9)

X2 =n_ + Aany (2.10)

2What is called the "non-ideal effect“, compared to what is the ”ideal effect“, of total or
complete separation.

3Such "movement® is defined by the displacement of the projections of the secondary beams
in the direction orthogonal to the propagation direction of the incident beam.
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which, by imposition, separately verify equation (2.8) with the corresponding value
of m,
Qyx; +miBx: = Gx1 (2.11)
Qo + moByxs = Gy (2.12)
Furthermore, by inverting relations (2.9) and (2.10), we have,

n_ = (/\2 X1 — A1 XQ)/(AQ - )\1) (2.13)

ny = (xg — Xl)/()\g — )\1) (2.14)

(x1 and y2 would be the functions corresponding to the movement in opposite
directions of the secondary beams that move away from each other; in this way,
it would be expected that equations (2.11) and (2.12) could have solutions with
these characteristics). From (2.14), we see the need to assume that Ao and A\; are
different.

Since n4, in (2.14) satisfies equation (2.3), we have that,

<9X2 +Bxz2 — GX2) - (Qxl - Bx1 — GX1) =0, (2.15)

The functions x; and x2, in (2.15), must satisfy equations (2.11) and (2.12),
respectively, with adequate values, m; and ms. We directly note that for (2.15)
to be identically satisfied, one must choose, in (2.11), m; = —1, as well as choose,
in (2.12), mg = +1.

On the other hand, substituting (2.13) in expression (2.4) we find,

)\2 (QX1 + BX1 — GX1> — /\1 (QXQ + BX2 — GX2> =0 (216)

Analogously to the previous development, in order for expression (2.16) to be
satisfied identically, we must take m; = +1, as well as mo = +1, but these values,
together, are incompatible with the values that these parameters must assume
so that expression (2.15) can be satisfied (simultaneously). Consequently, there
will be no solution consistent with a non-ideal effect. In the Appendix, we show
that the strategy used here determines, in the Stern-Gerlach case, that the coupled
equations for the Pauli spinor components lead to an incomplete spatial separation
by spin states.

3. Conclusion

The Wang-Bao-Cao-Yan proposal of a Stern-Gerlach effect with antiferromag-
netic magnons led us to consider the problem of establishing whether the Klein-
Gordon magnonic equation is an effect of incomplete spatial separation by polar-
ization states (right and left circular, both present in each of the secondary beams
generated by a linearly polarized spin wave), are compatible or not, for which an
adequate strategy was defined in subsection 2.1. We show that what corresponds
is a situation of incompatibility, which characterizes a non-ideal spatial separation
effect, a name that was taken from what is known as the non-ideal Stern-Gerlach ef-
fect. The Wang-Bao-Cao-Yan proposal is compatible with the ideal Stern-Gerlach
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effect, but not with the experimentally observed non-ideal Stern-Gerlach effect
[10].

4. Appendix

4.1. Non-ideal Stern-Gerlach effect and incomplete separation by spin
states. It can be mathematically illustrated that in the Stern-Gerlach effect the
complete separation and the incomplete separation (by electron spin states) occur
in orthogonal planes to each other. Next, we show how the non-ideal Stern-Gerlach
effect is revealed using the method defined in Subsection 2.1

The ”non-ideal “ Stern-Gerlach effect results from coupling the equations for the
Pauli spinor components, with the magnetic field gradient («) acting as a coupling
parameter. Let’s first pay attention to the expression for the magnetic field,

B(y,2) = (0,—ay, By + az), (4.1)

commonly used in the literature on the Stern-Gerlach effect. Note that (4.1)
checks for V- B = 0. Expression (4.1), however, is not completely satisfactory, as
one would expect it to be invariant with respect to a Parity transformation, as it
corresponds to pseudo-vector fields in the (1 + 3)-dimensional case.

Applying the Parity transformation in (4.1) we obtain the expression,

El(_y7 —Z) = = g(y7z) + 230];/:’ (42)

from which we see that B would behave like a vector field if By = 0, not be-
ing possible (consistently with a non-zero gradient) that (4.1) corresponds to a
pseudo-vector field. The vector character of (4.2), with By = 0, does not affect
the invariance of Maxwell’s equations (with p = 0, j = 0 and 9E/dt = 0, cor-
responding to the Stern-Gerlach effect) in relation to a Parity transformation, as
expected for purely electrical and magnetic interactions. For what follows, we keep
the usual expression (4.1), taking By = 0, that is, we represent B as if it were a
vector.

4.2. Mathematical development. We consider the splitting of a bundle of Sil-
ver atoms, which initially moves along the positive direction of the X coordinate
of the reference system considered, as in [1], which then splits into two secondary
bundles in the horizontal plane Z = 0. The Pauli matrix equation, considering
By = 0, can be written as follows,

h? (92, + 02 0 M 0 oy m
v zz T Tyy —
2m< 0 aﬂ%w"’a;y)(n?)JruB(_my 0 )(ﬁz)

. 0 m
= ih— . 4.3
ot ( 72 ) (4.3)
or, equivalently, as two coupled differential equations for the spinor components,
Qn + Gy = D, (4.4)
QﬂQ — énl = D’I72 (45)
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the symbols being introduced,

~ R [ 0? 0? ~ 0
Q= —| =—+=— G =1 D = ih—. 4.
2m (83:2 * 8y2>’ e Y ot (46)

