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DEFORMED STOCKWELL TRANSFORM AND APPLICATIONS
ON THE REPRODUCING KERNEL THEORY

HATEM MEJJAOLI*

ABSTRACT. In this paper, we study the generalized translation operator as-
sociated with the deformed Hankel transform on R. Firstly, we prove the
trigonometric form of the generalized translation operator. Next, we derive
the positivity of this operator on a suitable space of even functions. Mak-
ing use of the positivity of the generalized translation operator we introduce
and we study the deformed Stockwell transform. Knowing the fact that the
study of reproducing kernels theory are both theoretically interesting and
practically useful, we investigate for this transform the general theory of re-
producing kernels theory. In particular, we investigate some applications of
the Tikhonov regularization for the generalized Sobolev spaces and we study
some time-frequency concentration problems.

1. INTRODUCTION

In their seminal paper [1], Ben Said, Kobayashi and @rsted have given a foun-
dation of the deformation theory of the classical situation, by constructing a gen-
eralization Fj , of the Fourier transform, and the holomorphic semigroup Zj ,(2)
with infinitesimal generator

Ekﬂ = ||x‘|27aAk7||xHa> a >0,

acting on a concrete Hilbert space deforming L?(R¢). Here A}, is the Dunkl Lapla-
cian see [11]. The (k,a)-generalized Fourier transform Fj, , can be regarded as a
two-parameter generalization of Howe’s description of classical Fourier transform,
where & is a multiplicity function for the Dunkl operators on R? and a > 0 arises
from the interpolation of the two Lie algebra S£(2,R) actions on the Weil repre-
sentation of Mp(d,R) and the minimal unitary representation of the O(d + 1, 2).

The (k, a)-generalized Fourier transform Fj , includes some prominent trans-
forms on the Euclidean space R? :
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k—0 1
Dunkl transform Fourier trz_msform

[12] [16]
/\H 2
«7:14:70, [1}
a—1
(k,a: general) \

k-Hankel k0 Hankel transform
transform [1] [19]

Recently, there is a growing interest to develop the analysis related to the
(k, a)-generalised Fourier transform. Notably, maximal function and translation
operator (2|, uncertainty principles and Pitt inequalities [14,17], Fourier multipliers
[18], wavelets multipliers [22,23], wavelet transform [24,25], localization operators
[26], Gabor transform [27,28| and Hardy inequality [38] were explored by many
researchers.

One of the aims of the Fourier transform, is the study of the time-frequency
analysis. In the sixties the time-frequency analysis has emerged with the works of
Gabor [13] who provided an interesting way to study the local frequency spectrum
of signals by introducing many time-frequency representations, as, for instance, the
short-time Fourier transform (STFT), the continuous wavelet transform or also the
Wigner distribution where all of these representations have a same common point,
that is the simultaneous representation of the space and the frequency variables
in a same set called the time-frequency plane.

The major drawback of the short-time Fourier transform is the fixed width of
the analysing window. Indeed, in many applications, the high frequency content
of a signal is more time/space-localized than the low-frequency one. Removing
of the rigidity of the window function is one of the motivations for continuous
wavelet transform. Although, the wavelet transform captures more information
than the short-time Fourier transform (STFT), however, it suffers from two ap-
parent limitations: first, the detail measured by the wavelet transform is not
directly analogs to the frequency, because the wavelet transform is essentially a
time-scale transform with the inverse scale being interpreted as frequency; second,
the phase-information is completely lost in the case of wavelet transform, because
each wavelet component acts a local filter and the translation of the mother wavelet
destroys the phase information with respect to the origin [39,41]. To circumvent
these limitations, Stockwell et al. [37] introduced the notion of Stockwell trans-
form as a bridge between the STFT and the wavelet transform. By adopting
the progressive resolution of wavelets, the Stockwell transform is able to resolve
a wider range of frequencies than the ordinary STFT and by using a Fourier-like
basis and maintaining a phase of zero about the time ¢ = 0, Fourier based analysis
could be performed locally. This unique feature of the Stockwell transform makes
it a highly valuable tool for signal processing and is one of the hottest research
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areas of the contemporary era. Indeed, the Stockwell transform has been success-
fully used to analyse signals in numerous applications, such as seismic recordings,
ground vibrations, geophysics, medical imaging, hydrology, gravitational waves,
power system analysis and many other areas. Finally, we note that many ex-
tensions of the Stockwell transform have been proposed in recent years. See, for
example, [4,6,8,10,29,34-36] and others.

In this paper, we consider the case a = %, n € N and d = 1. We shall call the
generalized Fourier transform J 2 the deformed Hankel transform and we will
denote it (simply) by Fg n-

The purpose of this document is threefold. On one hand, we want to study the
generalized translation operator on the deformed Hankel setting. In particular,
we prove its positivity on suitable space of functions. Profiting of this positivity
the aim of the second part of this paper is to introduce the generalized Stockwell
transform in the setting of the deformed Hankel transform and to study its har-
monic analysis. Keeping in view the fact that the reproducing kernel theory for
the deformed Stockwell transforms is yet to be investigated exclusively, our third
endeavour is to study some problems of the reproducing kernel theory associated
with this transform.

The main contributions of this article are as follows:

e To obtain the trigonometric formula for the generalized translation oper-
ator.

e To derive the positivity of the generalized translation operator on a suit-
able space of even functions.

e To introduce and to study the generalized Stockwell transform operator
in the setting of the deformed Hankel transform.

e To introduce and to investigate the generalized Sobolev spaces W,fn(R)
associated with the deformed Stockwell transform.

e To give some applications of the general theory of reproducing kernels to
the Tikhonov regularization for the deformed Stockwell transform.

e To study some uncertainty principles for the deformed Stockwell trans-
form.

The remainder of this paper is arranged as follows.

In Section 2, we recall the main results about the deformed Hankel transform.
Section 3 is exclusively dedicated to study the generalized translation operator.
In Section 4, we introduce and we study the deformed Stockwell transform. More
precisely the inversion, Plancherel’s and Lieb’s formulas are established. Section
5 is devoted to introduce the generalized Sobolev spaces W} (R) associated with
the deformed Stockwell transform. Afterwards, we give some applications of the
general theory of reproducing kernels to the Tikhonov regularization, which gives
the best approximation of the deformed Stockwell transform on these generalized
Sobolev spaces. Next, in Section 6 we establish the Heisenberg, Benedicks and
Donoho-Stark’s type uncertainty principles for the deformed Stockwell transform.
Finally, the last section is devoted to study the Shapiro uncertainty principle for
the deformed Stockwell transform.
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2. PRELIMINARIES

This section gives an introduction to the harmonic analysis associated with the
deformed Hankel transform. Main reference is [1].
Notation. Let us denote by

Cy(R) the space of bounded continuous functions on R.

Ch,e(R) the space of even bounded continuous functions on R.

For p € [1,00], p’ denotes as in all that follows, the conjugate exponent of p.
n(2k—1)
2

— n
Mk,n = n(2k71)+2
2

F(n(2k 1)+2)'
(2k— 2)n+2

dygn(x) == My || dz, k > "T_l
Ly ,(R), 1 < p < 00, the space of measurable functions on R such that
1
1A, = ([ 1F@Pdra@) <o, it 1<p<
R
1oz, @ = ess sup|f(z)] < oo.
' TE

For p = 2, we provide this space with the scalar product

(f:9)12 .® —/f 9(2)dven ().

For k> "= and f € Lk,n( ), the deformed Hankel transform is defined by

Fin(H) = / J(2)Bin(\ 2)dyin(z), forall A€ R, (2.1)
R
where By, (A, ) is the deformed Hankel kernel given by
Bin(M ) = Jnpn ) (e S T e ). (22

Here

Ja(u) == T(a+1) (%)ﬂJa(u) —T(a+1) i ﬂm (g)m (2.3)
m=0

denotes the normalized Bessel function of index a.
Next, we give some properties of the deformed Hankel kernel.

Proposition 2.1. i) For z,t € R, we have
Bkyn(z,t) = Bk’n(t, Z), Bk’n(Z,O) = ]., Bk’n(z,t) Bk n(( ) z t)

and By n(Az,t) = Bin(z, At) for all X € R.
ii) There exists a finite positive constant C only depends on n and k, such that
for all x,y € R we have
|Brn (2, y)| < C.

Convention:( [17]). We shall replace By, ,, by the rescaled version By ,,/C but
continue to use the same symbol By, ,, and we obtain

Va,y €R, |Brn(z,y)l < 1. (2.4)
We note that the authors in [14] that conjectured (2.4) when k > 2=,
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Remark 2.1. (i) We note that the previous inequality implies that the deformed
Hankel transform is bounded on the space L1 »(R), and we have

1 Frn (Pl Lge, @) < IIfHLl L (R); (2.5)

for all f in Ly ,(R).
(i) The deformed Hankel transform Fy ., provides a natural generalization of
the Hankel transform. Indeed, if we set

BitM(@,y) = 5(Brn(z,y) +Bk,n(x,—y))
Gk (n]ay| ™).
Then, the deformed Hankel transform Fy, , of an even function f on the real line

specializes to a Hankel type transform on Ry. In fact, when f(x) = F(|z|) is an
even function on R and belongs to L,lc’n(]R), we have

N =
WeRﬂmm@zég%;%A F(r)jamsa (n(rig) # )rCH5= "1
(2.6)
Example 2.1. The function oy, t > 0, defined on R by
2
a(x) = Menztn , (2.7)
satisfies
VEER, Frnlar)() = e e (2.8)

The authors in [1] have proved the following.

Proposition 2.2. i) Plancherel’s theorem for Fy ,,.
The deformed Hankel transform f — Fio(f) is an isometric isomorphism on
Li’n(R) and we have

/u )2y /Vm NPdven(). (2.9)

ii) Parseval’s formula for Fi, p.
For all f,g in L ,,(R) we have

/f T@dyen (@ /Hn NFa @ n(y).  (210)

ili) Inversion formula.
The deformed Hankel transform is an involutive unitary operator on L,lc’n(]R), i.e.,
we have

Fin(H)(@) = Fen(f)(-1)"z), z€R. (2.11)

Proposition 2.3. Let f bein L (R), p € [1,2]. Then F(f) belongs to Lﬁ:n(R)
and we have

Ik (Ol 2y < WMl oy
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Definition 2.1. Let U,V be two measurable subsets of R. Then:

(1) We say that the pair (U, V) is weakly annihilating, if supp f C U and
supp Frn(f) CV implies f = 0.

(2) We say that the pair (U, V') is strongly annihilating, if there exists a positive
constant C := Cy, (U, V) such that for every function f in Lﬁ’n(R),

CUIFenDNzz ey + ALz o)) = 1122 my- (2.12)

Here A° := R\A is the complement of A. The constant Cy (U, V) will be called
the annihilation constant of (U, V).

Now, we recall the following Benedicks-type uncertainty principle for the de-
formed Hankel transform proved by Johansen in [ [17], Theorem 9.1].

Proposition 2.4. Let U,V be two measurable subsets of R with

Ve (U) ::/ dygn(z) <oo and g n(V) ::/ dyen(z) < oo.
U 1%

Then the pair (U, V) is a strongly annihilating pair.

3. GENERALIZED TRANSLATION OPERATOR

Definition 3.1. Let z € R. We define the generalized translation operator 7"
on i, (R) by

Fien(TEF) = Bron () Fron (f)- (3.1)

It is useful to have a class of functions in which (3.1) holds pointwise. One such
class is given by the generalized Wigner space Wi, ,(R) given by

Wen(R) = {1 € LLu(R) : Fin(f) € Li,(R) }.
On the follow we give several properties of the generalized translation operator.

Proposition 3.1. (i) Let f be in Li"(R), we have

||T:§’nf||L2 ®) S ”fHLi’n(]R)v Vo € R. (3.2)

k,n

(ii) For all f in Wi n(R) we have

Tff’”f(y)=/RBk-,n((—l)"%€)Bk,n((—1)"y7€)fk,n(f)(§)d%,n(§)7 Va,y € R.

(3.3)
(111) For all f in Wy »(R) and for all z,y € R, we have

" fy) = 7" () (@) (3-4)
(iv) For all f in Wi.n(R) and g € Ly, (R) N L, (R), we have

vaeR [ At = [ f0rh owbb).  65)
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Proof. For part (i), it is enough to use (3.1), Plancherel’s identity (2.9) and relation
(2.4). For part (ii) we use (3.1), inversion formula (2.11) and Proposition 2.1 i).
For part (iii), it is enough to use the symmetry By ,(z,y) = Bgn(y,z). For part
(iv), involving Parseval’s formula (2.10), we get for all z € R

/R )W) dn(y) = / B (2.8 Fin(£) () Frm @@ v n(€)
= /Rf(y)T('“_’%nwg(y)d’vk,n(y)-

R
(]

Recently the authors in [3] have given an explicit formula for the generalized
translation operators given by the following.

Theorem 3.1. Let © € R and let f € Cy(R). For k > "L, the generalized

translation operator T is given by
20 f) = [ 1), (36)
here
. ’Ck,n(mvyv Z)dyk,n(z)v if Ty 7é 07
dCyy (2) = ¢ dog(2), if y=0,
doy(z), if =0,

where Ky n(x,y,.) is supported on the set
1 1 1 1 1
{zeRe Jlal* = |y/¥ | < |2 <ol + I+ }
and is given by

nk—2 1 1 1
Kin(,y,2) = Kg' 2 (Jz]7, [y7, 2]7) Vi (2, y, 2), (3.7)

where

My, n nlsgn(z nk—o 2 2, 2
Vin(r,,2) = e fy () ) i (6 (g g 21))

2n (2kn —n), "
e C NN ED)
T A CEENVIENETES)) ST
Au,v,w) = ! (u+v—w), foru,v,w e RY, (3.9)

2/ uv
nk—%

Cn~ ? the Gegenbauer polynomials and ngi%

is the positive kernel given by

nk— n«zi»l

20 (nk—2+1) {[(““’)2—1“2] [w2—(u—v)2]} (3.10)
D(nk—251)0(1) (Quow)zk—n

nk—%

KB : (U7U7U}) =

or lu —v| <w<u4v and KM u,v,w) = 0 elsewhere.
B

The explicit formula implies the boundedness of 7'5’" f. More precisely, we have.
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Proposition 3.2. (/3/) For all f € L}, ,(R), 1 < p < 00, we have

® <4fllrz | @) (3.11)

On the follows we will prove the “trigonometric” form of the generalized trans-
lation operator.

Ve eR, |[[rEmf L

k,n

Theorem 3.2. For f € Cy(R) write f = fo + fo as a sum of even and odd
functions. Then

n _ e [ [T o nlsgn(zy) nk-z,
Tglf fly) = M27n[/0 fe(<<5'3ay>>¢,n){l+(—1) mcn (CObgi))}

nisgn(x nk—% |z %— % CcOs
+ f0(<<$vy>>¢,n){(z;ﬁisq))ncn 2(' ‘«zlj;ﬁ ¢)
Y pon

nlsgn nk—4% %_ T % cos . B
+ ﬁcﬂ 2 (W)}(Sln(ﬁynk nd¢:|,

(=),
where
(2, 9) g0 = (Jz]7 + [yl* = 2Jzy[™ cos ). (3.12)

Proof. By (3.8), the even and odd parts of the function Vy ,(z,y,-) are given
respectively by

Vinelons) = g {1 (0 GO (el iR 1))}
Vino(@,2) = Aﬁ’;f{gijjn_(";jlcz’“‘?(A<z|i,x|i,|y|i>)
b G (A (el el ))
Hence, equation (3.6) turns into
Brp) = 2 [ RGRE (el 1) Ve )
- 2/000 FoER T E (1a]% [yl 2]%) Vi@, 4, 2) dyiem (2)-

For
1 1 1 1 1
Hal= = lyl= | < lz" <]z + |y|=,

we may substitute

2
— |2]" 2 2 2
T = A(fz]=, ly[= |2]) (3.13)

with ¢ € [0, 7]. Moreover involving (3.13) and (3.12), we get

2 2 2
A(jz|#, Jof®, [y|7) = el
o] |2| =
| 7 ~Jy| ™ cos

()
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Thus, for z > 0, we infer

! k-2 2 2 2 ! k-2 |yl
7(7‘22?_(2203 (A(2]5, 2] 7yl ) = Gremlelopt e (lel>—lyl" cosé N ‘y>‘>;°os¢).
)l

Similarly we prove that

lsgn nk—2 2 2 2 lsgn nk—2 /|yl% —|z|®
B CITE (AR iR 1) = gz opt (e
YN,

Thus, the generalized translation operator takes the desired form. [

Below we will study the positivity of the generalized translation operator on
even functions in Wy, ,,(R), which is far from being obvious. This result will be
crucial for the rest of the paper. To do so, we will give an explicit expression of
the translation operator acting on such functions.

Corollary 3.1. For all f in Cp(R), we have

) = 2 [ 10 )N (0,90 5 627",

where

| n
Nin:6) = 1 (1) B O (cos ).

Involving the previous Corollary we infer the following

Lemma 3.1. For every A > 0 and for every x € R, we have
2 M 2 2
(e AR ) () = e A ) Y (),
n
where

g 1
Vin(Az,y) == / eyl cosoNr (. y, §)(sin ¢)2F " dg,
0

Remark 3.1. Involving the previous lemma, the properties of the Gegenbauer
polynomials and by simple calculations we infer that there exist a positive constant
C(k,n) such that
2 1132
(e M) )] < Ol e =)
Now, let us go back to the properties of the generalized translation operator.

Proposition 3.3. Let f be an nonnegative even function of Wy »(R). Then
(i) For any x € R, we have TF" f > 0.
(ii) For every x € R, we have TH" f € Lj. ,(R) and

/ 5 F () dyen(y) = / F@)dyen(y). (3.14)
R R

Proof. Using the explicit expression of the generalized translation operator given
in Corollary 3.1, the properties of the Gegenbauer polynomials and by simple
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calculations we prove the first statement. To prove (ii), let us substitute g(y) by

2
e~ in the relation (3.5). Thus by Lemma 3.1, we get

n — M n —_ ’Vl n
/ o F)e N ) = M / F)e 1) v (0 (<1)" 2, ) )
R
(3.15)
2
Using the fact that ka’”f(y)e_My' " >0, and the monotone convergence theorem

we get

lim [ 75 f()e M doy () ZATﬁ’"f(y)dvk,n(y)~ (3.16)

A—0 R
Now we will estimate

lim e / Pl M+ Y (S D) e, y)dygn (y):
R

A0 2n

2
In view of the upper estimate for 75" (e=*")(y) in Remark 3.1, the dominated
convergence theorem gives

i Mien oA (el 41yl 7)

tim 25 [ ) Vi3 (1", )i ) = [ £ d%n
7)

Combining the relations (3.15), (3.16) and (3.17) we infer the desired result O

We close this paragraph by giving the second main result of this section.