Here we implement the strategy used in subsection 2.1.1; that is, we start by
multiplying (4.5) by a suitable number “)\”, to be defined, and we add it with
(4.4), obtaining,

fz(m + /\772> + é<n2 - /\m> = D(m + )\772) (4.7)

To continue, we introduce a second parameter, m ## 0, which will also have to
take a suitable value, so that we can rewrite the functions in the central term in
(4.7) as follows,

N — Ay = m(m + )\ng). (4.8)

With that, we define
X = m + Ang. (4.9)
Then, we can identify, from (4.7), (4.8) and (4.9), the equation for the function

X5
Qx + mGyx = Dy. (4.10)

On the other hand, from (4.9), and for two different numbers \; and Ay we
impose that the functions y; and x» that follow,

X1 = m + A, (4.11)
X2 = M + Aanp, (4.12)
correspond to the solutions of equation (4.10); that is, we can write,
QXl + mlé)a = DX17 (413)
Qx> + maGxz2 = Dxo. (4.14)
Furthermore, inverting relations (4.11) and (4.12), we have,
m = (/\2)(1 - /\1)(2)/(/\2 — )\1) (415)

m=(—x+x)/(he-n) (4.16)
(we are assuming that Ao — Ay # 0). Since 1, in (4.15), and 79, in (4.16), should
verify equation (4.4),
Qn + G, = Dy

Thus, we have, substituting the expressions (4.15) and (4.16) in this equation, and
after sorting the terms, that,

~ 1 ~ ~ 1 =
)\2 (QXI — TQGXI — DX1> — )\1 (QX2 — rlGXQ — DXQ) =0. (417)
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As the functions x; and x2, must verify equations (4.13) and (4.14), respectively,
then, in order for expression (4.17) to be verified identically, we must assume the

following relations,
1 1

—_— e mo = ——.
/\2 >\1
On the other hand, the functions 7; and 79, in (4.15) and (4.16), respectively,

must satisfy equation (4.5); to mean,
Qm — C-‘¢7)1 = Dnps.

So, substituting (4.15) and (4.16) into (4.5), and after sorting the terms, we
have that,

my = (4.18)

- <QX1 +XGx1 — DXl) + <QX2 + M Gxa — DX2> =0 (4.19)

and as the functions x; and x2, in the previous expression, verify equations (4.13)
and (4.14), respectively, we see that for (4.19) to be verified identically, one must
consider what,

my = )\2 (& meo = )\1 (420)
Consequently, based on the mathematical consistency between equations (4.13),
(4.14), (4.17) and (4.19), it must be fulfilled, from (4.18) and (4.20), that,

1 1
_— Ny = ——
o O T TN

thus establishing their values, resulting in Ao = 44 and A\; = +4. It is convenient
to choose Ao = —i; hence, A\; = +i, since these must be different, as previously
assumed. Note the complete consistency of the values assigned: \; =i, Ay = —1,
my = —i and mg = i with expression (4.8), which is checked for each pair formed
by the values of A and m.

With the values assigned to the parameters (which were previously free) we
have that equations (4.13) and (4.14) are well defined, as follows,

Ay = (4.21)

Q1 — iGy1 = Dy, (4.22)
or explicitly,
R (0%°x1 0% ox1
_c = ih—2=, 4.23
2m ( Ox2 + Oy? T HsaYXL =1 ot (4.23)
And also,
Qxs + iGyxs = Dx;. (4.24)
or explicitly,
[ 0*x2 | xo Ix2
- — | — =ih—= 4.25
2m ( Ox2 Oy? Hatyxz =15, (4.25)

On the other hand, based on [13] equations (4.23) and (4.25), in the context of
the Stern-Gerlach Effect, have the following exact solutions,

x1(z,y,t) = Ai {a <y + (§o/a) + th)] x 0 [y — (vo/a) + (&/a) + bt?| x

35



J.D. BULNES, J. LOPEZ—BONILLA7 AND D.A. JURAEV

¢ (eUD) 6/ M) ps — v ] (4.26)
x2(z,y,t) = Ai [a( —y+ (&/a) + th)] X @[ —y — (vo/a) + (&/a) + bt?| x
s e—ilet) i/ W) wpo—heo—1] (4.27)

respectively, being,

- 2m(pupa — 2mb) 1/3 . _2mb b B
o h? ’ o A’ T 4m
2 2 0 2h2 1/3
hoy = o = 15 0 (w) (4.28)
2m 2 m

O is the Heaviside function, vy is the first zero of the Airy (A7) function, and &
is the first maximum of Ai. Note that the argument of the function Ai, in (4.26),
with a > 0, represents the ”accelerated “ part of the projection of the movement
of a secondary beam in the —Y direction and that the argument of the function
Ai, in (4.27), represents the ”accelerated“ part of the projection of the movement
of the second secondary beam in the opposite direction. Consequently, functions
(4.15) and (4.16), components of the Pauli spinor, can be written separately as
the sum of two contributions moving in opposite directions along the Y coordinate
direction,

m(z,y,t) = ;(Xl(x,y,t) + Xg(:c,y,t)), (4.29)
na(z,y,t) = ;i(xl(x,y,t) - Xg(x,y,t)), (4.30)

which clearly constitute solutions that do not correspond to the ”ideal Stern-
Gerlach effect”, but to a non-ideal effect, or incomplete separation by electronic
spin states in the split beams, as observed experimentally according to [10].
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