Theorem 3.3. Let L}, (R) be the space of even functions in Ly, (R).

(i) Let f € L,C n.e(R) be bounded and nonnegative. Then we have
Vo eR, 7"f>0, 77"f € Li,(R)
and

[ @) = [ fdnnty (3.18)

(it) The generalized translation operator initially defined on Ly, ,, ,(R)NLZ, (R)
can be extended to all LY =~ (R), 1 < p < oo and for all f in LY (R), we have

k,n.e k,n.e
Vz eR, HTf’anLP SRS ||f”L” (R (3.19)
(iii) For every f € Ly ,(R) we have
/Tf’nf( )i, ( /f YAk n( (3.20)
R

By means of the generalized translation operator, we define the generalized
convolution product of two suitable functions f and g by

f m g(a) = / R (= 1)) g () drim (4). (3.21)

Remark 3.2. (i) It is clear that this convolution product is both commutative and
associative.

(i) This convolution structure carries a mew commutative signed hypergroup
in the sense of [30] or [81]. The concept of signed hypergroups generalizes the
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hypergroup aziomatics in several fact, mainly in abandoning positivity and support
continuity of the convolution.

We close the notion of the generalized convolution product by giving the fol-
lowing results.
Proposition 3.4. (See [3]) The following statements hold true.

(i) Let f € L, (R) and g € Ly ,(R). Then the function f % g defined almost
everywhere on R by

f o 9(z) = / (1)) g () dy ()

belongs to Li,n(R).
(ii) Assume that 1 < p,q,7 < 00 satisfy 1% + % —1= 1. Then, for every f in
L} ,(R) and g € Lj ,(R), the convolution product f *xn g belongs to Ly, ,,(R)

and
1 *kn glley @ <Allfllze @l @)- (3.22)
(iii) For f € L} ,(R) and g € L}, ,(R), we have
Fren(f #kn 9) = Frn(F) Frn(9)- (3.23)
Proof. of Theorem 3.3. Let f be a bounded and positive function in Ly ,, .(R). In

particular f € Li,n(R), Therefore, we may consider the function f *j , o, t > 0.
Using Proposition 3.3 we prove that the previous function belongs to L,lcm(R).
On the other hand involving (3.23), Cauchy-Schwarz’s inequality and Plancherel’s
formula (2.9), we infer that F ,,(f %k, o) belongs to L}Cyn(R). Thus f *k.n ay
belongs to Wy »,(R). As the function f is an even positive function we deduce
also that f % , o is an even positive function. The positivity of the generalized
translation operator on the positive even function of Wy, ,(R) implies that

V>0, TE"(f *pn o) > 0. (3.24)

Involving Plancherel’s formula (2.9), the formula (2.8) and by simple calculation
we see that

2
W [1f = forn cellrz @) = || Freon (f) (e — l)HLiyn(R) =0.
Using similar ideas as above and (3.2), we prove that
L (|77 (f = f im0l 22 2) = 0- (3.25)
Thus up to sequences, (3.24) and (3.25) give that
7" f(y) = lm 7" (f ek o) (y) > 0

almost everywhere y € R. This finishes the proof of the first part of statement
(i). For the second part of (i), applying the monotone convergence theorem to
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1
the relation (3.5) with g(y) = e~ M¥/™ and using by the same argument used in
Proposition 3.3 we prove that

1
LA s =t [ p@e )
R —0 1
_ . k,n —Aly|n
= ;\IL% Rf(il/)T(q)nx(e ) dvkn(y)

= /Rf(y)d%,n(y)-
(ii) If f € Ly, o(R) N L7%, (R), the previous result implies that

HTf’anL}C,n(R) < |l f] ||L1 LR = ||f||L1 L(R)-

On the other hand if f € L}, (R), from (3.2) we have
||Ta]c€’nf||Li’n(R) <Az, w)

Thus by interpolation we deduce that for any p € [1,2]
k,n
" fllee @) < Ifllzz @)

Finally, by duality we infer the result.
(iii) Choose even functions f; € Wy ,,(R) such that f; — f and 757 f; — 7k f
in L, (R). Since

[ 5@ dnat) = [ 5 9w )

for every g € Wi »(R) we get, taking limit as j tends to infinity,
[ 1@t = [ 107 s,

1
Now take g(y) = e *¥/™ and using the same argument used in Proposition 3.3 we
prove the result. O

Involving Theorem 3.3 we improve the estimate given in Proposition 3.4 ii).
More precisely, we have:

Corollary 3.2. Assume that 1 < p,q,r < 00 satisfy %—i— % —-1= % Then, for
every f € Lk . [R) and g € Lz’n(R), the convolution product f ., g belongs to
Ly . (R) and

1 *km gllzy @ < Ifllcz @ llgllze @) (3.26)

We close this section by recalling the following results which will play a signifi-
cant role.

Proposition 3.5. (/24/) (i) Let f and g in L, ,(R). Then f 1, g € i, (R) if
and only if Fin(f)Frn(g) belongs to Li ,(R), and in this case we have

Fien(f *km 9) = Fren () Frn(9)-
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(ii) Let f and g be in L}  (R). Then, we have

/ F #im 9(0)Pdn () = / Fin( DRI Fen(0) ) Pdun(e)  (327)
R R

whenever both sides are finite.

4. DEFORMED STOCKWELL TRANSFORMS

Definition 4.1. For any function h in Li’n,e(R) and any v € R, we define the
modulation of h by v as:

Moh = Frn(\f 70" (1Fa()]2), (4.1)

where 7™, v € R, are the generalized translation operators.

v

Let a € R. The dilation operator A, of a measurable function h, is defined by

(2k—1)n+2

Ve eR, Ajh(z) :=la| 2 h(ax). (4.2)

By simple calculations we prove that these operators satisfy the following proper-
ties.

Proposition 4.1. (i) For all a,b in R*, we have
Ay = Agy (4.3)
and
A My = My A,. (4.4)
(ii) Let a € R*. For all h in L%m(R), the function Agzh belongs to L%H(R) and

we have

1Aabllzz s = bllz2 (45)
and -
2k—1)n+2
Frn(Bah)(y) = la|= 5= Fea)(2), yeR (4.6)
(iii) Let a € R*. For all h,g in L, (R), we have
(Agh, 9>Li,"(]R) = (h, A%9>Li7n(R)' (4.7)
(iv) Let a € R* and x € R. We have
Agthm = 78" A, (4.8)
(v) Let a € R* and h € Lin(R) We have
|Ah[% = |a| = AR (4.9)

Definition 4.2. A deformed Stockwell wavelet on R is an even measurable func-
tion h on R satisfying for almost all £ € R*, the condition

0<Cy = / | Tk (MuALR) ()2 dyrn(v) < oo (4.10)
R
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Proposition 4.2. Let h be a deformed Stockwell wavelet on R, we have

Ch :=/Ifk,n(MyAuh(ﬁ)Pdvk,n(u)=Mk,n/Tf’”(|fk,n(h)|2)((_1>n5 d
R R

T
Proof. Let v € R*. Using the relations (4.1), (4.2), (4.6), (4.8) and (4.9) we deduce
that

|~7:k,n(MVAVh)(§)|2

([ Frn (A R)R(=1)"E)
=~ (Fea (WP (). (4.11)

vl

Then (4.10) is written as
Cui = [ 1FenMAME ()
—-1)" Ay (v
RTf‘,n(|fk7n(h)|2)(( 1) 5) Vi, ( )

(2k—1)n+2
l/ n

= M [ (FL R

Thus we obtain the desired result. O

Let v € R* and h be a deformed Stockwell wavelet in L%H(R). We consider the
family h; ., € R, of functions on R in Li’n(R) defined by

hz,u(y) = Tf’"MV(Al,h)((—l)”y), y € R, (4.12)

where 75" 2 € R, are the generalized translation operators given by (3.1).

We note that we have
v (z,v) € R?, heollzz @ <Al ®)- (4.13)

For 1 <p<oo,let LT, (R?), p € [1,00], be the space of measurable functions
f on R? such that

< e u>)” <00, 1<p< oo
R2

- = esssup |f(z,v)| < oo,
”f”L“k’n(]lW) eosh |/ (z,v)]

1, e

where the measure py, ,, is defined by
V(z,v) €R? dugn(z,v) = dygn(r)dyga (V).
Definition 4.3. Let h be a deformed Stockwell wavelet on R in L, (R). The

deformed Stockwell continuous transform S;f’" on R is defined for reqular functions
f onR by

V(x,v) € R, SEN(f)(a,v) = / F e @dny).  (4.14)

This transform can also be written in the form
SE™M ()@, v) = f o MyA (), (4.15)

where #j,,, is the generalized convolution product given by (3.21).
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Remark 4.1. (i) Let h be a deformed Stockwell wavelet in L, ,, (R). Using relation
(4.14), Cauchy-Schwarz’s inequality and relation (4.13) we get, for all f in Li’n(R)

IS5 (f g @y < WF ez, @liblez  @- (4.16)

(ii) Using Proposition 4.1 and by a standard computation it is easy to see that,
for every f € Lim(R) and h in Li n.e(R), for all A >0 and for all (z,v) € R?, we
have

8" () (@.v) = 87 (H( ). (4.17)
where ,
WQ(%)

2n

Vt>0, Vo eR, g(z) =

Henceforth, the function h will denote a deformed Stockwell wavelet on R in
Lﬁyn(R). By simple calculations we prove the following:

Lemma 4.1. For any f € L} ,(R), we have
Fen (S5 (1) (©) = FunLAR O Fin(HE.  (419)
Theorem 4.1. (Parseval’s formula for S ). Let f,g in L2 ,(R). Then, we have
[ t@a@ e = - [ S (D@ ST @@ ). (@19)

Proof. Using Fubini’s Theorem, relation (4.15) and Parseval’s formula (2.10), we
get

[, S 0@ ST @) ) _

/ (f s Mo A R (2 )) (950 M,,Ayh(x))duk,n(x,y)

/ / Fen DO Frm @) O Fm (Vo BT () Py (€)dyin (V)

| FatNOF@O( [ 17 M A1) i (©)

As h is a deformed Stockwell wavelet, (4.10) give that

/R Fon My AR (1)) Pdypn(v) = Chl
Thus we obtain
/R S () 1)SE ) s )i, 0) = O / Fonl D) O Fen @) @ddyin(©).

Finally using Parseval’s formula (2.10) we obtain the result. O
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Corollary 4.1. (Plancherel’s formula for S,If") For all f in Li’n(R) we have

1 n
[ U@ Pdwnte) = 5 [ 1S5 O Pdiater). (420)
R Ch Jre
By Riesz-Thorin’s interpolation theorem we derive the following.

Proposition 4.3. Let f € L}, (R) and p belongs in [2,00]. We have

ISE™ () llez, ey < € (Ml @) T 1f]12z - (4.21)

HFEk,n

5. PRACTICAL REAL INVERSION FORMULAS FOR S,]f’”

5.1. Tikhonov regularization. Nowadays, the general theory of reproducing
kernels have found many applications to Integral transforms, Inverse problems,
Integral equations, Inversions for a family of bounded linear operators, Sampling
theory, Linear differential equations with variable coefficients, Approximations of
functions. Arguing from these point of view, many works were done on them, we
refer in particular to the papers of Saitoh et al. [5,32,33].

Before the applications to the Tiknohov regularization, we shall examine the
concept of the Moore-Penrose generalized inverses from the viewpoint of the theory
of reproducing kernels. Here, we will be able to realize the natural and powerful
method of the theory of reproducing kernels for the best approximation problems
that lead to the Moore-Penrose generalized inverses.

Let E be an arbitrary set and let Hx be a reproducing kernel Hilbert space
admitting the reproducing kernel K on E. For any Hilbert space H we consider a
bounded linear operator L from Hy to H. Then the following problem is a classical
and fundamental problem which is known as best approximate mean square norm
problems: For any member d of H

inf ||Lf — df|. 1
b (LS = dll (5.1)

This problem carries, however, a complicated structure, when the Hilbert spaces
are infinite dimensions and the problem leads to the generalized inverse in the
sense of Moore-Penrose. However, this extremal problem is involved in both the
existence of the extremal functions in (5.1) and their representations. So, we shall
consider its Tikhonov regularization. We start it with the following fundamental
theorem.

Theorem 5.1. (/32].) Let Hi be a Hilbert space admitting the reproducing kernel
K(p,q) on a set E and H an Hilbert space. Let L : Hx — H be a bounded linear
operator. For r > 0, we introduce the inner product in Hx and we call it Hi_ as

(fis fo)m, = r{f1, f2)my + (Lf1, Lf2)n-

Then:
i) Hk, is a Hilbert space with the reproducing kernel K,.(p,q) on E and satis-
fying the equation
K.(,q) = (rI+L'L)K(.,q),

where L* is the adjoint operator of L.
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ii) For any r > 0 and for any h in H, the infimum
. 2 2
Jnf {7+ 1LF = bl

is attained by a unique function f, in Hx and this extremal function is given by

frn(0) = (hy LK (., )2 (5.2)

In this Section by applying the general theory of reproducing kernels and in
particular the Tikhonov regularization, we shall consider the practical construc-
tions of approximate solutions for bounded linear operator equations involving
the deformed Stockwell transform. The functional spaces used in our analyse are
the generalized Sobolev spaces that are built from the deformed Hankel transform
and deformed Stockwell transform and that are the typical Hilbert spaces in our
setting.

5.2. Reproducing kernels.

Notation. Let us denote by
S(R) the Schwartz space of rapidly decreasing functions on R.
S’(R) the topological dual of the Schwartz space S(R).

Remark 5.1. We note that Johansen in [ [17], Lemma 2.12] has proved that the
Schwartz space is invariant under the deformed Hankel transform.

Definition 5.1. The deformed Hankel transform of a distribution T in S'(R) is
defined by

(Frm(1),0) = (1, Fyn(0)), forall ¢ € S(R). (5.3)
Definition 5.2. Let s € R, we define the generalized Sobolev space W,fn(R) as

{ueS®): 1+ 167 Fonlu) € L3, R)}.

We provided this space with inner product (., '>sz _(r) given by:

(Frahwg o = [ (0416 Pl DT @@ (€), forall £, € Wi (R).
(5.4)

The norm associated to the inner product is defined by:

w0 = ([ 04 1621 Fn DO Prin(©))

1
2

. (2k—1)n+2
Proposition 5.1. For s > = ——=

mits the following reproducing kernel:

Ks(x,y) _ /]R Bk,n((_(]i)jfi;lik,n(gvy) d'Yk,n(g);

(i) for all y € R, the function x — K,(z,y) belongs to Wi (R),
(ii) the reproducing property: for all f € Wi (R) and y € R,

fy) = (f, Ks(z, Z/)>W,§

, the generalized Sobolev space W,jn(R) ad-

(R)-

,n
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Proof. 1) Let y be in R. Tt is easy to see that the function

Bk,n (Ea y)

(1 +[¢*)°

belongs to Ly ,,(R) N L ,,(R) when 5 > Gh=Dnt2 - Phys the function K, is well

defined and we can write
Ky(z,y) = F, L (Y,)(x), forallz e R.

n

Ty:&—

Moreover, from Proposition 2.2, we can see that the function K,(.,y) belongs to
Li,n(R), and we have

_ Bk,n(ga y)

Frew (K (1) (€) = A+ EP)e (5.5)
As By »(§,y) is bounded, we obtain
1
Fren (Ks (- 5
P (B0 < e
wd 1 (6)
Yk,n i
K(.,y s < Clk,n,s) = /7 2
|| ( )HWkn(]R) (((2k 1))+ ) (( R((l_k_tgf)s) (56)
r 7277,” 2 I(s— 2k*21”" 2 %
= T(s) )? < oo

This proves that for all y € R the function K;(.,y) belongs to Wy (R).
(ii) Let f be in Wy (R) and y in R. From (5.4) and (5.5), we have

(L EKs(y)we , r) = / Fren(F) (&) Bren (Y, (—1)"E)dyi,n (€), (5.7)
’ R
and from inversion formula, we obtain the reproducing property

f(y) = <fv Ks(xa y)>W§n(R)
This completes the proof of the proposition. ([

Corollary 5.1. For s > %, the generalized Sobolev space W,fn(R) 15 em-
bedded in C(R).

5.3. Extremal functions associated with the partial deformed Stockwell
transform.

Notation. Let & be in L, .(R) and let v € R*. We denote by P,’f:f the partial
deformed Stockwell transform defined by

Pru(f) =8 (N(w), forall f € L3, (R).
Proposition 5.2. Let h be in Lt (R)N Li)n(R) and let v € R*. The transfor-

k,n.e
mation P,’ff is a bounded linear operator from Wi (R), s > 0, into Li,n(R), and
there exist a positive constant C (v, h) such that we have

IPET(Dllzz @) < Crn W fllwg s f € Wi, (R).

Proof. Using the relations (4.18), (4.11), (3.19) and Proposition 3.5 ii) we obtain
the result. g
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Let r >0, s > 0, v € R* and h be in Ly, (R) N L{ ,(R). We introduce the
inner product in the space Wy (R)

k,n k.n s
<fa g>p:;’,r,W;n(R) = T<fa g>W§yn(R) + <Ph’y (f)a Ph’y (g)>Li77l(R)a fv gc Wk,n(R)'
The norm associated to the inner product is defined by:
k.n
1712 vy =TI Wi oy + IPELDIZ: ey

Remark 5.2. Simple calculations give that ||.||pr.n
h,

v

e ®) and ||'||W§,n(R) are

equivalent for r > 0 and v € R.

Proposition 5.3. Let r > 0, v € R*, s > W and h be a deformed
Stockwell wavelet in Li . (R) N L%,n(R)' Then the generalized Sobolev space

k,n.e
(Wi . (R), (., '>7>’,f’",r,W,f n(R))’ possesses a reproducing kernel ICP:,LLJ satisfying the

identity ’
—1
Kprn (y) = (r1+ (P,’fjf)*ﬁ;f) K(.y) (5.8)
where (PII:D* : Lim(R) — Wi ,(R) is the adjoint operator of ”P,]ff given by

(PR 0z ) = (F (PR dws @), fE€Win(R), g€ L}, (R).

Moreover the kernel /CP;::S,T satisfies the following properties

() 1Kppn o (9w ) < Clons) | for all y € R.

(ii) |1 Py (Kppon () Iz, 2y < “GeL, for ally € R.

(iii) NPy P (K, () lwg 2y < Clkymys), for ally € R, where
C(k,n, s) is the constant given by (5.6).
Proof. From Corollary 5.1, Proposition 5.2 and Remark 5.2, we deduce that the
map u — u(y), y € R, is a continuous linear functional on the space W} (R)
equipped with the inner product (., '>7’;’f,’3%W§,n(R)'
Thus from [32], (W} . (R), (., '>7’,’1‘fj,’f’,r,W,§m(R)) has a reproducing kernel denoted by

Kprn .. On the other hand, we have
h,v?

) = (i Kprn  CW)prn nwe )
= K 0wy @) + (PR PRl (Kt (9D 22 2
T (PR PR Ko o p)hwe )

Thus,
(T + (P P Koppn (2 4) = Kaly). (5.9)
Furthermore, the previous identity implies that
P )y + 2R K (9D B
Py Pt (Kt () e r)
= 1K) sy
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From this relation and using the fact that

||Ks(-ay)||w,§’n(]1§) < C(k,n,s),
we obtain the properties (i), (i) and (iii). O
Remark 5.3. Using similar ideas as in Proposition 5.1, we prove that

_ Bin((=1)"7)Be.n(&, y)
Frirton) = | 1+ R + Fon L AREE "

We can now state the main result of this paragraph.
(R) N LE ,(R).

(i) For any g € L., (R) and for anyr > 0, v € R* the best approzimate function
Ir.g in the sense

Theorem 5.2. Let s > W and h be in L}

k,n,e

. k,n
sl AP o+ g = PRSI, o} (5.10)

exists uniquely and it is represented by

vy € Rv f:,y,g(y) = <gvp}]f:: (IC’]):v:m('?y))>Li’n(R)' (511>
(i) The extremal function f;, . satisfies the following inequality:
C(k,n,s)

Vy € R, T < .
y | frvg ()] Vo lgllzz | )

Proof. (i) The existence and uniqueness of extremal function f;:, = satisfying (5.10)
is given by [33], and the extremal function I7..4 18 represented by

f:,u,g(y) = <ga7)}l::s(lc7)::7r(7y))>L§ﬂ(R)7 ) e R.
(ii) From Proposition 5.3 (ii), we have

C(k,n,s)
* k,’ﬂ
‘f'f‘,u,g( )| ||gHLf ”(]R)th,y (IC’P}I?:;’/L’T(Wy))HLi,”(R) < THQ”L% n

Thus the theorem is proved. ([l
Corollary 5.2. Let s > (%2#, r>0andv e R If fisin W7, (R) and
g= P,ﬁf(f) Then

(i) If( ) = mg( )I < C(k,n, 9)l|fllwg ), for ally € R.
(i) | f70,6@)| < Ok, )| fllw | ), for ally € R.

Proof. Let f be in W (R).
(i) Then

VY ER, [l ) = (L (P Pul (Kpro (L ))wy - (5.12)
But from (5.9), we have
. k,nyxpk,n _
VyeR, lim (Py) Py, (Kpen ,(y)) = Ks(y)-
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Thus

hm frl/g( ) <f7KS(ay)>W,:n(]R) :f(y)
(ii) From (5.9) and (5.12), the extremal function f,

Vy € ]Rv f:,u,g(y) = f( ) - T<f7 ’” " ( y)>W,j,n(]R)
Thus by Proposition 5.3 (i), we obtain for all y € R

|f:,1/,g(y) - f(y)|

Vg satisfies

<l fllwg, wlKpsn G )llwe, ) < Clkm8)l1fllw, -

(iii) From (5.12) and Proposition 5.3 (iii), the extremal function f;
forally e R

g Wl <

g satisfies:
1wz @ PR PEE (K i )l o0 < COhsm, 9|l o

O
Remark 5.4. Let s > W, r >0 and v € R*. If ’P}’f:f is isometry (i.e.
(Pt PRl = Id), then

(Z) <-7 ->7J}’f:;"7r7W£Yn(R) = (7“ + 1)<-a >

Wi n(R):
(it) Kppon o (@,9) = 1Ko (@,

y), for all x,y € R.
* k,n
(iii) For ally € R, fr, . (y) = 45 (Py) 9(v), 9 € Lj ,(R)
(iv) For ally € R, f:V’P’,:,:(u)( y) = T_Hu(y), ue Wy (R).
Proposition 5.4. Let s > W and h be in L,l€ ne®)N Lk »(R).

i) For any g € L? in(R) and for anyr > 0, v € R*, the best approzimate function
g U8 Tepresented by

FrvgW)

/Rg(x)Qr,V,h(-T7y)d’)/km(l‘),
where
Q7 uh T Z/ / ‘Fk” M A h)(f)Bk,n((—l)ng,l‘)Bkm(g y)

] 52 p— ’ d,- . 513
1) lf we lake g = Pk L(f) th n

r1—1>r(rjl+ ||f7",u,g o f”W;f,n(R) =0

Moreover, {f;, ,}r>0 converges uniformly to f asr — 0r.
iii) Let 6 > 0 and let g, g5 satisfy |9 — gsl|2 () < 0. Then

6
”f:,u,g frug(;”Wkn ]R)

PN

Proof. 1) By Remark 5.3 and Theorem 5.2 i), the infimum given by (5.11) is at-
tained by a unique function f;,  , and the extremal function f,  is represented
by

Frvg®) = 0.8 (Kpron ()02 @ ¥ ER,



22 HATEM MEJJAOLI

where K, g is the kernel given by Remark 5.3.
On the other hand we have for all z € R,

S () () = / Fin VBB (€) Fion(1)(€) Bin (—1)"€, )y (€).

Using the properties of the kernel X r.» . and the definition of the deformed Stock-
h,v>

well transform, we get

S}Ij,n(lc J} V / ‘Fkn M A h)(&)Bk,n((_l)nfax)Bk,n(fvy)
1+ €12)% + [Fren (M ALR) (E)]2

_erzh(m y

koo (.
Ph,w

This gives (5.13).
ii) From (5.13) and Fubini’s theorem we have

r(1+ [¢2) +|fkn<M M, AR)(©)2

-Fk n(frug)(g) -

Hence

—r(L+[€*)* Frn (£)(E)

Fralfrvg = O = T e+ | LA O

Then we obtain

g = Mg 0 = [ Bl O1Fen (IO Ptnls).

with 2(1 \as
hr,u,s(g) = ! ( +|f| ) 2
(r(+ [€12) + i (ML AR)O)12)
Since
}g% hrus(g) =0
and

s (€)] < (1 +1€1%)",
we obtain the result from the dominated convergence theorem.
iii) From (5.13) and Fubini’s theorem we have

]:k,n(MVAuh)(g)]:k, (g)(€
T(l + |£‘2)S + |-Fk,n(Mv uh)(

Fin(fi0y)(€) = )a>|2'

Hence

-Fk,n(MVAVh)(g)fk,n(g - 95)(6) )
7n(]- + |§|2)S + |fk,n(MuAuh)(£)|2

Using the inequality (z + y)? > 42y, we obtain
(1+|£| ) ]:kn(frt/g fr,u,g,s)(g) < E‘]_—k,n(g_gd)(é-)‘Q

Thus from Plancherel’s formula (2.9) we obtain

Tk n(fr Wsg f:,l/,g(s)(f) =

1 1
Hf:,v,g - f:,u,95 HI2/V£H(R) < E"fk,n(g - gé)“%im(R) = EHQ - 95”%%)"(1[&

d’}/k,n(g)

(5.14)

)7
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which gives the desired result. O

5.4. Extremal function associated with S;f’”.
Let > 0, s > 0 and h be in Li,n,e(R)' We introduce the inner product in the
space Wy (R)

k,n k,n
(L9 skm vwe @ = T 9w @) (S (1), Sy ()2, @), [.9 € Win(R).
The norm associated to the inner product is defined by:

k,n
11w oy = I, oy + ISE™ (I, oy

From (4.19), the inner product (.,,)grn . s (r) Can be written as
h T Wien

(fs g>5}’i’"ﬂ'7W£,n(R) =r{f,9ws @ +Cnlf 912 @) (5.15)

Remark 5.5. Simple calculations give that ||.|[gr.n . 1y () and I[-llws (®) are
n T Wi o

equivalent for r > 0.

Proposition 5.5. Let s > W and h be in Li7n7e(R). Then the generalized

Sobolev space (W (R), (.,.) gk . yprs (R)), possesses the reproducing kernel ﬁf;
’ h TWEn ’

satisfying the following identity
-1
S oy) = (rT+(SEM S Kly),
where
(Sp™) i Ly, (R?) — Wi, (R)
is the adjoint operator of S;f’" given by

k,n k,n\x S
<Sh (f)7g>L12Lk,n(R2) = <fu (Sh ) g>W§’n(R)7 f S Wk,n(R)u g S Lik,n (R2)
Moreover, for all y € R we have
. k,n C(k,n,s
(i) Hﬁr,h(wy)ﬂw,;n(ﬂa) g Shime) - .,
.. k, k, C(k,n,s
(id) IS5 (8 ()llzz, ey < “Ggeed,
(iii) [|(Sy" ) Sy (R (5 v)llwi @) < Clk,n,s), where C(k,n, s) is the con-
stant given by (5.6).

Proof. We proceed as above we prove that (W7, (R),(.,.)gtn . e (R)) has a re-
) [RELELLS

producing kernel denoted by .Q’:;Z . On the other hand, we have

f(y) = <fa Rfj}?(w y)>3}’;'v"7r,wljm (R)
(R Gyl @ + (S (). Sy (B (G w)ee, e
s T+ (S SE™MRS Gy

(B

Thus,
(rT+ (Sy")* Sy ™ &y (0 y) = Ko y)- (5.16)
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Furthermore, the previous identity implies that
PlRT Gl g + 200" (Rn Gz e
HISE" SE @R R ) |
= 1K Gl | )
From this relation and using the fact that
||KS(~7y)||W,jm(R) < C(k,n,s),
we obtain the properties (i), (ii), and (iii). O

Remark 5.6. Using similar ideas as in Proposition 5.1, we prove

k.n _ Bkm((_l)ngvx)Bk:,n(g)y)
Ry = [ el PSP e i, (9) (517)

We can now state the main result of this paragraph.
Theorem 5.3. Let s > W and h be in L, ,(R).

i) Foranyge€ Lik (R?) and for any r > 0, the best approzimate function Irg
in the sense

. .
int Al e + o= SE DI, o} =

fews ., : . , (5.18)
r”fr,g” Ij.n(R) + Hg - Sh, ( ng)HLik)n (R2)
exists uniquely and f  is defined by
frgly) = <g,S,’§’"(ﬁ’Z;£(-,y))>Lgm (R2)-
ii) The best approzimate function Ir.q is represented by
o) = [ o) () (022),
where
Q" (v, =/ ’ : : 2 g (§).
r,h( y) R 7,(1 + |§|2)9 +Ch Yk, (5)

(#ii) The extremal function Ir.q satisfies the following inequality:
C(k,n,s)
7774 |‘g||Lﬁk7n(R2)-

Proof. (i) The existence and uniqueness of extremal function f;  satisfying (5.18)
is given by [33], and the extremal function f;  is represented by

f:,g(y) = <g75}]?n<ﬁf:}?('7y))>Lik)n (R2), Y eR.

(ii) Involving Lemma 4.1 we have for all x € R

Sﬁn(f)(‘r?V) = /R]:Ic,n(MuAuh)(g)]:k,n(f)(f)Bk,n((_1)n§7x)dyk,n(f)

VyeR, [f7,)l<
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Using the properties of the kernel ﬁ’:g and the definition of the deformed Stockwell
transform, we get

" n Frn(MJALR B n (1), ) By o (€,
S;]? (ﬁfjh(-,y))(l‘,u)_/R b T)((f)_i_ |k§|2()(s —&—)Cf )Bin(6:)

vk )

QN (v, 2,y).

T)
This gives the result.
(iii) From Proposition 5.5 (ii), we have

C(k,n,s)

* ks qkn s 1y

570 < lalzg, e ISE" RER Gz, o < =2 lgllig, o,
Thus the theorem is proved. ([

Corollary 5.3. Let s > W andr > 0. If f is in W (R) and g = S,lf’"(f).
Then
(i) { £}, }r>0 converges uniformly to f asr — 07,

(i1) For ally € R, f(y) = 1ir(r)1+ fro(y).
r— :
(i) For ally € R, |f(y) = f74(W)] < C(k,n,9)[[ fllwe -
(Z'U) For all Y€ R, |f:,g(y)| < C(kvnu S)HfHW,jn(R)
Proof. Let f be in W (R).
(i) Then
VyeR, fi (y) = (£ (S5 Sy (R u))we  ®)- (5.19)
But from (5.16), we have
Yy ER, lim (S;")S; (R () = Ki(oy).
Thus
Tligl+ f:,g(y) = <f7 Ks(vy»len(R) = f(y)
(ii) From (5.16) and (5.19), the extremal function f  satisfies

VyeR, f,)=Ff@)—rif, R0 )we @)
Thus by Proposition 5.5 (i) we obtain, for all y € R
|f:,g(y) —fl < 7"||f||W,jm,(R)||ﬁf,’g(~,Z/)HW,;”(R) < C(k,n, 5)||f||W,j,n(]R)~

(iii) From (5.19) and Proposition 5.5 (iii), the extremal function f satisfies

VyeR, (£, < [fllwe, @ISy SEM S Cu)llwe @)
< C(kvna S)HfHW,j,n(]R)

Remark 5.7. Let s > W and r > 0.

If S;f’” is isometry (i.e. (S,k;")*S;f” = Id) then
() (s dsim pwe @) = (T H DG Dwi @)

(ii) R (@, y) = A7 K, (2,y), for all 2.y € R.
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X Eyny «

(i) For ally € R, f(y) = =7(Sy")9(v), g € L,  (R?).

(iv) For all y € R, f:,s’}j’"(u)(y) = ﬁu(y), ue Wy (R).
Remark 5.8. One of our motivations for introducing the theory of reproducing
kernels for the best approzimation problems involving the deformed Stockwell trans-
form is to push forward the connection between Stockwell analysis and numerical
analysis. We think of the results presented in this Section as opening potentially

interesting studies by using computers and graphs, to illustrate numerical experi-
ments approximation formulas for the limit case v 1 0.

6. TIME-FREQUENCY CONCENTRATION FOR S],f’n
6.1. Weighted inequalities for S,]:n

Proposition 6.1. Let h be a deformed Hankel wavelet on R in Ly, (R) QL%’H(R).
Then, S;?"(Li,n (R)) is a reproducing kernel Hilbert space with kernel function

, 1 —_—
Knle! Vi) i= o [ ot 0P G ) (61)
h JR
The kernel KCp, satisfies :
) 121122 &y
V(@' V), (z,v) €RY, - [Kn(a’, v, v)] < —F (6.2)
h

Proof. Let f be in Li,n(R). We have

SE™ () (aw) = / F @) e @ dn (), (z,0) € R2.

Using relation (4.19), we obtain

SE"(la) = o / / SEP () @) SE ()@ 0 o (s V).

On the other hand, using Proposition 3.5 (i), one can easily see that the function

1 —— 1 —

o S ) @) = o [ B s a0
Ch Ch Jr

belongs to L3 ,, (R), for every (x,v), (') € R?. Therefore, the result is obtained.

(I

In order to prove a concentration result of the continuous deformed Stockwell
transform, we need the following notations:
Py: L7 (R?) = L2  (R?) the orthogonal projection from L?  (R?) onto the

Hk,n

subspace of function supported in the subset U C R? with

0< prn(U):= / dpgn (2, v) < 00.
U
(R?) — L? (R?) the orthogonal projection from L2 (R?) onto

M n Hk,n

Ph:L2

Hk,n

Sy™M(ILE ,(R)).
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We put
||PUPh|| = sup {HPUPhU||Lﬁk,n(R2) NS szm(RZ)’ ||U||Lﬁk,n(R2) = 1}.
In the following we will prove the concentration of S;f (f) in small sets.

Proposition 6.2. Let h be in L%7n7e(R) and U C R? with
Ch

0 <pren(U) < g
e o
Then, for all f € L} ,(R) we have

1S3 () = xuSh ™ (Dllzz, @) = /Oh = mnO)IBIZ, gl iz @), (6:3)

k,n

where xy denotes the characteristic function of U.
Proof. From Plancherel’s formula (4.20) we have
k,n k,n k,n
Ch”f”%iyn(R) = IS, (f)”%ﬁkvn(]lv) =[Sy, (f)”%ﬁk’n(U) + Sy, (f)”%ﬁk,n(Uc)'(EiA)

On the other hand from the relation (4.16) we have

sk ) < IS O wa®)
< ,U'kn(U)Hf”%i n(R)HhH%i (R
Thus the result follows immediately by integrating (6.4) in (6.5). O

Remark 6.1. We assume that 0 < ug,(U) < W If SP™(f) is supported
Lfn®

in U, then f =0.

Proposition 6.3. Let h be in L2 = _(R).

k,n,e

Let s > 0. Then the following uncertainty inequalities hold.

(1) A Heisenberg-type uncertainty inequalities for S,lf"
(i) There exists a constant Cy(k,n,s,h) > 0 such that, for all f in

L7 . (R), we have
i@ D, o) 2 Ol sz o (6.6)

(i) There exists a constant Co(k,n,s,h) > 0 such that, for all f in
L ,(R), we have

| 125k | v s s

> Co(k,n s, WIfIZ: gy (67)

L, | (R2) L2, | (R2)

(2) A Faris local uncertainty inequality for S,’f"
There exists a constant Cs(k,n, s, h) > 0 such that, for all f in Li’n(R),
and every subset U C R? such that 0 < py ,(U) < oo, we have

IS (Dllz, | w2) < Colkmss, W)y 1 (V)| 1, 0)|1*SE () (6.8)

2 2)°
Ll (B?)
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Proof. (1) Let r > 0 such that 0 < p,(B2(0,7)) < W where By(0,7) is
LE o (®)

the open ball of R? defined by
By(0,r) = {(x,u) eR?: ||(z,v)]| < 7“}.

Involving the relation (6.3) with U = B5(0, ), and by simple calculation we obtain

(Ch = e @2, @I, 5 < SE™ () (@) Pajan(, v)
k,n k,n BQ((),’I”)C 9
1 k,n
< FE[lenirsmol, .

Thus we obtain (6.6) with Cy(k,n,s,h) := rs\/C’h - Mk?,n(U)Hh”ii ®)

(ii) By applying the inequality ||(x, v)||® < 2°(|v|® 4 |x|®) in (6.6), we get

Cy(k,n,s) 2
BRI 12, 69

1zt

s ok, 2
2 (R2)+|||V| SN, e >

We replace f by f:, in the relation (6.9), we apply (4.17) and next we make a
change of variables in each term, we obtain the following relation:

2s s ck.n 2 —2s s ok,n 2 (Cl(kvna S))2 2
N el SE (P, oy H P ISE (D ey 2 a2 -
Then (6.7) follows by minimizing the left hand side of this inequality, with respect
t>0.
(2) Using the fact that
k,n k,n
ISE"Dllea, @) < y/men@ISE" Dlless e

and the fact that
k,n
1S, ()| pee

P,

(®2) < Hh||Li’n(]R)||fHLivn(R)’

then we get

1SE"Dlles, @) < Jrma@lIAlLz o llfllzz -
Finally, we obtain the result from (6.6). O

6.2. Benedicks-type uncertainty principle for S,’f’n.
In the following we will prove the concentration of S;f"( f) in arbitrary sets of
finite measures.

Theorem 6.1. Let h be in L, (R) and U C R* with 0 < juy, n(U) < 0.

If Pu(L;,  (R*))N Py(L7, (R?)) = {0} Then, there exists a positive constant

C := Crn(h,U) such that for all f € L, (R), we have

||S;If’”(f) - XUS;]?n(f)\ L2, (R2) > C||fHL§m(R)~ (6.10)

For the proof of this theorem, we need the following lemma.
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Lemma 6.1. ( [40]). Let H1 and Ha be two closed subspaces of a Hilbert space H
satisfying Hi(He = {0}. Let Py, and Py, denote the corresponding orthogonal
projections, and assume the product Py, Py, to be a compact operator. Then, there
exists a constant C > 0 such that for f € H

1Pyt flle + [ Prog fllae = ClI e (6.11)

Proof. of Theorem 6.1. Defining H; and Hs by
Hy = Py(L;,  (R?)), Hy:=Pu(L},  (R?).

We proceed as in [21], we prove that

|PuPylls . = / xw (&, ) PICh (V' 2" v, ) Pdpag o (2, 0" ) dpg (2, v)
R2 xR?
IRIE, o
< Oy ) < .
(6.12)

Hence, Py Py is a Hilbert-Schmidt operator and, therefore, compact. Now, Lemma
6.1 implies the existence of a constant C' > 0 such that (6.11) holds for Py, := Py
and Py, := P. Since

Py (Sy™(f)) = (Id — Py)S)" () =0,
this leads to (6.10). O

Definition 6.1. Let h be in L, (R) and U C R? such that 0 < i n(U) < 0.

(1) We say that U is weakly annihilating, if any function f € L%,W(R) vanishes
when its deformed Stockwell transform S;f"(f) is supported in U.

(2) We say that U is strongly annihilating, if there exists a positive constant
€ (U, h) such that for every function f € Lj ,(R),

IS5 () = xu Sy ™ (Dllzz, | @) = SV W) fllz - (6.13)
The constant €y, (U, h) will be called the annihilation constant of U.

Remark 6.2. (1) It is clear that, every strongly annihilating set is also a weakly.
(2) From Proposition 6.2, we see that any set U C R? with

Ch

0 < pien(U) < =g—,
||h||Li,n(R)

is strongly annihilating.

(3) As the operator Py Py, is Hilbert-Schmidt hence is compact, then from [15]
we have if U is weakly annihilating, it is also strongly annihilating.

(4) If ||Pu Prl| <1, then for all f € L3, (R)

! IS5 () = xw S ()2

V1=|[PuPbull? e

®2) = [fllez @llhllzz | @) (6.14)
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(5) Following the result established in a general context in [15] p.88, we have if
U is strongly annihilating, then ||PyPy|| < 1.

In the next, we give the Benedicks-type uncertainty principle for the deformed
Stockwell transform.

Theorem 6.2. We suppose that the deformed Stockwell wavelet h satisfies

/ dykn(§) < 0. (6.15)
{E€RT ™ (Fro n (h))(€)#£0}

Then for any subset U C R? such that for almost every v € R,

/]RXU (z,v)dygn(x) < 00, (6.16)
where X, denotes the characteristic function of U, we have
Pu(Ly,  (R*)N Py(Ly,  (R?)={0}. (6.17)

Proof. Let F be a non-trivial function in P,(L7,  (R?)) N Py(L;,  (R?)), then

there exists a function f € L , (R) such that F = Sl,f"(f) and supp F C U.
Let v € R, such that / X, (@, V)dygn(x) < oo. Consider the function S,’f"(f)(g:7 V)
R

with respect to the variable x, we denote it F)(z). Thus, we have
supp F,, C {x eR: (z,v) € U}

and

/ dryen () < o0.
supp Fy,

On the other hand using (4.18) and the hypothesis (6.15), we get

/ dyen(€) < 0.
{EER:Fy n (Fu)(€)#0}

Using Proposition 2.4, we deduce that for every z € R, F, (z) = 0, which implies
that F' = 0. (]

Consequently, we obtain the following improvement.

Corollary 6.1. Let h be a deformed Stockwell wavelet satisfying the relation
(6.15). Then for any subset U C R? wverifying the relation (6.16), there exists
a constant €y, (U, h) > 0 such that for all f in L, (R), we have

e SE"(Dllza, ) > CenlU W)Lz, - (6.18)
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6.3. Donoho-Stark’s uncertainty inequality for S;f’".
Now we will derive a sufficient condition by means of which one can recover a
signal F' belongs to Lik_n (R?) from the knowledge of a truncated version of it,
following the Donoho-Stark criterion [9].
Let h be in Li7n7e(R). A signal F' € Lik‘n(RQ) is transmitted to a receiver who
knows that F' € S;f "(L} ,(R)). Suppose that the observation of F is corrupted by
anoise N € L?,  (R?) (which is nonetheless assumed to be small) and unregistered
values on U € R2. Thus, the observable function r satisfies
r(a,v) = { F(z,v) + N(z,v) if (z,v)eU

0 it (z,v) eU. (6.19)

Here we have assumed without loss of generality that A/ = 0 on U. Equivalently,
r=Id—-Py)F +N. (6.20)
We say that F' can be stably reconstructed from r, if there exists a linear operator
Lyn: L, (R = L2 (R?)
and a constant Cy ,, (U, h) such that
I1E = Lun(r)llez, @) < Crn(UD)IN]lzz | @) (6.21)

,n

Theorem 6.3. Retain the assumption of Theorem 6.2. Then F can be stably
reconstructed from r. Moreover, the constant Cy (U, h) in (6.21) is not larger
than (1 — || Py Py|]) L.

Proof. We apply the same arguments that used in [9]. From Corollary 6.1, U is
strongly annihilating, then from Remark 6.2 we have ||PyFPy|| < 1. Therefore
I — Py Py is invertible. Let

Lyn = (Id— PyP,)" "

AsF e Sﬁ’”(Livn(R)), then (I—Py)F = (I—PyP,)F. Thus by simple calculations
we see that

F — LU,hT = —LU’hN.

So that
||F — LU’hTHL?Ak,n (]R2) = HLU’hNHLﬁk,n (RQ)
< Ud=PoPu) [Nz, @2)
< A 1PePul) W s, o
which allows to conclude. O

Remark 6.3. (An algorithm for computing Ly 1)
The identity

o0

Lup=(Id-PyPy)"' =Y (PuPy)

Jj=0
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suggest an algorithm for computing Ly pr. Using the similar method given in [9],
we give an algorithm for computing Ly pr. Indeed, put

m

PO = S (PuPyi,
=0

then F™) — Ly (1) as m — oo. Now

FO = 5
FO = r4 pyP,FO©
F® = ¢4 PyP,FY (6.22)

and so on. The iteration converges at a geometric rate to the fized point
F =r+ PyP,F.

Algorithms of type (6.22), have been applied to a host of problems in signal recovery
see [9], and others.

7. SHAPIRO’S DISPERSION THEOREM FOR S’,f’”

In this section we will assume that h is a fixed function in L2 = _(R) such that

k,n,e
Cp=1.
We denote by B(Li,n(R)), the space of bounded operators from L%H(R) into
itself.

Definition 7.1. (i) The singular values (s;(A))jen of a compact operator A in

B(L,,(R)) are the eigenvalues of the positive self-adjoint operator |A| = v A*A.
(i1) For 1 < p < oo, the Schatten class Sy is the space of all compact operators

whose singular values lie in [P(N). The space S, is equipped with the norm

[e.°] 1

141ls, = (G5 (4)7) " (7.1)

j=1
(iii) We define Soo := B(L%H(R)), equipped with the norm,

|A]ls,. = sup [Av]|2  (w)- (7.2)
UELi,n(R):”v"L%.n(]R)Zl !

Definition 7.2. The trace of an operator A in Si is defined by

oo

tr(4) = > {Avj 002 m) (7.3)

j=1
where (vj); s any orthonormal basis of Lin(R).
Remark 7.1. If A is positive, then
tr(A) = [|Alls, - (7.4)
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Moreover, a compact operator A on the Hilbert space Li’n(R) is Hilbert-Schmidt,
if the positive operator A*A is in the space of trace class S1. Then

1Al7s == [|Al[3, = ||A*Alls, = tr(A*A) = 14051172 @) (7.5)
j=1

for any orthonormal basis (v;); of Lj, ,,(R).
Definition 7.3. Let 0 < ¢ < 1 and U C R? be a measurable subset. For f in
L ,(R), we say that S,lf"(f) is e-concentrated on U if

[st o, o, et )]

)

Lien (B

L
where U€ is the complement of U in R2.

Proposition 7.1. Let (¢;) be an orthonormal sequence in L3, (R) and U be

JEN
a measurable subset of R? such that 0 < .., (U) < oo. For every nonempty finite
subset £ C N, we have

> (1 —|[ro-stm )]

Jje€

2
2 (R2)> < hllzz | gybien (U)-

Proof. Since (¢;) ;o is an orthonormal sequence in Lj ,(R), by (4.20) we deduce

that (S;f’"(goj))

JjEN
operator Py P, is of Hilbert-Schmidt type, then, by (7.5) and (7.3), it is easy to
see that

D (PuSE™ (). S @itz @2 = > (PhPuPuS;"(95), S (#5)) La

is an orthonormal sequence in Lik N (R?). Moreover, since the

HFE,n Hi,n (R2)
je€ je€

< tl“(PhPUPh)

= ||[PuPullys-
Further using (6.12), we get

1Py Pullas <IIhllzz @)\ #en(U)-
Thus,
> (PuSy " (90,8, (0, e < 1Al gybiean(U). (7.6)

je€
On the other hand, by Cauchy-Schwarz’s inequality we have for every j € &,
k.n k.n k,n k,n
(PuS, " (¢j), Sy (‘Pj»Likm(ﬂ@) =1—(PueS,"(95), S, (‘Pj»Lﬁk’n(RQ)
k,n
> 1 108" (0 ez, wy

In particular, by relation (7.6), we obtain

> (1 — 185" ()2, n(W)) > (PuSy™(95):Sh" @)z, (e2)
jEE ’ jEE ’
1AllZ2 ke (U)-

N

N
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O

Next, we shall use Proposition 7.1 to prove that if the deformed Stockwell
transform of an orthonormal sequence is e-concentrated on a given centered ball
in R2, then a such sequence is necessary finite

Proposition 7.2. Let € and d be two positive real numbers such that 0 < & < 1.
Let & C N be a nonempty subset and (apj)jeg be an orthonormal sequence in
Li,n(R). If, for every j € &, S;f’"(@j) is e-concentrated on the ball

Ba(0,8) := {(x,u) eR?:||(z,v)]| < 5},

then the set £ is finite and
(2k—1)n+21\2
) ( (T)) 2(2k—1)n+4
Card(€) < ||h||L217Z(R)W6 RS (7.7)
Proof. Let M C £ be a nonempty finite subset, then by Proposition 7.1, we deduce
that

k,n
> (1 ~ 1B, 0.6)25 " (9s)llzz, ”(Rz)) <IhlZz  @ben(B2(0,6).  (7.8)
nem ' '
However, for every j € M, we have

(F(W»Q 2(2k—1)n+4

H]lB’Z(Ov‘S)CS}]j’n(QDj) “Lik,n(Rz) < eand ,Ufk,n(BQ(Oy (5)) = —F<2kn+2) 1) n
(7.9)
Hence, by combining relations (7.8) and (7.9), we deduce that
(2k—1)n+21\ 2
2 (F(T)) 2(2k—1)n+4
Card(M) < th\L;nm)W =
which means that £ is finite and satisfies relation (7.7). O

For a positive real number p, the generalized p'" time-frequency dispersion of
SP"(f) is defined by

St ) = ([ 1P S50 i)

Corollary 7.1. Let A and p be two positive real numbers. Let £€ C N be a
nonempty subset and (p;) be an orthonormal sequence in Li,n(R). Assume
that for every j € &,

JEE

Po(S " () < A.
Then & is finite and

2(2k—1)n+4

Card(€) < M(kyTL?P)HhH%iJL(R)A*’

where

8knt(p—4)n+8 F(M) 2
M(lﬁn,p) =92 np (11(2]€2n+2))

n
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Proof. Since pp(S,'f’"(%)) < A for every j € &, it follows

n ]' n
/ o 1SE" (i) (@, v) Pl (2, v) < Ph(SE" (7)) <
B5(0,A27)

1
The inequality (7.10) means that for every j € &, S,’j’"(apj) is §—concentrated in

(7.10)

| =

the ball By(0, AQ%). According to Proposition 7.2, we deduce that £ is finite and
2(2k—1)n+4
Card(€) < Mk, m,p)l B s d ™5

O

Lemma 7.1. Let p be a positive real number. If (goj)jeN is an orthonormal se-
quence in L3 ,,(R), then there exists jo € Z such that

PE(SE™M(p)) = 2#00~D VjeN.

Proof. Proceeding as in (28], using the assumptions Cj, = 1 and the fact that
() jen is an orthonormal sequence in L ,(R), we infer that there exist a positive
constant C'(k,n,p) such that

1
kn
Pp(Sy " (93) 2 ———-
(C(k.n.p))

Moreover it is easy to see that there exists jo € Z such that

1 5 > 9p(jo—1)

(C(k,n,p))

Thus the desired result is proved. (Il
Theorem 7.1 (Shapiro’s dispersion theorem for Sﬁ") Let (¢;) ey be an or-

thonormal sequence in Lim(R). For every positives reals numbers p, there is a
positive constant C such that for every nonempty finite subset € C N, we have
np
—2 2(2k—1)n+4
1 SRz e

SEM ()P > = — Card(& W st
Jezg(pp( h (SOJ))) 2 9 knnn+ M(k,’f%p) ( ( ))

(7.11)
Proof. For every j € Z, let
Py ={meN : p(Si"(wm)) € 2771, 27)}.

Then, for every m € F;,

n 2 i
L W)l S5 o) ) ) < 27

That is the sequence (¢, )mep; satisfies the conditions of Corollary 7.1, and there-
fore P; is finite with

2(2k—1)n+4
n

Card(P;) < HhHiiyn(R)M(k’,n,pﬂ( ), (7.12)
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m
For m € Z, m > jo, we denote by Q,, := U P;. According to (7.12), we have
Jj=Jjo
2(2k—1)n+4

M(k, n,p)2f 2(2(2k—1)n+4
3

ym.

Card (Qm) = Z Card(P. |h||L2

J=jo
4kn—n+4

M(k,n,p)2™ 7 ) (2ekonnia
3

Now, if Card(€) > [|hll7: (g

an integer m > jo such that

Mk 24’“"_"'"4 2(2k—1)n+4
(k,n.p) m (R (m—1)
3

70 then we can choose

L%,n<m)4k (713)
M(kn,p)2- = 2(2k—1)n+4
< (k,n P)3 2( - )m'

Thus, by (7.13), we get

ko p _ Card(€) _
Z(pp(sh (‘P]))) 2 72(7" Lp
jeE
np
P %(Card(é))umkﬂm“ ImS s
DR M(k,np)
. . ZW(/C,’n,p)QMmzirn+4 2(2k—1)nfd
Finally, if Card(€) < ||h||ii,n(R) 3 2777700 then
S (r(SE" @) > Card(e)2tn
je€
- AAE L\ T
> (Card(& ax S .
(Card()) " ( ot

O

Remark 7.2. By taking Card(E) = 1, relation (7.11) appears as a general version
of Heisenberg-Pauli- Weyl inequality for the deformed Stockwell transform including
the pt dispersion.

Corollary 7.2. Let p > 0 and let (¢;) ;o be an orthonormal sequence in Ly (R).
Then for every £ C N

2

Lik,n(ﬂ@))

2
2 ok,
> ([ wEsim )]
&
np
2(2k—1)n+4

Lz |
(Card(£)) ' T2 ime1 (7.14)

. [121% 55 ()

3
||h||ii$n(R)M(k;n,p)2

Proof. The result is an immediate consequence of Theorem 7.1 together with the
fact that

>

DN =

12kntn+t12
n

()P < 2°([” + |2[7).
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The dispersion inequality (7.14) implies that there is no infinite sequence (¢;)
in L%m(R) such that both sequences

[EEARE]

jeE

and || lo| £ ()]

2 2 2 2
L7, . (R2) Li . (R?)

are bounded. More precisely:

Corollary 7.3. Let p > 0 and let (¢;) ;o be an orthonormal sequence in L%m(R),
For every £ C N, we have

2
P2 ok,
2l 585" ()]

2 ckmn 2
sup (|| 112 Sh™ ()| . W)
Pk,n

9
e 1., (72)

np
2(2k—1)n+4

(Card (€))7 D51 (7.15)
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In particular,

2 okn
sup (|| w1555 ()
JEN

2
= OQ.

a5t ||
) h \@j 12, @)

,n

2 2
Lz, (R

Theorem 7.2 (Shapiro’s Umbrella theorem for S,lfn) Let £ C N be a nonempty
subset and (¢;);ce be an orthonormal sequence in L%”(R). If there is a positive

function g € L7 (R?) such that

k.n
S, " (@), v)| < g(a,v)
for every j € € and for almost every (x,v) € R?, then £ is finite.

Proof. Following the idea of Malinnikova [20], for every positive real number ¢ < 1,
there is a subset Ay . C R? such that

Ma%azm%MAw3/

c

|mewmmw<&}

and
[ lote ) duntan) = &

Hence, according to the hypothesis, for every j € £ we have

2
[ sk @ @[ e < 2

c
g,€

and by Proposition 7.1, we get Card(€)(1 —¢) < prn(Age). O
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